Real-Time Reliable Solution of

Partial Differential Equations on Smartphones;

Application to Parameter Estimation,

Design, and Optimization “in the Field”

Anthony T Patera
Massachusetts Institute of Technology

MOPTA 2010
Lehigh University, Bethlehem, PA
18—20 August 2010



Collaborators
Acknowledgements

P Huynh* J Eftang  C Nguyen
D Knezevic* J Peterson

G Rozza

Also S Boyaval, M Grepl, J Hesthaven, N Jung, C Le Bris, Y Maday,
A Quarteroni, E Ragnquist, K Urban, K Veroy-Grepl, and K Willcox.

Patera et al. Certified Reduced Basis Methods 1



Acknowledgements m

AFOSR/Office of Secretary of Defense
Progetto Roberto Rocca

Singapore-MIT International Design Center

Patera et al. Certified Reduced Basis Methods 2



Qutline

The Big Picture
An Acoustics Example
A Heat Transfer Example

The Big Questions



Goal

We wish to perform
analyses ...
in the field . ..

for design and operation of

distributed physical systems.
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Analyses for
Design & Operation

(Measurement and) Characterization
Prediction

Visualization

Optimization

Control and Decision
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“In the Field”

In Situ:

calibrate model to instance/environment;
explore model implications in context;
initiate appropriate actions on site.

A Tempo: “real-time
respond/intervene on relevant timescales.
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Distributed
Physical Systems

Continua described by PDE,,
Temperature(x, t): Heat Transfer,
Displacement(x, t or w): Solid Mechanics,
Pressure(x, t or w): Acoustics,’

Velocity(x, t): Fluid Dynamics.

TAlso, vicariously [He et al.], electromagnetics: (E, B)(x,t or w).
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Distributed
Physical Systems
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Distributed
Physical Systems

(Bl @ 4:19em

Navier-Stokes
WERLERIG

Horn Two-layer
conduction
Acoustic Download from
impedance server
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Outline

The Big Picture
An Acoustics Example
A Heat Transfer Example

The Big Questions



An Acoustics Example: In Situ Impedance

(Inverse) Problem Formulation

Computational Approach



Parametrized
Model M

acoustics Iy

Helmholtz: e?*t

¢(z; 1)

% speaker

Iy

parameter
p=m=Zrpr=2Zs,p3=k)
Z=2.+17Z;
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Parametrized
Model M

acoustics
Helmholtz: e+t

parameter
p=m=Zrpr=2Zs,p3=k)
Z=2.+17Z;
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Governing Equations

Parametrized
Model M Strong Form

Given up = (Z,,Z;, k) € D, ¢(x; ) satisfies
—V?p—k’0=0 in Q,

with boundary conditions

o0 o0 vk

—¢:—ikonrin, ¢|z qb:OonI‘imp.’f

on on 272

Outputs: ®(p) = | / d(xesp), 1 << 4.
ut

TWe also impose 8¢ /dn = 0 on T, and radiation conditions on I'*a4,
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Governing Equations

Parametrized
Model M Weak Form...

Given u = (Z,, Z;, k) € D, ¢(n) € X satisfies

Vo - Vo —/ I<:2¢v—|—/ — ¢
9) _ g lmpZ

_V2¢ v _|_ coe

_|_ ..-:/ —Zk@,\VIUEX
I'rad T.

Outputs: ®(p) = / d(p),1<£< 4.

ut|
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Governing Equations

Parametrized
Model M ...Weak Form
Here derivatives square integrable

X(Q) = H(Q2) (complex fields)

with inner product and norm
(w,v)x = / Vw- Vv, ||[v||% = / V.
Y Q

Define also L%(Q2) inner product and norm

(w,v):/w@, ||v||25/ |2
Q0 Q0
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Governing Equations

Parametrized
Model M Parameter (Domain)
Here P =3

p (= Z,, po = Z;, pg = k) is the parameter;
D = [1,4]* x [1, 2] is the parameter domain.
More generally,

p = (p1, ..., pmp) is the parameter;

D C RY is the parameter domain.
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Parametrized
Model M,;, (FE)

(Truth) Approximation

Introduce a Finite Element (FE) space

Xn(€2;Th) C X(Q2)

where h is the diameter of a “triangulation” 7, .

Find given u € D
on(p) € Xn =~ o(p) € X .
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(Truth) Approximation

Parametrized
Model M, (FE) Galerkin Projection

Given u € D, ¢n(p) € X, satisfies

/quh Vv—/ k2thfu—|—/lm n 0

- ...:/ —Z,{?E,\V/UEX}L
I'rad T.

Outputs: ®* (1) — / dn(p), 1< <4,

utl

Patera et al. Certified Reduced Basis Methods 20



(Truth) Approximation

Parametrized
Model Mh (FE) Algebraic System...
Express ¢, () € X}, as Np, = dim(X},)

A
dn(zs 1) = n; len(p)], on(x),

where
wn(x): (nodal) basis functions <= Xj,;

len () ]n: (C) coefficients <= Galerkin projection . ..
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(Truth) Approximation

Parametrized
Model M, (FE) ...Algebraic System

Given u € D, cp(p) € CVr satisfies
Ap(p) cn(p) = Fp .
Outputs: 1 < £ < 4,
B () = 3. | 6 (e [
p— C
WD e P (e rt

u

(Pn) :
t
Here ¢, (p) € CMe, Fp, € CNr, and
Ap(p) € CNexNu put sparse.
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lllustrative Solutions

Parametrized
Model M,;, (FE)

p=(1,1,2)
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Parametrized
Model M, (FE)

lllustrative Solutions
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lllustrative Solutions

Parametrized
Model M, (FE)

N
i 11 12 13 14 15 16 1.7 18 19 2
k
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Impedance Estimate;,

Inverse
Problem;, [KT] Least Squares
Given k£ = [1, 2] and w=(Z.,2Z;k)

P’ (k)eC,1<£<4,

exp

find (Z%, Z})n: no regularization

(Z¥,ZF), =arg min &x(Z,, Z;, k) ,
(ZTaZi)€[174]2

4
S |®L (k) — ®E(Z,, Zi k)| .

exp
=1

gh(Z'm Zia k)
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Uncertainty Analysis;,

Inverse
Problem,, Likelihood Ratio: A, (1)
Given k € [1, 2] and w=(Z,2Z;k)

O p(k) = (277, Z77, k) + €exp N (0, 1)
define (pre-Bayesian ) v (Z,,Z;) € [1,4]°
‘Ch(Z’PQ Z’i? k) — e{_gh(Z’I“7Z'i9k)/2€(23Xp} :

Eh(Zra Zi9 k)
Eh(Z:ha tha k)

Ah(Zra Zz’a k) —
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An Acoustics Example: In Situ Impedance

(Inverse) Problem Formulation

Computational Approach



Strategy

Replace
My (FE) by My, N (RB)
and then
py, (My, (FE)) by p v (Mnn (RB)),

Ap (M, (FE)) by A}y (M (RB)).

Patera et al. Certified Reduced Basis Methods 29



Parametrized
Model M,;, (FE)

(Truth) Approximation

Introduce a Finite Element (FE) space

Xn(2;Tn) C X(2),

where h is the diameter of a “triangulation” 7, .

Find given u € D
on(p) € Xn = () € X .

Patera et al. Certified Reduced Basis Methods 30



ion

t

Ima

=
O
P
Q.
Q.
<
—
i -
-
m
=
S

Parametrized

Model M, (FE)

P, elements

Xh

over

A

\SK
D
V“ﬂ

RIERBRKER
S AR
AXXK]
(SRR R
J
<\

\

IVAVAVLY
AN/

NN
\V4

%
S
5

<N
Vi \i
""ggg,f;v»‘u

\VAVAVAVAN

NS

N\
A

N

KINZA
A%

Triangulation 7y,
4
dim(X};) = 16,919

K N AN AN AR KRR

ORI

VAV 4
\A

v

ﬂ?ﬂ\“'

NN
V

%

5

R
QVAVQ‘

P

V4

v
AV4
Y
S

%
SO

<]
i

TAVAYA

v AVAY7
% “»«A W

d

\

K]
KB

VA

R

YAVAN
REROO
VAVAY(Y
o2

AVAY

X0

Z NAVaivg
i NSRS

VA

‘V

D

V4

N
2\

v
R
PN

5

%

AVAV‘
\/

N/

NN
\/

RO

\/!
AR

KPREERAK]

TSN
RO

RORPR S RPRDRPRORPRORA AR KRR KRR ARDROGORDR IR
AV AT AVAVAYAV AV SAVAVAVAY N AYAAYaVy S VAVAVAY:

YO VAVTAVATAN RO vAa:

VAV A
v,

N

31

Certified Reduced Basis Methods



(Truth) Approximation

Parametrized
Model M, (FE) Galerkin Projection

Given pu € D, ¢y () satisfies

/quh Vv—/ k2¢hv+/ —cbhv

1mp
/ :/ —kv, Vv e X, .
I‘rad Fin

Outputs: ®% (pu) = / on(p), 1 << 4.0

utl

TR I &£ : consider separately real and imaginary parts.
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(Truth) Approximation

Parametrized
Model Mh (FE) Algebraic System...
Express ¢, () € X}, as Np, = dim(X},)

A
dn(zs 1) = n; len(p)], on(x),

where
wn(x): (nodal) basis functions <= Xj,;

len () ]n: (C) coefficients <= Galerkin projection . ..
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(Truth) Approximation

Parametrized
Model M, (FE) ...Algebraic System

Given u € D, cp(p) € CVr satisfies
Ap(p) cn(p) = Fp .
Outputs: 1 < £ < 4,
B () = 3. | 6 (e [
p— C
WD e P (e rt

u

(Pn) :
t
Here ¢, (p) € CMe, Fp, € CNr, and
Ap(p) € CNexNu put sparse.
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Parametrized
Model M, n (RB)

snapshots

dn(1')
Prn = {¢n(p) |V n € D}

Certified Reduced Basis Methods 35




Approximation

Parametrized
Model M,;, n (RB) ...Parametric Manifold P;,

Introduce a Reduced Basis' (RB) space

Xn,n C span{Pp} C Xj
of dimension dim (X, n) = IN.

Find given u
dnn(p) € Xpn = dn(p) € Xy, .

tEarly work: [ASB], [NPe], [FR], [Po], [G], ...
Patera et al. Certified Reduced Basis Methods 36




Parametrized Approximation
Model Mh’N (RB) Spaces...

Greedy heuristic:
Cn = on(p™ € D), 1 <n < Nyax, 1x
and associated hierarchical spaces
Xpn =span{(,, 1 <n < N} 1< N < Nyax -
Optimality: { 1" }1<n<N,u dim(Yy) = N

Xp N =~ arg r%in Droop;x) (Phy YN)-
N

Patera et al. Certified Reduced Basis Methods 37



Approximation

Parametrized
Model M,;, - (RB) ...Spaces...

Algorithm Greedy (p', Niax):
for N =1: Npyax — 1 % tol
p 't = argmax ||¢n(p) — PN (1) || x5
pneD

(" = pp(pmt); % 1
<n< N}

Xp,n = span{(n, 1

end

TIn practice: D + Eirain; ||On (1) — én,n ()| x < error bound.
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Parametrized
Model M,;, - (RB)

S (CNpax=25)
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Approximation

Parametrized
Model M, ~ (RB) (Petrov) Galerkin Projection...

Given p € D, ¢p N(1n) € Xy, v Satisfies

/VCth V’U—/ k2¢th+/lm —¢hN

4 :/ —tkv, Vv € XpnN -
Ir'rad I'in

Outputs: @ﬁ’N(u) / OdrnN(p),1<£< 4.

utl
Optimality: ¢n.n ~ Best_FltXh,N(th) in|| - |lx

Patera et al. Certified Reduced Basis Methods 40



Approximation

Parametrized
Model M, n (RB) ..(Petrov) Galerkin Projection..

Output
and
‘State’ (Field)T

TPrimal-Dual techniques can also be considered.
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Approximation

Parametrized
Model M, ~ (RB) ..(Petrov) Galerkin Projection..

Navier-Stokes MIT logo

Output
-4 ' and
- ‘State’ (Field)T
i W

TPrimal-Dual techniques can also be considered.
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Parametrized
Model M,;, - (RB)

& (0 Bl @ 4:14em
FD AP P L ————— g

Output
and
‘State’ (Field)T

output 1 output 2
output & output?

| Visualize _|

TPrimal-Dual techniques can also be considered.
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Parametrized
Model M,;, - (RB)

0 (Tl B @ 4:16em

bAPPmit

Output
and
‘State’ (Field)T

TPrimal-Dual techniques can also be considered.
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Parametrized
Model M,;, - (RB)

0 (Tl B @ 4:16em

bAPPmit

Output
and
‘State’ (Field)T

TPrimal-Dual techniques can also be considered.
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Approximation

Parametrized
Model M,;, n (RB) Algebraic System...

Express ¢n n(p) € Xp v @S

N

OnN(xs ) = >, [en,n ()], Cul(x),

n=1
where

¢.(x): basis functions <= Greedy () ;

len. v () ]n: (C) coefficients <= Galerkin Projection ...
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Approximation

Parametrized
Model M,;, - (RB) ...Algebraic System

Given u € D, ¢ n(p) € CV satisfies
Apn(p) epn(p) = FrN -
QOutputs: 1 < ¢ < 4,

®p (1) = é [enn (1)), <|I‘:£ut| /rﬁ

u

)
t
Here ¢, n(p) € CV, F, v € CN, and
Ap n(p) € CY*N but full.
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Model M,;,  (RB)

We present
rigorous, sharp(ish), inexpensive'
a posteriori bounds crucial for

efficient Greedy search = X, n;

effective error control = IN;

uncertainty assessment =- design & operation.

TWe discuss efficient calculation of the bounds subsequently.

Patera et al. Certified Reduced Basis Methods 48



a posteriori Bounds

Parametrized
Model M, n (RB)

Residual

Introduce residual: V v € X4,

Rh,N(’U; B = / — 1k v — / Voun Vo
I Q
. _ 1k _
+ | kK* ¢ppNvU — — Qp,N UV —
Q R/ rrad
Define dual norm Iv||x = [ |Vo|?
Ry, n(v; 1
On,N(p) = sup Fo (03 42)
veXy,  ||v]lx
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a posteriori Bounds

Parametrized
Model M,;, - (RB) Output Error Bound...

Introduce error bounds: 1 < £ < 4,

AL v(0) = (BEB()) ™ Cy Onn() ;
stability output

ﬂ};B(u) <— Successive Constraint Method (SCM),Jr

frﬁ ‘
Cgut — Sup |F Ut| - 3 1 S £ S 4.
veX,  |lv]lx

T Smartphone shortcut: 312 () replaced by minimum of 352 () over dense
sample in D.
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a posteriori Bounds

Parametrized
Model M;, n (RB) ...Output Error Bound...

Stability: 3P () satisfies

0 < BEB(u) < Bu(w), YV €D,

where

Vw -Vo— [Ck2wD <+ ---
Br(p) = inf sup |fﬂ et h fﬂ wY ¥ |

weXp veXy, ||’U]||X ||’U||X

is a (generalized) minimum singular value.
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a posteriori Bounds

Parametrized
Model M,;, n (RB) ...Output Error Bound

Proposition 1.0A. Given u € D,

KA (I)fL,N(H’) | < Aﬁ,N(N), 1<£< 4,

FE (Truth) RB

forany N € {1,..., Nyax}.|

Rigorous error bounds for the output;
In practice, bounds also quite sharp.

TWe can also obtain error bounds for the field variable in the X norm.
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a posteriori Bounds

Parametrized
Model Mh,N (RB) Output Bounds...
Introduce output bounds 1<£<4

@, n(1) = ), v (1) — (1 + )AL N(1)

and

s (1) = By (1) + (L+ DA, N (1)
Bound gap (uncertainty): 1<¢< 4

(I);zI_N(/J’) hN(N) = 2(1 + i)Aﬁ,N(“) :
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Parametrized a posteriori Bounds
Model Mh,N (RB) ...Output Bounds...
Corollary 1.1A. Given u € D, RS

O, (1) < @h(p) < ®fy(p), 1<e<4,

RB FE (Truth) RB

forany NV € {1,..., Nmax} -

Rigorous lower and upper bounds
for the FE (Truth) outputs.’

T Note: output bounds calculated without reference to ¢ ().

Patera et al. Certified Reduced Basis Methods 54



a posteriori Bounds

Parametrized
Model M;, n (RB) ...Output Bounds...
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Parametrized a posteriori Bounds
Model Mh,N (RB) ...Output Bounds...

Navier-Stokes
WERLERIG

Horn Two-layer

conduction
Acoustic Download from
impedance server
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a posteriori Bounds

Parametrized
Model M;, n (RB) ...Output Bounds...

T Bl @ 4:06em

About This Problemm  Reduced Basis Solve

RB Online
Set RB dimension

Online N = 20

Set parameters
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Model M,;,  (RB)

output 1 output 2
output 6

| Visualize |
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a posteriori Bounds

Parametrized
Model M,;, n (RB) Convergence...

Given € > 0, define

N. = max ( min N) :
peD 2A£,N(u) <e, 1<0<4

Observation 2.0A. As h — 0 (N}, — oo)
(i) N, is independent of A/},;
(i) N ~ —ConstIn(e) ase — 0.

(Proof is possible in some simpler cases.)
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a posteriori Bounds

Parametrized
Model M;, n (RB) ...Convergence...
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Parametrized a posteriori Bounds
Model Mh,N (RB) ...Convergence...

Navier-Stokes
WERLERIG

Horn Two-layer

conduction
Acoustic Download from
impedance server
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a posteriori Bounds

Parametrized
Model M;, n (RB) ...Convergence...

T Bl @ 4:06em

About This Problemm  Reduced Basis Solve

RB Online
Set RB dimension

Online N = 20

Set parameters
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Model M,;,  (RB)

output 1 output 2
output 6

| Visualize |
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Model M,;,  (RB)

output 1 output 2
output 6

| Visualize |
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a posteriori Bounds

Parametrized
Model M,;, n (RB) ...Convergence...

(R @ 4:12em

About This Problemm  Reduced Basis Solve

RB Online
Set RB dimension

Online N = 25

Set parameters

BN | 2 000
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Model M,;,  (RB)

output 1 output 2
output 6 output 7

| Visualize |
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Computational Strategy

Parametrized
Model M;, n (RB) Offline-Online...

Key requirement:

weak form affine in (functions of) the parameter.

Key ingredients:
linear approximation space X n (= ¢én.n);
Riesz representation of Ry n (= 0n.N);

Successive Constraint Method (AY, ., ®;: 1)
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Computational Strategy

Parametrized
Model M, n (RB) ..Offline-Online...

Given u € D, ¢(un) € X satisfies

/ Vo-Vo — / T+ T
Q Q) I'imp
_|_ / c o — / , YV v & X .
I'rad Fin
Outputs: B(p) = /e b(u).1< <4,
I‘out
Affine: 3", . (1) x (bi)linear form, (no ).
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Parametrized Computational Strategy

Model M, n (RB) ...Offline-Online...

Offline Stage: Np = dim(X},)
My, > SOnline |[Mh] ;

O(N3,) FLOPS

Sonline[Mn]: O(N7 ) FPNS .

ax

Online Stage (Soniine [Mu1]):

Catt
Hy N O(N3+Q2N?) FLOPs Prnlp), 1S <4,

Patera et al. Certified Reduced Basis Methods 69



Computational Strategy

Parametrized
Model M, n (RB) ...Offline-Online

Proposition 3.0A. Given

Sonline [M4] Of size O(NZ, ) ,
then

py, N — &5 (p), 1 < £< 4,

may be calculated in O(NN° + Q*N?) FLOPS.

Online operation count independent of N/,.
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Hierarchical Architecture

Parametrized
Model M, n (RB)

Offline:
Supercomputer

TExploit parallelism over €2 and over D.
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Parametrized Hierarchical Architecture

Model M, n (RB)

Library: Online:
WWW Smartphone

TMore generally: any small, lightweight, inexpensive
portable or embedded platform.

Certified Reduced Basis Methods 72



Hierarchical Architecture

Parametrized
Model M, ~ (RB) ..“In-the-Field”

Corollary 1.1A

Smartphone prediction suffices
without appeal to expensive Truth.

In Situ A Tempo

Observation 2.0A Proposition 3.0A

Smartphone memory suffices  Smartphone processor suffices
to accommodate Soniine [Mr]. to calculate <I>i (), 1<0<4.
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Strategy

Replace
My (FE) by M, N (RB)
and then
pi (M (FE) by pj, y (M (RB)),

Ap (M, (FE)) by A} (Mp,n (RB)).
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Impedance Estimate;,

Inverse
Problem;, [KT] Least Squares
Given k = [1, 2] and = (2,2 k)
¢
P, (k) €C, 1<£< 4,
find (Z%, Z})n: no regularization
(Z*,ZF)p, = arg min &Ex(Z,, Z;, k) ,

(ZT,Z’IZ)E[174]2

4

2

En(Zry Ziyk) = Y |®E, (k) — @4 (Z,, Ziy k)| .
=1

exp
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Inverse Impedance Estimate;, n
PrObIemh,N Least Squares
Given k = [1, 2] and w=(Z,2Z;,k)
14
P, (k) €C, 1< £< 4,
find (Z%, Z)n,n: no regularization
(Z%, Z)p,n =arg min &, Nn(Z,, Zi, k) ,
(ZT,Z'IZ)E[194]2
4
2
Enn(Zry Ziy k) = 3 | P (k) — @) N(Z0, Ziy k)|
=1
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Impedance Estimate;,

Inverse
Problem;, n Parametric Derivatives...

Field Sensitivity: 1<p<P-1(=2)
OPn,N ;
5 (x5 1)
Hp

ap Cbh,N(m; l‘) =
Output Sensitivity: 1 < 12 < 4,
Ip @fL,N(I’l’) — | / Op dn,N(T5 1) -
ut Lout

JacobianjeRszzl <£<4,1<p<2,
Tnn(p)] = [R O, (I)h N3 5 Op (I)fL,N] -

TRecall u = (uy = Z,, po = Z;, ps = k).
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Impedance Estimate;,

Inverse

Problem;, n ...Parametric Derivatives...

Given p € D, 9, ¢n n(p) € X N satisfies p =1,2

/V3p¢hN V’U—/ k* O p¢th+/ S p¢hN’U
2 1mp

L gP
- vee = / OdnNU, VU E Xp N ;
I'rad 1mp
recall Z = Z, +17Z;, = pu1 + 1 po .
0 0
Note 8p Qbh,N — ¢h’N & Xh,N ~ Ph e Xy .
oy o,

Patera et al. Certified Reduced Basis Methods 78



Inverse Impedance Estimate;,

PrObIemhaN ...Parametric Derivatives

Corollary 3.1A. Given (P = 3)
Sonline [M4] Of size O(NZ. ) ,

then DIRECT APPROACH

py N = Jnn(p) € REX?

may be calculated in O(NN° + PN?) FLOPs.

Note for very large P ADJOINT APPROACH is preferred.
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Impedance Estimate;,

Inverse
Problem;, Levenberg-Marquardt...

Given jh,N([JJ) € R8*2: n = (Zr, Zi,s I{i)
G(p) = Ty v (1) Tnn (1)
2% 2
+ ALy diag (T, n (1) Tnn (1))

and
[ RO, (k) — RO N(k) )

b (M) — j}EN(/J’) .
2x1 \ S (I)‘elxp(k) — S (I);lL,N(:u) /
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Inverse Impedance Estimate;,
PrObIemh,N ...Levenberg-Marquardt...
Algorithm Levenberg-Marquardt!: given k

set (Z*, Z)wn = (Zry Zi) guess € [1,4]?

while |V Enn ((Z*, Z*)nn, k)| > tol
G((Z;,Z; )Ny k) (0Z2:302Z;) = b((Z)5 Z])n,Ns K);
(Z7 Z;)nN < (£} Z )N + (0Z,,07;);

end while % N° + PN?

TApache Math Commons (Java) implementation; unconstrained.
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Impedance Estimate;,

Inverse
Problem;, n ...Levenberg-Marquardt...

€exp = 0.015
Z* =3, Z*=21
k=2
N =25

(Zry Z:) guess = (2.5, 2.5)

THere ®¢, (k) = ®}, . (Z)*, Z7*, k) + €cxp N(0, 1).

exp
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Impedance Estimate;,

Inverse
Problem;, n ...Levenberg-Marquardt...

[7]%!

Ersenpp
Acoustic
impedance

€exp = 0.015

Z** =3, Z* =21
E k=2

N =25
(Zry Z:) guess = (2.5, 2.5)

THere ®¢, (k) = ®}, . (Z)*, Z7*, k) + €cxp N(0, 1).

exp T
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Impedance Estimate;,

Inverse
Problem;, n ...Levenberg-Marquardt...

O B 0 W@ 8:32am

InverseApp

Inverse Problem RB App
Set noise std. dev. eexp S O . O ]_ 5

_'_

Set synthetic parameter
m—'— Z:*:?), Z;k*:zT
v T | =

B —
N = 25
(Zyry Z;) guess = (2.5, 2.5)

Generate Data

THere ®¢, (k) = ®}, . (Z)*, Z7*, k) + €cxp N(0, 1).

exp
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Impedance Estimate;,

Inverse
Problem;, n ...Levenberg-Marquardt...

20 B OR@ 7:17em

RB Solve Results | eexp p— O ® O ]_ 5

Online N = 25
p=[3.02.02.0]

Output 1:
Value =-1.37E-1 +-3.283E-1i sk k sk k "‘
Noisy value = -1.217E-1 +-3.211E-1i —— 3 y o — 2
Output 2: r ¢

Value = 2.926E-1 +-2.458E-1i -

Noisy value = 2.95E-1 + -2.589E-1i —_—
Output 3:

Value = 4.026E-1 + -6.4E-2i
Noisy value = 3.958E-1 + -8.382E-2i

Output 4: N 2
Value = 2.378E-1 +-2.951E-1i

Noisy value = 2.309E-1 + -2.899E-1i
(Zr, Zri)guess p— (205’ 2.5)

THere ®¢, (k) = ®}, . (Z)*, Z7*, k) + €cxp N(0, 1).

exp T
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Inverse Impedance Estimate;,
Problem;, n

...Levenberg-Marquardt...

E E @ ﬁl&:] 8:42 am
InverseApp

Inverse Problem RB App

Choose RB dimension eexp — 0.015
CE—

Set initial guess
W1 —_ 2.500 Z:* — 3, Z,;k* p— ZT
BN Ll 2500 | =

N =25
(Zry Z:) guess = (2.5, 2.5)

Inverse Solve

THere ®¢, (k) = ®}, . (Z)*, Z7*, k) + €cxp N(0, 1).
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Impedance Estimate;,

Inverse
Problem;, n ...Levenberg-Marquardt

E E @ mt.:J 7:19pm

Best fit parameter

Optimal parameter:
U = [3.189, 2.154, 2%] Z** 3 Z** 2"‘
Synthetic parameter: T ) 1

= 3,2, 2%]
: k=2

RB dimension = 25

Number of measurements = 8
Noise std. dev. =0.015

Number of LM iterations = 6
Number of function evaluations =7

RMS error = 1,044E-2 N 2 5
| | (Z'Pa Zi)guess — (2-5, 25)

THere ®¢, (k) = ®}, . (Z)*, Z7*, k) + €cxp N(0, 1).

exp T
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Strategy

Replace
My (FE) by M, N (RB)
and then
pi (My, (FE) by p n (M (RB)),

Ap (M, (FE)) by A} (Mp,n (RB)).
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Uncertainty Analysis;,

Inverse
Problem,, Likelihood Ratio: A, (1)
Given k € [1, 2] and = (Z.,2Z;k)

(k) = @3,(Z27*, Z" k) + €exp N(0,1) ,
define (pre-Bayesian) vV (Z,,Z;) €[1,4]
Eh(Zr, Z;, k) — e{_‘gh(zrazfiak)/zegxp} ,

[fh(Zra Zia k)
Ln(Z7 s Z s k)

Ah(Zra Zia k) =
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Inverse Uncertainty Analysis;, n
Given k € |1, 2] and w= (Z.,2Z;k)
D (k) = ®,(Z),Z, k) + €exp N(0,1)

form

+
AY (2, Ziy k) [@h,]{,(zr, Ziy k)] i

such thatVv (Z,, Z;) € [1,4]?
Ah(Z'ra Zia k) S A}L{N(Zra Zia k) :
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Inverse Uncertainty Analysis;, n
PrOblemh,N Likelihood Bounds...
Define E};,N(“’) — e N(H)/2€exp ,
where n=(Zr, Zi, k)
gEN(u’) — Z }(I)exp(k) i h,N
RS D) (0) =
arg max |§R exp(k) i Zl'

2€[R S B (1) RS B L ()]

fMinimum obtained for z = R & &;, (1) or z = R S &} ().
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Inverse Uncertainty Analysis;, n
Problem,, v ...Likelihood Bounds...
Define Lp n(p) = et —ER N/ 260}
where w=(Z.,2Z;k)

2-
J

-
() = 3 [@L, (k) — PEA()

RS &y (1) =

arg ., min » RS @ﬁxp(k) — z|.
Ze[m%(ﬁh,N(“)?%%@h’N(ﬂ)]T

fMinimum obtained for z = R S &;, (1), R S &} & (1), or RS &2 (k).

exp
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Uncertainty Analysis;, n

Inverse
Problem;, ..Likelihood Bounds

Proposition 4.0A: Given k, {®; (k) }1<¢<4 € C,
Ly n(Zrs Zis k) < Ln(Zy, Zis k) <
Lin(Zrs Zisk), Y (Zy, Zi) € [1,4]%

forany N € {1,..., Npnax}-

_ikelihood bounds include effects of
approximation error (A, (Z., Z;, k)), and
experimental error (€exp N (0, 1)).

Patera et al. Certified Reduced Basis Methods 93



Inverse Uncertainty Analysis;, n
Problem;, Likelihood Ratio: AV  (11)-
Given k € [1, 2] w=(Z,2Z;k)
LcY (Z,,Z;, k
A.}[.LJN(ZT, ZZ, k) — - haN( 9 ! Y ) |
’ [‘h,N((Zf;«kv Zz' )h,Nv k)

forall (Z,, Z;) € [1, 4]
Similar construction possible for Ay \(Z,, Z;, k).
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Uncertainty Analysis;, n

Inverse
Problem;, n .Likelihood Ratio: AY  (11)..

Corollary 4.1A: Given k, {®_, (k) }i<e<s € C,
AW(Zrs Zik) < AY (21, Ziy K)
\4 (Zra Zz) c [17 4]2 :

forany NV € {1,..., Npnax}-

Rigorous constructions for parametric uncertainty.
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Uncertainty Analysis;, n

Inverse
Problem;, ..Likelihood Ratio: AY \ (1)

Corollary 3.2A: Given
Sonline [M4] Of size O(NZ. ) ,
then given k
(Z,,Z;) € [1,4]?, N — A}L{N(Zr,Zi,k:)
may be calculated in

O(N°® 4+ Q*N?) FLOPs + 8 exp’s.
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Uncertainty Analysis;, n

Inverse
Problem;, Likelihood Ratio: AV  (u)1...

N =25, 8
(Zyy Z) guess = (2.5, 2.5)

THere min(A}iN, 1) is plotted near (Z*, Z*),,~n based on 642 evaluations.
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Uncertainty Analysis;, n

Inverse
Problem;, n .Likelihood Ratio: AY  (12)"...

[7]%!

Ersenpp
Acoustic
impedance

€exp = 0.015

Z* =3, Z* =21
E k=2

N = 25, 8
(Zry Z:) guoss = (2.5, 2.5)

THere min(AE,N, 1) is plotted near (Z*, Z*),,~n based on 642 evaluations.
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Uncertainty Analysis;, n

Inverse
Problem;, n .Likelihood Ratio: AY  (12)"...

O B 0 W@ 8:32am

InverseApp

Inverse Problem RB App
Set noise std. dev. eexp S O . O ]_ 5

_'_

Set synthetic parameter
m—'— Z:*:S, Z:*:z.“
v T | =

B —
N = 25, 8
(Zyry Z;)guess = (2.5, 2.5)

Generate Data

THere min(AE,N, 1) is plotted near (Z*, Z*),,~n based on 642 evaluations.
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Uncertainty Analysis;, n

Inverse
Problem;, n .Likelihood Ratio: AY  (12)"...

20 B OR@ 7:17em

RB Solve Results | eexp p— O ® O ]_ 5

Online N = 25
p=[3.02.02.0]

Output 1:
Value =-1.37E-1 +-3.283E-1i kk sk k “‘
Noisy value = -1.217E-1 +-3.211E-1i — 3 y c pR— 2
Output 2: r t
Value = 2.926E-1 +-2.458E-1i -

Noisy value = 2.95E-1 + -2.589E-1i —_—
Output 3:

Value = 4.026E-1 + -6.4E-2i
Noisy value = 3.958E-1 + -8.382E-2i

Output 4: N 2
Value = 2.378E-1 + -2.951E-1i — 0

Noisy value = 2.309E-1 + -2.899E-1i
(Z’Pa Zi)guess — (2-5, 25)

THere min(A}lj’N, 1) is plotted near (Z*, Z*),,~n based on 642 evaluations.
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Inverse Uncertainty Analysis;, n
Problem;, n

...Likelihood Ratio: A} \ (1)T...

E ﬁ @ ﬁl&:] 8:42 am
InverseApp

Inverse Problem RB App

Choose RB dimension eexp — 0.015
CE—

Set initial guess
W1 —_ 2.500 Z:* — 3, Z,;k* — 2.“
BN Ll 2500 | =

N = 25, 8
(Zry Z:) guoss = (2.5, 2.5)

Inverse Solve

THere min(A}iN, 1) is plotted near (Z*, Z*),,~n based on 642 evaluations.
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Uncertainty Analysis;, n

Inverse
Problem;, n .Likelihood Ratio: AY  (12)"...

20 B R @ 7:19em

€exp = 0.015

Best fit parameter

Optimal parameter:

i+ = [3.189, 2.154, 2] Z:* — 3, Z,;k* — ZT

Synthetic parameter:

H=1[3, 2, 2%] k 2
RB dimension = 25

Number of measurements = 8
Noise std. dev. =0.015

Number of LM iterations = 6
Number of function evaluations =7

RMS error = 1,044E-2 N _ 2 5 8
»
| | (Zra Zi)guess — (2-5, 25)

THere min(A}lj’N, 1) is plotted near (Z*, Z*),,~n based on 642 evaluations.
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Uncertainty Analysis;, n

Inverse
Problem;, .Likelihood Ratio: AU , (2)"...

N = 25, 8
(Zyy Zi) guess = (2.5, 2.5)

THere min(A}f’N, 1) is plotted near (Z*, Z*),,~n based on 642 evaluations.
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Uncertainty Analysis;, n

Inverse
Problem;, n .Likelihood Ratio: AY  (12)"...

N = 25, 8
(Zry Z:) guoss = (2.5, 2.5)

THere min(AE,N, 1) is plotted near (Z*, Z*),,~n based on 642 evaluations.
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Inverse Uncertainty Analysis;, n
Problem;, n

...Likelihood Ratio: A} \ (1)T...

20 & O Bl @ 10:05 am
InverseApp

Inverse Problem RB App

Choose RB dimension eexp S 0.015
-'_

Set initial guess

BN |l 2 500 Z:* — 3, Z;k* — 2.“
B L il 2 <00 | =

N = 25, 8
(Zry Z:) guoss = (2.5, 2.5)

Inverse Solve

THere min(A}iN, 1) is plotted near (Z*, Z*),,~n based on 642 evaluations.
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Uncertainty Analysis;, n

Inverse
Problem;, n .Likelihood Ratio: AY  (12)"...

E E @mt.] 9:12pm

€exp = 0.015

Best fit parameter

Optimal parameter:

p* =[3.175, 2.564, 2*] Z:* — 3, Z;k* — 2“‘

Synthetic parameter:
H=1[3, 2, 2%] k 2
RB dimension =8

Number of measurements = 8
Noise std. dev. =0.015

Number of LM iterations = 4
Number of function evaluations =5

RMS error = 1,063E-2 N _ 2 5 8
»
| | (Z'Pa Zi)guess — (2-5, 25)

THere min(A}f’N, 1) is plotted near (Z*, Z*),,~n based on 642 evaluations.
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Uncertainty Analysis;, n

Inverse
Problem;, ..Likelihood Ratio: AY , (u)"

N = 25, 8
(Zyy Zi) guess = (2.5, 2.5)

THere min(A}f’N, 1) is plotted near (Z*, Z*),,~n based on 642 evaluations.
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Hierarchical Architecture

Inverse
Problem;, n

Offline:
Supercomputer

TExploit parallelism over €2 and over D.
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Inverse Hierarchical Architecture

Problem;, n

Library: Online:
WWW Smartphone

TMore generally: any small, lightweight, inexpensive
portable or embedded platform.
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Outline

The Big Picture
An Acoustics Example
A Heat Transfer Example

The Big Questions



Heat Transfer Example: On-Site Energy Audit

(Inverse) Problem Formulation

Computational Approach



Parametrized
Model M

o
parameter

ko =1 Kk = (K1, K2)

|

conduction T— 0
heat transfer

X
=
o
(O]
N

=
5
X\%A

zero flu

=
o
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Parametrized
Model M

conduction

heat transfer

=3

flux

Zero
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Governing Equations

Parametrized
Model M Strong Form

Given k € D, T(x,t; k) satisfies T(x,0;k) =0

or VT =0in Q
K — _ :
9t ¢ £=0,1,2
with boundary conditions
or B ;
k1— = q;, onI';, (=0o0onTy).
on

_ 1
Output: T'(t; k) = TO / T(x,t; k) de.
me rpare

TWe also impose continuity of 7" and flux at interfaces and T'|re = 0.
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Governing Equations

Parametrized
MOdel M Weak Form...
Given k € D, T'(t; k) satisfies T(0;k) =0

oT
/ —fu—l—z keVT -V v
)

144
— q., v, Vv € X.
I'in
q! —k10T /On

__ 1
Output: T'(t; k) = TOM / T(t;K).
me ()
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Governing Equations

Parametrized
Model M ...Weak Form
Here derivatives square integrable

X () = {’U - Hl(ﬂ) | v|pee = O}

with inner product and norm
(w,v)x = / Vw- Vv, ||[v||% = / V.
Y Q

Define also L%(Q2) inner product and norm

(w, v) :/wv, ||v||25/v2.
Q Q
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Governing Equations

Parametrized
Model M Discrete Time...

Replace continuous time
t €]0,ts]

by discrete levels At =t¢/J = 5.0/100
t/ = jAt, 5 €J={(0),1,2,...,J}.

Implicit Finite Difference discretization’
= T(k) = T(t'; k), j € J.

TWe consider Euler Backward, O(At), or Crank-Nicolson, O(At?).
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Governing Equations

Parametrized
MOdel M ...Discrete Time...
Given k € D, Ti(r) € X satisfies T°(k) = 0

T — TI—1 ~
VT -V
/Q A v—l—z K:g v

_/ g v, Vve X, je.

Output: T (k) = T (k), j € I.

| me| Qme
Assumption: T7(k) = T'(t/; k) — O(At’) errors negligible.
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Governing Equations

Parametrized
MOdel M ...Discrete Time
Given k € D, TV (k) € X satisfies T%(k) =0

T — TIi—1 2
/ v+ ) ke VT - Vv
Q AN £=0

p— q:;l’U,V’UEX,JEJ
I'in

. | .
Output: T7 (k) = T’(r), 3 €17J.

| me| Qme

Norm: ||[v9]||2 = ||v7]|2 + At 7, |lv]|%-
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Governing Equations

Parametrized
Model M Parameter (Domain)
Here P =2

k = (K1, ko) Is the parameter;

D = [0.25,4]? C R? is the parameter domain.

More generally,
= (py,...,up) is the parameter;’

D C R is the parameter domain.

TNote p may represent physical properties,
sources and boundary conditions, or geometry.
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(Truth) Approximation

Introduce a Finite Element (FE) space

Parametrized
Model M,;, (FE)

Xn(€2Th) C X(Q2)

where h is the diameter of a “triangulation” 7, .

Find given k € D
T'(k) € Xp=Ti(k) €X, jET.
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on

ima

"
Q-, elements

h:
over
Triangulation 73,
J

dim(X},) = 4,347

=
O
P
Q.
Q.
<
—
i -
njd
~
=
S

A A
R i i
B A A B B B

B R RN mmmmmmmmEamE

Hmmmmunun“.“ﬂ“““_
e | | |

Parametrized
Model M,;, (FE)

122
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(Truth) Approximation

Parametrized
Model A;, (FE) Galerkin Projection
Given k € D, T/ (k) € X}, satisfies T? = 0

T, — 1) .
/ L v+ Z K,EVT}Z . Vv
Q JAN £

_/ g, v, VvE Xy, jeET.

1 .
Output: T (k) = | / T!(k), j € J.
me (Vrpae
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(Truth) Approximation

Parametrized
Model M, (FE) Algebraic System...
Express T/ (k) € X}, as Ny, = dim(X})
. No |
Ti(@;k) = 3 |ch(k)| en(@), G €L,
where

wn(x): (nodal) basis functions <= Xj,;

[} (k)]n: coefficients <= Galerkin projection .. .
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Parametrized (Truth) Approximation
Model M, (FE) ...Algebraic System
Given k € D, ¢ (k) € RVr satisfies (k) =0
Output: 5 € J,

N

o= ol i )

Here ¢/ (k) € RVu, Fj, € RMr, and
M, € RVexNw A, (k) € RVe*Ne but sparse.
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lllustrative Solutions

Parametrized
Model M, (FE) Temperature Field

k= (5.0,0.2), t/ =3
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lllustrative Solutions

Parametrized
Model M, (FE)
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Diffusivity Estimate,,

Inverse
Problem,, Least Squares
Given [St]
tfrrge’ _eXP(t ) 1 < m < Mme :
find (any) no regularization
Ky = arg aréiir)l En(k) ,
Mme

tNote T, (t™ ; k) = T3 (k) for j: t9 = t™ .
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Uncertainty Analysis;,

Inverse
Problem,, Likelihood Ratio: A, (k)
Given realization

eXp(t = Th(tme, K**) + €oxp N (0, 1)

define (pre-Bayesian) V «x € D
Li(k) = el Sh(m)/2eexp}
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Heat Transfer Example: On-Site Energy Audit

(Inverse) Problem Formulation

Computational Approach



Strategy

Replace
My (FE) by My N (RB)
and then
Ky (My (FE)) by kf v (M (RB)),

Ap (M, (FE)) by A}y (M (RB)).

Patera et al. Certified Reduced Basis Methods 131



(Truth) Approximation

Introduce a Finite Element (FE) space

Parametrized
Model M,;, (FE)

Xn(§25Th) C X(92),

where h is the diameter of a “triangulation” 7, .

Find given k € D
T/(k) € Xp=Ti(k) € X, jET.
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on

ima

"
Q-, elements

h:
over
Triangulation 73,
J

dim(X},) = 4,347

=
O
P
Q.
Q.
<
—
i -
njd
~
=
S

A A
R i i
B A A B B B

B R RN mmmmmmmmEamE

Hmmmmunun“.“ﬂ“““_
e | | |

Parametrized
Model M,;, (FE)
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(Truth) Approximation

Parametrized
Model A;, (FE) Galerkin Projection
Given k € D, T/ (k) € X}, satisfies T? = 0

T, — 1) .
/ L v+ Z K,EVT}Z . Vv
Q JAN £

_/ g, v, VvE Xy, jeET.

1 .
Output: T (k) = | / T!(k), j € J.
me (Vrpae
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(Truth) Approximation

Parametrized
Model M, (FE) Algebraic System...
Express T/ (k) € X}, as Ny, = dim(X})
. No |
Ti(@;k) = 3 |ch(k)| en(@), G €L,
where

wn(x): (nodal) basis functions <= Xj,;

[} (k)]n: coefficients <= Galerkin projection .. .
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Parametrized (Truth) Approximation
Model M, (FE) ...Algebraic System
Given k € D, ¢ (k) € RVr satisfies (k) =0
Output: 5 € J,

N

o= ol i )

Here ¢/ (k) € RVu, Fj, € RMr, and
M, € RVexNw A, (k) € RVe*Ne but sparse.
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Parametrized
Model M, n (RB)

“snapshots”

Pn=A{T;(r) |Vj €], Vk € D}
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Approximation

Parametrized
Model M,;, n (RB) ...Parametric Manifold P;,

Introduce a Reduced Basis' (RB) space

Xn,n C span{Pn} C Xj
of dimension dim (X, n) = IN.

Find given k € D
T v(K) € Xpn = To(k) € Xp, jET.

tEarly work: [ASB], [NPe], [FR], [Po], [G], ...
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Parametrized Approximation

Model M, n (RB) Spaces...

POD(t)-Greedy(x) heuristic [HO] : Ninax
{Cn}1<n<n,. € span{ P}, (impulse control)

and associated hierarchical spaces
Xpn =span{(n, 1 <n < NE 1< N < Npax -
Optimality: dim(Yy) = N

Xh,N ~ arg min ]D)LOO(D;LZ(O,tJ;X)) (Ph, YN)
YN
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Approximation

Parametrized
Model M, n (RB)

C1
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Approximation

Parametrized
Model M, n (RB) Galerkin Projection...

Given k € D, T} (k) € X,y satisfies T2 =0

T - — T 2 .
/ 2 WY v+ S | kYT o - Vo
Q AN =0 JQ, ’

— q{;v!VUEXh,N:jEJ.
I'in

_. 1 | |
Output: T () = 1 /ﬂ T o(r),5 € 1.

Optimality: Tj. 5 ~ Best_Fitx, (%) in ||| - || -
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Approximation

Parametrized
Model M, n (RB) ...Galerkin Projection...

Output
and
‘State’ (Field)T

TPrimal-Dual techniques can also be considered.
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Approximation

Parametrized
Model M, n (RB) ...Galerkin Projection...

EE ﬁ @m‘: 5:00 pm
Navier-Stokes MIT logo
channel flow Output
-9 | and
Horn Two-layer : "‘
conduction iState (Field)
) il
Acou;tic Download from
impedance server

TPrimal-Dual techniques can also be considered.
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Parametrized
Model M,;, - (RB)

E m Q 5:03pm

Output
and
‘State’ (Field)"

output 1

| Visualize \

TPrimal-Dual techniques can also be considered.
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Parametrized
Model M,;, - (RB)

Output
and
‘State’ (Field)T

TPrimal-Dual techniques can also be considered.

Certified Reduced Basis Methods 145



Parametrized
Model M,;, - (RB)

E CD Q 5:06 pm

Output
and
‘State’ (Field)T

TPrimal-Dual techniques can also be considered.
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Approximation

Parametrized
Model M,;, n (RB) Algebraic System...

Express T,*Z, ~n(k) € Xp N as

T n(@im) = 3 [chn(m)] Gale), G €T,

n=1

where

Cn(x): basis functions <= POD(t)-Greedy (k) ;

[}, n(K)]n: coefficients < Galerkin Projection ...
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Approximation

Parametrized
Model M,;, - (RB) ...Algebraic System

Given k € D, ¢}, (k) € RN satisfies  ¢f, y (k) =0

M . My~ i |
< b Ah’N>CiL,N: h’Nc‘Zz,l'l'Fh,Ns J€d.

JAN JAN
Output: 5 € T,
i N ; 1

Here ¢), y(k) € RN, F, v € RY, and
My, n € RVNXN Ay n(k) € RNXN put full.
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Model M,;,  (RB)

We present

rigorous, sharp(ish), inexpensive'

a posteriori bounds crucial for

e

e

ficient Greedy (k) search = X n;

ffective error control = IN:

uncertainty assessment =- design & operation.

TWe discuss efficient calculation of the bounds subsequently.

Patera et al.
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Parametrized a posteriori Bounds
Model M, n (RB) Residual
Introduce residual: 7€l
. T — T8
R (v: Kk E/ ! v—/ IV LIAPS
h,N( Y ) r. din = At
2 )
— keVT] Vv, Vv € X},
=0 ., ’
and dual norm vl x :/Q|Vv|2
R‘;;,N(U K)
6y, n(K) = sup — ,
veX, ||v|lx
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Parametrized a posteriori Bounds
Model Mh,N (RB) Output Error Bound...
Introduce error bound 7€l

A%,N("?) = (CA("?) At Z (%N("?)) )1/2

J p—
where

Ca(k) = (min(kq, K2, 1) |Qme|)_1/2

reflects (i) stability, and (ii) the particular output.T

The Qe effect can be mitigated.
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a posteriori Bounds

Parametrized
Model M,;, n (RB) ...Output Error Bound

Proposition 1.0H. Given k € D,

| 19 ("5) — T%,N("?) | < A%,N(K’)! jed,

FE (Truth) RB

forany NV € {1,..., Npax}.'

Rigorous error bounds for the output;
In practice, bounds also quite sharp.

TWe can also obtain error bounds for the field variable in the ||| - ||| norm.
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a posteriori Bounds

Parametrized
Model M,;, n (RB) Output Bounds...

Introduce output bounds g€l
Ty n(k) = Th n(k) — A} y(K)
and
TrN(K) = T n(K) 4+ A n(K) .
Bound gap (uncertainty):
Thn(k) — Tpn(r) = 244 y(K), § € J.
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a posteriori Bounds

Parametrized
Model M;, n (RB) ...Output Bounds...

Corollary 1.1H. Given xk € D,

T, h(k) < Ti(k) < Tf4(k), j €T,

RB FE (Truth) RB

forany NV € {1,..., Nmax} -

Rigorous lower and upper bounds
for the FE (Truth) output.”

T Note: output bounds calculated without reference to T,‘Z(K,), 1 <3< J.
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a posteriori Bounds

Parametrized
Model M;, n (RB) ...Output Bounds...
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Parametrized a posteriori Bounds
Model Mh,N (RB) ...Output Bounds...

Navier-Stokes
WERLERIG

Horn Two-layer

conduction
Acoustic Download from
impedance server
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Parametrized a posteriori Bounds

Model M;, n (RB) ...Output Bounds...

B (1 Bl @ 5:02¢em

About This Problemm  Reduced Basis Solve

RB Online
Set RB dimension

OnlineN = 16

Set parameters

v Y
2 -— 1.000

Solve
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Model M,;,  (RB)

output 1

| Visualize |
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a posteriori Bounds

Parametrized
Model M,;, n (RB) Convergence...

Given € > 0, define

N, = max < min N> :
k€D ZAi,N(m)Ss

Observation 2.0H. As h — 0 (N}, — oo)
(i) N, is independent of A/},;
(i) N ~ —ConstIn(e) ase — 0.

(Proof is possible in some simpler cases.)
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a posteriori Bounds

Parametrized
Model M;, n (RB) ...Convergence...
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Parametrized a posteriori Bounds
Model Mh,N (RB) ...Convergence...

Navier-Stokes
WERLERIG

Horn Two-layer

conduction
Acoustic Download from
impedance server
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a posteriori Bounds

Parametrized
Model M;, n (RB) ...Convergence...

B (1 Bl @ 5:02¢em

About This Problemm  Reduced Basis Solve

RB Online

Set RB dimension
__

OnlineN = 16

Set parameters

v Y
2 -— 1.000

Solve
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Model M,;,  (RB)

output 1

| Visualize |
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a posteriori Bounds

Parametrized
Model M;, n (RB) ...Convergence...

B (1 Bl @ 5:03em

About This Problemm  Reduced Basis Solve

RB Online
Set RB dimension

Online N= 32

Set parameters

v Y
2 -— 1.000

Solve
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Model M,;,  (RB)

B (L M@ 5:03em

output 1

| Visualize |
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Computational Strategy

Parametrized
Model M;, n (RB) Offline-Online...

Key requirement:

weak form affine in (functions of) the parameter.

Key ingredients:
linear approximation space Xy, n (= T7 y);
Riesz representation of R) y (= 62 v, A% n, Thoi):
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Computational Strategy

Parametrized
Model M, n (RB) ..Offline-Online...

Given k € D, T’ (k) € X satisfies T(k) =0

T — TIi—1 2
v + VT .Vov
/Q AN g::() Qy

— / g v, Vve X, je.
T

Output: TV (k) = / T'(k), j €.
Qe

Affine: 3°2_ function, (k) X (bi)linear form, (no k).
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Computational Strategy

Parametrized
Model M, n (RB) ..Offline-Online...

Offline Stage:

M > S nline M ,
f O(Nh) FLOPS Onl [ h]

Sonline[Mn]: O(N7 ) FPNS .

ax

Online Stage (SOnline [Mh]) LTI

+ 9 .
k. N > T K e J.
’ O(N3+.JN2) FLOPs h’N( )>
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Computational Strategy

Parametrized
Model M, n (RB) ...Offline-Online

Proposition 3.0H. Given
Sonline [M4] Of size O(NZ, ) ,
then
Ky, N —>Tff]<,(n), 7 €7,

may be calculated in O(N° + JN?) FLOPS.

Online operation count independent of N/,.
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Hierarchical Architecture

Parametrized
Model M, n (RB)

Offline:
Supercomputer

TExploit parallelism over €2 and over D.

Certified Reduced Basis Methods 170



Parametrized Hierarchical Architecture

Model M, n (RB)

Library: Online:
WWW Smartphone

TMore generally: any small, lightweight, inexpensive
portable or embedded platform.
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Hierarchical Architecture

Parametrized
Model M, ~ (RB) ..“In-the-Field”

Corollary 1.1H

Smartphone prediction suffices
without appeal to expensive Truth.

In Situ A Tempo

Observation 2.0H Proposition 3.0H

Smartphone memory suffices ~ Smartphone processor suffices
to accommodate Soniine [/Mr]. 10 calculate T,f]{,(:c), J €.
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Strategy

Replace
My (FE) by M, N (RB)
and then
Ky (Mp (FE)) by &} n (M (RB)),

Ap (M, (FE)) by A} (Mp,n (RB)).
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Diffusivity Estimate,,

Inverse
Problem,, Least Squares
Given
t?nze’ _exp(t ) 1 < m < Mme )
find (any) (no regularization)
Ky = arg aréiir)l En(k)
Mme
gh(ﬁ") = 2_:1 ( exp(t ) i Th(tme’ ))

tNote T, (t™ ; k) = T3 (k) for j: t9 = t™ .
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Inverse Diffusivity Estimate;, n

PrObIemh,N Approximation

Given

t™ , Texp(t™), 1 < m < My,
find (any) (no regularization)
Kj, Ny = arg 1’;%111;1 EnN(K) ,
Mpye
EnN(K) = 21 ( eXp(t ) — T, N(tmea "'3))

TNote T, N (t™ 5 k) = T;’L ~(r) for j: t72 = ¢™ ; similarly for Th NETSR) .
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Diffusivity Estimate;, n

Inverse

PrObIemh,N Parametric Derivatives...
Field Sensitivity: 1<p<P(=2)

~ 0T}, n .
Op Tj, y(x35K) = ———(x55), JET.
OKp
Output Sensitivity: DIRECT APPROACH
0, T N(K) = 0, T n(z3K), 5 €T

| me| Qme

Jacobian J;, (k) € RMmex2;

[jh’N(n)}mp = 0, T, y(r) for j: ¢/ =7 .
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Diffusivity Estimate;, n

Inverse

Problem;, n ...Parametric Derivatives...

Given k € D, 0, Tg’N(K‘,) c X, v satisfies

/ 819 TZ,N _ 819 Tiz,;\rl
0 JAN £

2 .
v+ > | KeVO T, n- Vv
/

—0.JQy

= — | VI!y Vv, VvE Xpn, jET,
QP

subject to initial condition 8, T}, \, = 0.
ot} T’

Note 8, Ty} v = o € Xnn -
p p

e Xy .
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Diffusivity Estimate;, n

Inverse

PrOblemh,N ...Parametric Derivatives

Corollary 3.1H. Given (P = 2)
Sonline [M4] Of size O(NZ. ) ,
then DIRECT APPROACH

ky N = Thn(k) € RMmex2

may be calculated in O(N*® + (P + 1)JIN?) FLOPs.

Note for large P ADJOINT APPROACH Is preferred.
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Diffusivity Estimate;, n

Inverse
Problem;, Levenberg-Marquardt...

Given Jn n(K) € RMmex2; O(P?Mpe)
G (k) = Tyn(K) Tnn(K)

PxP
+ ALy diag(J,, n (k) Tnn(K))

and

/ Texp(t%ne) _ Th,N(t%ne; K’) \

Pb 1(,4,) = Thn(K)

\ Toxp (EM) — T, (£Mone; 1)
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Diffusivity Estimate;, n

Inverse
Problem;, n ...Levenberg-Marquardt...

Algorithm Levenberg-Marquardt!:

set Iﬁ:;kl, N = Kguess € D

while [V &, v (K} n)| > tol
G(Kj ) 0k = b(k}, ); h IN° + (P +1)JN?
KN < Kpn 1 0K ;

end while % unconstrained

TApache Math Commons (Java) implementation.
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Inverse Diffusivity Estimate;, n
Problem;, n ...Levenberg-Marquardt...

€exp — 0.01
M,.,. = 20

k¥ = (3,1)7

N = 50
Kguess =— (27 2)

THere TeXp(tge) — ThaNmax(tge; K’**) + €exp N’(Oa ]-)
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Inverse Diffusivity Estimate;, n

PrObIemh,N ...Levenberg-Marquardt...
InverseApp m-l(r -
J | €oxp = 0.01
e, Ty o My = 20
T K = (3,1)]
N = 50
Kguess — (27 2)

THere TeXp(tge) — ThaNmax(tge; K’**) _I_ eexp N’(Oa ]-)

Patera et al. Certified Reduced Basis Methods 182



Inverse Diffusivity Estimate;,
Problem;,

...Levenberg-Marquardt...

B W@ 3:45em

Inverse Problem RB App

Set noise std. dev. eexp — O . O 1
Set # measurements ‘Z i4n’le -

(—
Set synthetic parameter sk

™ K (3,1)f
C — R

p2 -—

2
|

50
(2,2)

Kguess

Generate Data

THere TeXp(tge) — ThaNmax(t?n%e; K’**) + €exp N’(Oa ]-)
Patera et al. Certified Reduced Basis Methods 183




Inverse Diffusivity Estimate;, n
Problem;, n

B0 H D@ 10:37am
verseApp

Noise std. dev, = 0.01

A € exp — O . O 1
' M,. = 20
k¥ = (3,1)7
N = 50
output Kguess — ( 2 ’ 2 )

|_ Find Best Fit j

THere Texp(tgbe) — ThmeaX(tge; K**) + eexp N(O7 1)
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Inverse Diffusivity Estimate;, n
Problem;, n

...Levenberg-Marquardt...

E fi] ﬁl‘.:l 3:47 em
InuersProbIem RB App
Choose RB dimension eexp — 0.0l
— B
Set initial guess Mme - 20
| —
v O — (3’ 1)-‘-
N = 50
Kguess = (2, 2)

Inverse Solve

THere TeXp(tge) — ThaNmax(t?n%e; K’**) + €exp N’(Oa ]-)
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Inverse Diffusivity Estimate;, n
Problem;, n ...Levenberg-Marquardt

d 0 M@ 10:39am

0.01
20

Best fit parameter M
me

Optimal parameter:
p*=[3.116, 0.856]

Synthetic parameter:

p=1031] S 3k
RB dimension = 50 ,i'/ (3 9 ]_ ) T

Number of measurements = 20
Noise std. dev. =0.01

Number of LM iterations = 8
Number of function evaluations = 19

RMS error = 8.002E-3 N

50
(2,2)

Kguess

THere TeXp(tge) — ThaNmax(trTe; K’**) + €exp N(07 ]-)
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Strategy

Replace
My (FE) by M, N (RB)
and then
Ky (Mp (FE)) by &} n (M (RB)),

Ap (M, (FE)) by A} (Mp,n (RB)).
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Uncertainty Analysis;,

Inverse
Problem,, Likelihood Ratio: A, (k)
Given realization

eXp(t )= Th(tme, K**) + €oxp N (0, 1)

define (pre-Bayesian) V x € D
Li(k) = el 8h(l<,)/2€exp}
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Inverse Uncertainty Analysis;, n
Given realization

eXp(t = Th(tme, K**) 4 €oxp N (0, 1)

form
Afln() |Thn
hN(K’) PN | ey
suchthatVk € D
Ap(k) < AE’N(K) :
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Inverse Uncertainty Analysis;, n
PrObIemh,N Likelihood Bounds...
Define E%,N(K’) — 8{_8 N(R)/Zeexp :
where
. Mme .
gh,N(K’) — 2—31 (Texp(tge) T, N(tme’ ))
T}L{N(tﬁe, K) =
arg max T exp (™) — 2.
ZE[T}L_,N(tmeV{')v N(tmev"")]T
fMinimum obtained for z = T, n(ti:; k) or z = T ((E7; k).
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Inverse Uncertainty Analysis;, n
Problem;, ...Likelihood Bounds...
Deflne E}L{N(R) — e{—f/‘}I{,N(F{,)/Zegxp :
where
I Mme L 2
gh,N(K’) — 2—31 (Texp(t?n?je) _ Th,N(tque; K’)) ’
T%,N(t?n%@ K’) —
arg min Pl ) — 20

2€[T), N (teik), Ty N (Eiesk)]

"Now minimum obtained for z = T’} N (t7%; k), T} N (E75 k), OF Texp (ET).
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Uncertainty Analysis;, n

Inverse
Problem;, ..Likelihood Bounds

Proposition 4.0H: Given {T ox, (t" ) }1<m<nie.

Ly (k) < La(k) < Ly n(k), VEED,

forany N € {1,..., Npyax}-

Likelihood bounds include effects of
approximation error (A7 \(x)), and
experimental error (€exp N (0, 1)).
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Inverse Uncertainty Analysis;, n
Problem;, n Likelihood Ratio: AY ().
Define
LY (K
AY () = o)
Eh,N(K'h,N)

for all Kk € D.

Similar construction possible for Ay (k).
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Uncertainty Analysis;, n

Inverse
Problem;, n .Likelihood Ratio: AV  (c)-..

Corollary 4.1H: Given {T ey, (t™ ) b1 <m<Mies
Ap(r) < A}L{N(n), Vr €D,

forany NV € {1,..., Nyax}-

Rigorous constructions for parametric uncertainty.
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Uncertainty Analysis;, n

Inverse
Problem;, ..Likelihood Ratio: AY (k)

Corollary 3.2H: Given
Sonline [M4] Of size O(NZ. ) ,
then given Ky,
Ky N — A}L{N(ﬁ:)
may be calculated Iin

O(N?® + JN?) FLOPs + O(M,e) exp’s.
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Uncertainty Analysis;, n

Inverse
Problem;, Likelihood Ratio: AV  (x)"...

€exp — 0.01
M,.. = 20

K** = (3,1)
N = 50

Kguess =— (29 2)

THere min (A} , 1) is plotted near «}, ,, based on 64* evaluations.
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Inverse
Problem;,
.E_HE il
i
ot Tuoayer M e
-
il
fDownIoad
N
Klguess

Uncertainty Analysis;, n

0.01
20

(3,1)

50
(2,2)

THere min (A} , 1) is plotted near «}, ,, based on 64* evaluations.

Patera et al.
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Inverse Uncertainty Analysis;, n
Problem;, n .Likelihood Ratio: AV  (x)"...

B Bl @ 3:45em

Inverse Problem RB App

Set noise std. dev. eexp — O . O 1
Set # measurements ‘Z idn’le -

——

Set synthetic parameter 3k ( )
o B

h (Y ——

2
|

50
(2,2)

Kguess

Generate Data

THere min (A} , 1) is plotted near «}, ,, based on 64* evaluations.
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Inverse Uncertainty Analysis;, n
Problem;, n

B0 H D@ 10:37am
verseApp

Noise std. dev, = 0.01

4}__;:;;:5'“#: </ € exp — O o O ].
M. = 20
K',* L J— ( 3 : 1 )
N = 50
output 1 Kguess =— ( 2 ’ 2 )

|_ Find Best Fit j

"Here min(A} 4, 1) is plotted near «j; ; based on 64* evaluations.
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Inverse Uncertainty Analysis;, n
Problem;, n .Likelihood Ratio: AV  (x)"...

B B @ 3:47em

Inverse Problem RB App

Choose RB dimension eexp — 0.01
— B
Set initial guess Mme - 20
| —
v FE — (3, 1)
N = 50
Kguess = (2,2)

Inverse Solve

THere min (A} , 1) is plotted near «}, ,, based on 64* evaluations.
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Inverse
Problem;,

d 0 M@ 10:39am

Best fit parameter

Optimal parameter:
p*=[3.116, 0.856]

Synthetic parameter:
=031

RB dimension = 50

Number of measurements = 20
Noise std. dev. =0.01

Number of LM iterations = 8
Number of function evaluations = 19
RMS error = 8.002E-3

Visualize

Uncertainty Analysis;, n

0.01
20

-
|

=
]

2
|

50
(2,2)

Kguess

THere min (A} , 1) is plotted near «}, ,, based on 64* evaluations.

Patera et al.
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Inverse Uncertainty Analysis;, n
Problem;, n

& B OR@ 1:27em
verseApp

€exp — 0.01
M, ... = 20

K = (3,1)
N = 50

Kguess =— (27 2)

"Here min(A} 4, 1) is plotted near «j; ; based on 64* evaluations.
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Inverse Uncertainty Analysis;, n
Problem;, ..Likelihood Ratio: AY (k)T

€exp — 0.01
M., = 20

K = (3,1)
N = 50

Kguess =— (27 2)

THere min (A} , 1) is plotted near «}, ,, based on 64* evaluations.
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Hierarchical Architecture

Inverse
Problem;, n

Offline:
Supercomputer

TExploit parallelism over €2 and over D.
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Inverse Hierarchical Architecture

Problem;, n

Library: Online:
WWW Smartphone

TMore generally: any small, lightweight, inexpensive
portable or embedded platform.
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Outline

The Big Picture
An Acoustics Example
A Heat Transfer Example

The Big Questions



Many Parameters?

Can we treat problems with many parameters? 1
Yes, but . ..

New enablers:
Offline parallel implementation over 2 and D;

primal-dual approximations.

t...and three spatial dimensions — big problems?
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Many Parameters?

H W@ 3:24em

Crack in a pillar Convection-

diffusion

Swiss cheese Composite unit

cell
Navier-Stokes MIT logo
channel flow
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Many Parameters?

0 B B @ s:27em

r‘bAPPmit
About This Problemm  Reduced Basis Solve

Swiss Cheese
Set RB dimension
G

Online N = 40

Set parameters

v T
5 _'_
- QN
N LA s

Solve
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Many Parameters?

4] B 0BG s:28em

rbAPPmit

output 1 output 2

| Visualize |
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Many Parameters?
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Large Parameter Domains?

Can we treat problems with large parameter domains?
Yes, but ...

New enablers:
h-p (Greedy) over D;T

Unter-Uber reduced bases.

TWe can then also consider the Smartphone memory as “cache” relative to
the web Library.

Patera et al. Certified Reduced Basis Methods 212



Non-Affine Problems?

Can we treat problems with
non-affine parameter dependence?

Yes, but . ..

New enabler:

Empirical Interpolation Method (EIM).
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Geometry?

Can we treat problems with geometric variations?
Yes, but ...

New enablers:
(automated) piecewise-affine transformations;

Empirical Interpolation Method (EIM).
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Geometry?

Patera et al.

Piecewise-Affine

E E CD m{:l 5:09 pm
rbAPPmit
Crack in a pillar Convection-
diffusion

v

Swiss cheese Composite unit

cell
Navier-Stokes MIT logo
channel flow
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Piecewise-Affine

Geometry?

B R @s:11em

About This Problemm  Reduced Basis Solve

Pillar Crack
Set RB dimension

Online N = 20

Set parameters

Length .
vertco QEEGTD
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Piecewise-Affine

Geometry?

output 1

| Visualize .|
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Piecewise-Affine
Geometry?

H Wl @ 5:15em
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Piecewise-Affine
Geometry?

H Wl @ 5:15em
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Piecewise-Affine
Geometry?

E Ol @ 5:16em
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Piecewise-Affine
Geometry?

B (Bl @ 5:16em

Certified Reduced Basis Methods 221



Geometry?

¢]8 Bo OR@&Q 1459

rbAPPmit

About This Problem Reduced Basis Solve
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Geometry?

¢]8 Bo OR&Q 1500

rbAPPmit

About This Problem Reduced Basis Solve

RB Online
Set RB dimension

Online N= 10

Set parameters
I |
QIR
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Geometry?

v OH@Q 1444 BOOM@Q 1445
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Hyperbolic Problems?
Can we treat hyperbolic (time-domain)
partial differential equations?
Yes, but ...

New enabler:

Laplace Transform modal techniques.
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Nonlinear
Problems?

Can we treat problems which exhibit
quadratic nonlinearity? Yes, but
general nonlinearity? Yes, but but . ..

New enablers:
h-p Greedy over D;

Empirical Interpolation Method (EIM).
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Quadratic

Nonlinear
Problems?

H Wl @ 3:34em

Crack in a pillar Convection-

diffusion

Swiss cheese Composite unit

cell
Navier-Stokes MIT logo
channel flow
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Quadratic

Nonlinear
Problems?

B R @ s:37em

About This Problemm  Reduced Basis Solve

Navier-Stokes
Set RB dimension
G

OnlineN= 12

Set parameters

rorcn; - QY

Solve
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Quadratic

Nonlinear
Problems?

output 1 output 2

| Visualize .|
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i rati

Problems?
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Inverse
Problems

Can we make inferences from inverse analysis?
Yes, but ...

New enablers:
Uber-Unter reduced bases:;

improved sampling methods.
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Design
Optimization
Can we perform design optimization?

Yes, but . ..

New enabler:

Improved optimization procedures.
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Design
Optimization

Horn Problem Setup

Geometry Parameters:

L = Length of waveguide and flare
2a waveguide width

b1 height of 1st slice of flare from center
b height of 2nd slice of flare from center

b = final height of flare from center

Boundaries:

I';n, = waveguide inlet
I'n internal and external horn walls

I'r = farfield circular boundary of radius R

Governing Equation: Helmholtz equation

V2u + k*u = 0,

where v is amplitude and k is dimensionless wavenumber.
Boundary Conditions:
2ik  on Ty,

0 OIIFN.,

ou 1 1

= |ik-—+—" Ju = 0 r

an (l 3R T 8R(1- ikR)) ! ot
where n is the unit normal vector for I'y and I'p respectively.
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Design
Optimization

5SP~CH1,.{5-O .

Horn solutions 1@@

Reference geometry, RB model with N=140 For ot

Same acoustic model as in Udawapola
and Berggren (IJNME, 2008).

I RB certified region
RB solution
FE (truth) solution
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Design
Optimization

Horn Robust Optimization (Formulation 1)
Design for the worst case

Decision Variables: Geometry; assumed to be deterministic
= (b1, b2)"

Uncontrolled Variable: Wavenumber; assume parametric variability
k ~ U[1.3,1.5]

Problem Statement:

min max s(py k) = / u— 1‘ = reflection coeflicient
K g Fin

s.t. Governing Equation, Boundary Conditions, and Set Constraints.
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Design
Optimization

Formulation | designs for the worst case
Trading performance for robustness

Worst case design (min-max)
Point design at k” = 1.50
— Point design at k" = 1.40

Point design at k" = 1.30

o
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= = Pointwise optimal designs
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Optimization carried out using RB model with N=85.
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Design
Optimization

SACH o
AN

Horn Robust Optimization (Formulation I1)
Weighting between mean and variance trades risk and performance %,

Decision Variables: Geometry; assumed to be deterministic

p = (b1, bo)"

Uncontrolled Variable: Wavenumber; assume parametric variability
k ~ UJ[1.3,1.5]

Problem Statement:

min  E[s(p; k)] + wvar(s(p; k)), where £ > 0
w

s.t.  Governing Equation, Boundary Conditions, and Set Constraints.
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Design
Optimization

Formulation Il trades risk and performance
Output utility: E[s(p; k)] 4+ wvar(s(w; k))

0.2

Formulation |
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Optimization carried out using RB model with N=85.

Certified Reduced Basis Methods 238



for more information see

augustine.mit.edu



