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Introduction

Motivation

@ The goal of this work is to study the structure of the value
function of a general mixed integer linear program (MILP).
@ We hope this will lead to methods for approximation useful for
@ Sensitivity analysis
@ Warm starting
@ Multi-level/hierarchical mathematical programming
@ Other methods that require dual information
@ Constructing the value function (or even an approximation to it) is
difficult, even in a small neighborhood.

@ We begin by considering the value functions of single-row
relaxations.
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. Definitions
Structure of The Value Function
Linear roximations

[N

Definitions

@ We consider the MILP

[(Q'QCX’ (P)
ceR", S={xeZ xR "|ax=b}wthacQ" beR.
@ The value function of (P) is
z(d) = min cx,
xeS(d)
where for agivend € R, S(d) = {x € Z, x R"" | ax = d}.
@ Assumptions: Letl ={1,...,r}, C={r+1...,n}, N=1UC.

9 20)=0=2z:R — RU{+o0},
e Nf={ieN|a>0}#£0andN~ ={ieN|a <0} #0,
@ r<n,thatis, |C|>1=2z:R —R.
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. Definitions
Structure of The Value Function n e
mations

Example

min - 3%, + £X + 3X3 + 6X4 + X5 + 5%g
St 6X3 + 5% —4x3+ 2% — X5 + X = b and (SP)
X1, X2, X3 € Z+7X47 X5, X € R+'
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ns

Structure of The Value Function o
pproximations

Simple Bounding Functions

@ F_: LP Relaxation — Lower Bounding function
@ Fy: Continuous Relaxation — Upper Bounding function

nd if d> 0, nCd if d>0
F(d)={ 0 ifd=0 Fyd={ 0 ifd=0
¢d if d<oO. ¢Cd if d<0

where, settingCt ={ieC|a >0}and C~ ={i € C| g < 0},

n=mn{Z [ieN"} and (=max{Z|ieN"}
n°=min{g |ieCt} ad (C=max{Z|icC}.

@ By convention: C* =() — n° =ccand C~ =) — (¢ = —cc.
OFy>z>F
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Definitions
Linear Approximations
Properties

Structure of The Value Function

Example (cont'd)

1
2

n= ,(:—g,nC:Sand(C:—l:
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@ {n=1}<={z(d) = Fy(d) = F.(d) vd € R, }
@ {¢(=(“}e={zd) =Fy(d) =F (d) vde R_}



. Definitions
Structure of The Value Function efinitio

Properties

Observations

Consider d/f,d;,d,", d :
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The relation between Fy and the linear segments of z {1°, (¢}
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. Definitions
Structure of The Value Function N
Linear Approximations
Properties

Redundant Variables

Let T C C be such that
o tt ¢ Tifand only if n° < oo and n© = C‘* and similarly,

@ t~ ¢ Tifand only if (¢ > —occ and (€ = 2%'

and define
V(d) =min X + CrXr
st. ax +arxy =d
X € Z|+, XT € RTF
Then

@ v(d) = z(d) for all d € R.
@ The variables in C\T are redundant.

@ zcan be represented with at most 2 continuous variables.
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Definitions
Linear Approximations
Properties

Structure of The Value Function

Example

min  x1 — 3/4x + 3/4xs
st 5/4x1 — X+ 1/2%s = b, X1, % € Z4, %3 € Ry

For each discontinuous point di, we have d — (5/4y; — ¥,) = 0 and each
linear segment has the slope of ¢ = 3/2.
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Definitions
Linear Approximations
Properties

Structure of The Value Function

Jeroslow Formula

@ LetM € Z, be such thatforanyteT eroraIIJ el.
@ Then there is a Gomory function g such that

Ct

2d) = min{g([d]y) + 2 (@ = Ld])}, Ld]e = m:jJ , VdeR

teT

@ Such a Gomory function can be obtained from the value function
of a related PILP.

@ Fort e T, setting

w(d) = g(ld]) + %(d — |dJ,) vd € R,

we can write
z(d) = rtr;iant(d) vd e R
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Definitions
Linear Approximations
Properties

Structure of The Value Function

Piecewise Linearity and Continuity

@ Fort €T, w is piecewise linear with finitely many linear
segments on any closed interval and each of those linear
segments has a slope of ¢ ift =t+ or (Cift =t".

@ w+ is continuous from the right, w;— is continuous from the left.

@ wi+ and wy- are both lower-semicontinuous.

@ zis piecewise-linear with finitely many linear segments on any
closed interval and each of those linear segments has a slope of
nC C
)-or (.

@ (Meyer 1975) zis lower-semicontinuous.

@ n° < o if and only if zis continuous from the right.

@ (€ > —ooif and only if zis continuous from the left.

@ Both ¢ and ¢€ are finite if and only if zis continuous everywhere.
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Subadditive Extension

Constructing the Value Function

Maximal Subadditive Extension

@ Letf : [0,hj]—R,h > 0be subadditive and f(0) = O.
@ The maximal subadditive extension of f from [0, h] to R is

f(d) if deoh]
fo(d) = ¢ | i ,
s(d) Celgzd) f(p) if d>h

peC

@ C(d) is the set of all finite collections {px, ..., pr} such that
pi€[0,h,i=1,..Rand >}, p =d.
@ Each collection {px, ..., pr} is called an h-partition of d.
@ We can also extend a subadditive function f : [h,0]—R,h < 0to R_
similarly.
@ (Bruckner 1960) fs is subadditive and if g is any other subadditive
extension of f from [0, h] to R, then g < fg (maximality).

Ted Ralphs, Menal Guzelsoy On the Value Function of a Mixed Integer Linear Program



Subadditive Extension

Constructing the Value Function

Extending the Value Function

@ Suppose we use zitself as the seed function.
@ Observe that we can change the “inf” to “min”:

Let the function f : [0, h]—R be defined by f(d) = z(d) vd € [0, h].

Then,

2(d) if deloh
fs(d) = { min ) zp) ifd>h

@ Forany h > 0, z(d) < fg(d) vd € R,..
@ Observe that for d € R, fg(d)—z(d) while h—oo.
@ Is there an h < oo such that fg(d) = z(d) vd € R;?
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Constructing the Value Function

Yes! For large enough h, maximal extension produces the value
function itself.

Theorem

Let d. = max{a | i € N} and d, = min{a | i € N} and let the functions
f. and f; be the maximal subadditive extensions of z from the intervals
[0,d;] and [d, O] to R, and R_, respectively. Let

f(d) deR
F<d):{ id deR.

then, z=F.

Outline of the Proof.
@ z < F : By construction.
@ z> F : Using MILP duality, F is dual feasible.

In other words, the value function is completely encoded by the
breakpoints in [d;, d;] and 2 slopes.
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Extension

Constructing the Value Function

General Procedure

@ We will construct the value function in two steps

@ Construct the value function on [di, d;].

@ Extend the value function to the entire real line from [d;, d;].
@ For the rest of the talk

@ We assume n° < oo and ¢€ < oo.
@ We construct the value function over R only.
@ These assmuptions are only needed to simplify the presentation.
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Subadditive Extension

Constructing the Value Function TS

Constructing the Value Function on [0, d;]

@ If both 7 and ¢€ are finite, the value function is continuous and
the slopes of the linear segments alternate between ¢ and ¢°.

@ For dy,d; € [0,d], if z(d;) and z(d) are connected by a line with
slope 1° or (€, then zis linear over [dy, d;] with the respective
slope (subadditivity).

@ With these observations, we can formulate a finite algorithm to
evaluate zin [d;, d].
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Subadditive E>

Constructing the Value Function

Example (cont'd)

n°—  (C—
8
6 L}
4 :
2 l
0 2 4 6
Figure: Evaluating zin [0, 6]
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Subadditive E>

Constructing the Value Function

Example (cont'd)

0 2 4 6

Figure: Evaluating zin [0, 6]

_4
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Subadditive E>

Constructing the Value Function

Example (cont'd)

0 2 4 6

Figure: Evaluating zin [0, 6]
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Subadditive E>

Constructing the Value Function

Example (cont'd)

0 2 4 6

Figure: Evaluating zin [0, 6]
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Subadditive E>

Constructing the Value Function

Example (cont'd)

0 2 4 6

Figure: Evaluating zin [0, 6]
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Ted Ralphs, Menal Guzelsoy On the Value Function of a Mixed Integer Linear Program



z(d) = cmin, z(p) ford ¢ [0,dr].
peC

@ Can we limit |C|, C € C(d)? Yes!
@ Can we limit |C(d)|? Yes!

Letd > dr and let ky > 2 be the integer such that d € (%d, “d,].
Then

mln{z (pi) | Zp, =d,pi€[0,d],i=1 ..k

@ Therefore, |C| < kq for any C € C(d).
@ How about |C(d)|?
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Constructing the Value Function

Lower Break Points

Let ¥ be the lower break points of zin [0, d;].

For any d € R, \[0, d;] there is an optimal d,-partition C € C(d) such

that |C\¥| < 1.
@ In particular, we only need to consider the collection
{HU{p} [HeCd—pn¥ ) ptu=d

Ad) =
pEH
12 € [0/ dr]}
In other words,
z(d) = min Z(p) vd € R4 \[0,d/]

" CeA
ceAd) £

@ Observe that the set A(d) is finite.



Algorithms
e 568

Constructing the Value Function ral
enere

Example (cont'd)

For the interval [0, 6], we have ¥ = {0,5,6}. Forb= 3, C = {5,514
is an optimal d,-partition with |C\¥]| = 1.
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Sub e Extension
Algorithms

Constructing the Value Function e .
Sel se

Getting zover R,

@ Recursive Construction:

@ Let ¥((0, p]) to the set of the lower break points of zin the interval
O,p]peRy.
O Letp:=d.
@ Foranyde (p,p+ 2], let

z(d) = min{z(p1) + 2Z(p2) | p1 + p2 = d, p1 € ¥((0, p|), p2 € (0, p]}

Let p:= p+ 5 and repeat this step.
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Constructing the Value Function

In other words, we do the following at each iteration:
— mingd p
2(d) = ming/(d) ¥d ¢ (p.p+ 3]

where, for each d € ¥((0, p}), the functions ¢ : [0,p+ 5] =R U {oo}
are defined as

_ z(d) o if d< d, _
dd)=<¢ zd)+zd-d) if d<d<p+d,
%) otherwise.

Because of subadditivity, we can then write

o p
2(d) = ming/(d) vd € (o,p+ ﬂ.
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Subadditi
Algorithms

Constructing the Value Function IC

Example (cont'd)

Extending the value function of (SP) from [0, 6] to [0, 9]

Fu
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Subadditi
Algorithms

Constructing the Value Function IC

Example (cont'd)

Extending the value function of (SP) from [0, 6] to [0, 9]

Fu
18 FL

16

14

10

-6 -14 -12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28

Ted Ralphs, Menal Guzelsoy On the Value Functi

f a Mixed Integer Linear Program



Subadditive
Algorithms
€

Constructing the Value Function Al

Example (cont'd)

Extending the value function of (SP) from [0,9)] to [0, Z]

18 FL
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Subadditi
Algorithms

Constructing the Value Function IC

Example (cont'd)

Extending the value function of (SP) from [0,9)] to [0, Z]

Fu
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f a Mixed Integer Linear Program
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Constructing the Value Function

A Combinatorial Procedure

Observe that it is enough to get the lower break points and this can
be done more easily.

If dis a lower break-point of zon (p,p + 5] then there exist
p1, p2 € ¥((0,p]) such that z(d) = z(p1) + z(p2) and d = p1 + pa.

® Set T(p) = {z(p1) +2(p2) [ P < pr+p2 <P+ 5, p1,02 € T((0,p))}.
@ Then, zis obtained by connecting the points on the “lower
envelope” of Y(p).

@ Can we make the procedure finite?
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Constructing the Value Function

Termination

Yes! Periodicity
@ Let D ={d| z(d) = F_(d)}. Note that D # 0.
@ Furthermore, let A = min{d |d > d,,d € D}.
@ Define the functions f; : Ry —R,j € Z\{0} as follows

o [ dd d<ia
1@ = ) +2d—k\) de ((k+]— DA (k+)A], k€ Z4\ {0},

Q f,(d) > fipa(d) > z(d) for all d € Ry, j € Z4\{0}.

@ There exists g € Z.\{0} such that z(d) = fq(d) Vd € R.
© In addition, z(d) = f4(d) Vd € Ry if and only if f4(d) = for1(d) Vd € R

@ Therefore, we can extend over the intervals of size A and stop
when we reach the 3. condition above.
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Subadditive

Constructing the Value Function Aeiifims

Example (cont'd)

z(d) ,d<6
A=6 11(d) =1 1x6) £ 2d—6k) .d € (6k 6(Kk + 1),k € Z,\{0}.

z
Fu
18 [
f /
16 g //N\'\
/
/
14 ’/V\,\f /
12 / Y
/
/
10 ./
N/
8 /
// ™\
6 N\ / >
/
/
) \ /
\
2
d
6 -4 12 10 8 6 -4 -2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28
o
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Subadd

Constructing the Value Function ?:Igomhms

Example (cont'd)

fz(d):{ z(d) ,d< 12

kz(6) + z(d — 6k) ,d € (6(k+ 1),6(k + 2)], k € Z;\{0}.

18 FL
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14 /N\,\\

1 / N
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Subadditive E
Algorithms
(€] al

Constructing the Value Function

Example (cont'd)

z(d) ,d <18

f3(d) = kz(6) +z(d — 6k) ,d € (6(k+ 2),6(k+ 3)],k € Z;\{0}.
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Constructing the Value Function

Example (cont'd)

fo(d) = z(d) ,d<24
YT kz(6) +z(d —6k) ,d € (6(k+ 3),6(k+4)], ke Z,\{0}.
Fy
18 FL
16 fa /N\\
14 A //
. \\\/
10 \p\\
8
L AN
RN
Ny
-6 -14 -12 -10 -8 -6 -4 -2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28

@ Note that f4(d) = f5(d)vVd € R,.. Therefore, z(d) = f4(d)vd € R,..
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Subadditive Extension

Constructing the Value Function

A Finite Procedure

We can further restrict the search space by again using maximal
extension and the fact that z(k\) = kz(\) and A\ > d,.

Foragivenk>2 ke Z,,

z(d) = min{z(p1) + Z(p2) |p1 + p2 = d, p1 € (0, 2}], p2 € ((k—1)A, kAJ}

vd € (K\, (K+ 1)),

@ Revised Recursive Construction:

© Letp:=2)\

Q Set Y(p) = {z(p1) +2p2) [ P<pr+p2 <P+ Apre
W((0,2)\]), p2 € ¥((p— A, p])} and obtain zover [p,p+ A] by
considering the “lower subadditive envelope” of T(p).

@ 1fz(d) = z(d — \) +z(\)Vd € U((p, p+ \)), then stop. Otherwise, let
p:= p + >\ and repeat the last step.
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Subadditive E
Algorithms
(€] a

Constructing the Value Function |

Example (cont'd)
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Subadditive E
Algorithms
(€] a

Constructing the Value Function |

Example (cont'd)
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Subadditive E
Algorithms
(€] a

Constructing the Value Function |

Example (cont'd)
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Subadditive E
Algorithms
(€] a

Constructing the Value Function |

Example (cont'd)
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tension

Constructing the Value Function

General Case

@ Consider a general mixed integer linear program (MILP)
Zp = MiNcx, (P)
XeS
ceR", S={xeZ xR |Ax=b}withAecQ™" beR™
@ The value function of the primal problem (P) is

z(d) = min cx,
xeS(d)

where for a givend € R™, S(d) = {x € Z!, x R"" | Ax=d}.
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Subadditive Extension
Algorithms

nstructing the Value Function
Constructing the Value Functior General Case

Jeroslow Formula for General MILP

Let the set & consist of the index sets of dual feasible bases of the
linear program

1 1
= - = >
mm{MchC MACXC b,x > 0}

where M € Z, such that for any E € &, MAZal € ZMfor allj € I.

Theorem (Jeroslow Formula)
There is a g € ¥™ such that

2(d) = ming([d]g) +ve(d — [d]g) vd € R™ with S(d) # 0,

where for E € &, |d|z = Ac|Az'd| and vg is the corresponding basic
feasible solution.
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Constructing the Value Function

@ For E € &, setting
we(d) =g(|d]g) + Ve(d — [d]g) Yd € R™ with S(d) # 0,
we can write

z(d) = .E@Q”E@ vd € R™ with S(d) # 0.

@ Many of our previous results can be extended to general case in
the obvious way.

@ Similarly, we can use maximal subadditive extensions to
construct the value function..

@ However, an obvious combinatorial explosion occurs.

@ Therefore, we consider using single row relaxations to get a
subadditive approximation.
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Sul ve Extension

Ig s

Alg
General Case

Constructing the Value Function

Basic Idea

Consider the value functions of each single row relaxation:
z(q) =minf{ex | agx=0q,xe Z, xR "} geR,ieM={1,...,m}

where g is the i row of A.

Let F(d) = nge'\xﬂx{zi(di)}, d=(dq,...,dm), d€ R™ Then F is
I
subadditive and z(d) > F(d) vd € R™.
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Constructing the Value Function

Maximal Subadditive Extension

Assume that Ac QT. LetSCMand g € Q'f‘ be the vector of the
maximum of the coefficients of rows a;,i € S. Define

mex{z(qi)} g €[0,qlieM
g €[0q] ieK
! roi
Gs(q) = M| maxia(G)} Cecmqfs\K)ZGS 2 zg i S\K
inf G - cR.\0.0ieM
cglg(q)/; s(p) o € R\[0,q]i €

for all g € RIS where for T C S, C(qr) is the set of all finite collections
{p1, -, pr}, p; € RITI such that p; € xicr[0,],j = 1,...,Rand

R
Zj:l pj = ar.
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itive Extension
Algorithms
General Case

Maximal Subadditive Extension

Constructing the Value Function

Gs is simply the maximal subadditive extension of the function
masx{zi(qi)} from the box xicg[0, ¢f] to Rfl.
e

Let Fs(d) = max {Gs(ds)7 irEnN<'|:1<<S{zi(di)}}. Fs> rir;%x{zi(di)}, is
subadditive and z(d) > Fs(d) for all d € R}
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Subadditive Extension
Algorithms
General Case

Constructing the Value Function

Aggregation

For SC M, w € RIS, set

Gs(@,w) = min{cx | wasx = wg,x € Z', x RT"} Vg e RIS

Let

Fo(id) = max { Gs(ck. ). max a(@) | d < R
ieM\S
Fsis subadditive and z(d) > Fs(w, d) for any w € RIS d € R™

As with cutting planes, different aggregation procedures are possible.
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Subadditive Extension
Algorithms

nstructing the Value Function
Constructing the Value Functior General Case

Using Cuts

@ Assume that S(d) = {x € Z | Ax < d}.

@ Consider the set of Gomory cuts ITx > I1°, IT € Q" TI° € Q¥
defined by the sets of multipliers Q = {w?!,...w* 1}, ol € QTH 1
as follows

m i—1
I = ’VZwiAu-f—ZwﬁnHH”“ Vi=1,...,kj=1,...,n
=1 I=1

m i—1
( {Zw;d—FZwinHHP—‘ Vi=1,...k
=1

=
o
I

=1

For Q = {w?,...w* '}, € QTH1 k€ Zy, let Znyi(w', d) denote the
value function of rov m+i,i=1,... , k—1and
F(Q,d) = maxqmaxz(d), — max  Zng, (', d)
I

i=1,...k—1weQ
Then, F is subadditive and z(d) > F(€2,d) for any d € R™.
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Current and Future Work

Current and Future Work

@ Extending the theory and algorithms to the general case.
@ Developing upper bounding approximations.

@ Integrating these procedures in with applications

9 Bilevel programming
@ Combinatorial auctions

@ Answering the question

“Can we do anything practical with any of this?”
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