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Outline

The Big Picture

An Acoustics Example

A Heat Transfer Example

The Big Questions



Goal

We wish to perform

analyses . . .

in the field . . .

for design and operation of

distributed physical systems.
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Analyses for
Design & Operation

(Measurement and) Characterization

Prediction

Visualization

Optimization

Control and Decision
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“In the Field”

In Situ:

calibrate model to instance/environment;

explore model implications in context;

initiate appropriate actions on site.

A Tempo: “real-time”

respond/intervene on relevant timescales.
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Distributed
Physical Systems

Continua described by PDEµ

Temperature(x, t): Heat Transfer,

Displacement(x, t or ω): Solid Mechanics,

Pressure(x, t or ω): Acoustics,†

Velocity(x, t): Fluid Dynamics.
†Also, vicariously [He et al.], electromagnetics: (E,B)(x, t or ω).
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Distributed
Physical Systems

Examples
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Outline
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An Acoustics Example: In Situ Impedance

(Inverse) Problem Formulation

Computational Approach



Parametrized
ModelM

Domain

Semi-Infinite

speaker ZZ
ΓΓinin

ΓΓ11,,22,,33,,44
outout

ΓΓimpimpΩΩ

acoustics
φφ((xx;;µµ)) ikikee ttHelmholtz:

11

ΓΓww

ΓΓww

ΓΓww

parameter
µµ ≡≡ (( 11 ≡≡ ZZrr,, µµ22 ≡≡ ZZ ii,, µµ33 ≡≡ kk))µµ

ZZ == ZZrr ++ iiZZii
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Parametrized
ModelM

Domain

Truncated

speaker ZZ
ΓΓinin

ΓΓraradd

ΓΓ11,,22,,33,,44
outout

ΓΓimpimpΩΩ

acoustics
φφ((xx;;µµ)) ikikee ttHelmholtz:

11

ΓΓww

ΓΓww

ΓΓww

parameter
µµ ≡≡ (( 11 ≡≡ ZZrr,, µµ22 ≡≡ ZZ ii,, µµ33 ≡≡ kk))µµ

ZZ == ZZrr ++ iiZZii
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Parametrized
ModelM

Governing Equations

Strong Form

Given µ ≡ (Zr, Zi, k) ∈ D, φ(x;µ) satisfies

−∇2φ− k2φ = 0 in Ω ,

with boundary conditions
∂φ

∂n
= −ik on Γin ,

∂φ

∂n
+
ik

Z
φ = 0 on Γimp . †

Outputs: Φ`(µ) =
1

|Γ`out|

∫
Γ`

out

φ(x;µ), 1 ≤ ` ≤ 4 .

†We also impose ∂φ/∂n = 0 on Γw and radiation conditions on Γrad.
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Parametrized
ModelM

Governing Equations

Weak Form...

Given µ ≡ (Zr, Zi, k) ∈ D, φ(µ) ∈ X satisfies∫
Ω

∇φ · ∇v
−∇2φ v + ···

−
∫

Ω

k2 φ v +

∫
Γimp

ik

Z
φ v

+

∫
Γrad
· · · =

∫
Γin

− ik v, ∀ v ∈ X .

Outputs: Φ`(µ) =
1

|Γ`out|

∫
Γ`

out

φ(µ), 1 ≤ ` ≤ 4 .
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Parametrized
ModelM

Governing Equations

...Weak Form

Here derivatives square integrable

X(Ω) = H1(Ω) (complex fields)

with inner product and norm

(w, v)X =

∫
Ω

∇w · ∇v, ‖v‖2
X ≡

∫
Ω

|∇v|2.

Define also L2(Ω) inner product and norm

(w, v) =

∫
Ω

w v, ‖v‖2 ≡
∫

Ω

|v|2.
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Parametrized
ModelM

Governing Equations

Parameter (Domain)

Here P = 3

µ (µ1 ≡ Zr, µ2 ≡ Zi, µ3 ≡ k) is the parameter ;

D ≡ [1, 4]2 × [1, 2] is the parameter domain.

More generally,

µ = (µ1, . . . , µP) is the parameter ;

D ⊂ RP is the parameter domain.
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Parametrized
ModelMh (FE)

(Truth) Approximation

Introduce a Finite Element (FE) space

Xh(Ω;Th) ⊂ X(Ω) ,

where h is the diameter of a “triangulation” Th .

Find given µ ∈ D

φh(µ) ∈ Xh ≈ φ(µ) ∈ X .
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Parametrized
ModelMh (FE)

(Truth) Approximation

Space

Xh: P2 elements

over

Triangulation Th

⇓

dim(Xh) = 16,919
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Parametrized
ModelMh (FE)

(Truth) Approximation

Galerkin Projection

Given µ ∈ D, φh(µ) ∈ Xh satisfies∫
Ω

∇φh · ∇v −
∫

Ω

k2 φh v +

∫
Γimp

ik

Z
φh v

+

∫
Γrad
· · · =

∫
Γin

− ik v, ∀ v ∈ Xh .

Outputs: Φ`
h(µ) =

1

|Γ`out|

∫
Γ`

out

φh(µ), 1 ≤ ` ≤ 4 .
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Parametrized
ModelMh (FE)

(Truth) Approximation

Algebraic System...

Express φh(µ) ∈ Xh as Nh = dim(Xh)

φh(x;µ) =
Nh∑
n=1

[ch(µ)]nϕn(x),

where

ϕn(x): (nodal) basis functions⇐ Xh;

[ch(µ)]n: (C) coefficients⇐ Galerkin projection . . .
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Parametrized
ModelMh (FE)

(Truth) Approximation

...Algebraic System

Given µ ∈ D, ch(µ) ∈ CNh satisfies

Ah(µ) ch(µ) = Fh .

Outputs: 1 ≤ ` ≤ 4,

Φ`
h(µ) =

Nh∑
n=1

[ch(µ)]n

(
1

|Γ`out|

∫
Γ`

out

ϕn

)
.

Here ch(µ) ∈ CNh, Fh ∈ CNh, and
Ah(µ) ∈ CNh×Nh but sparse.
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Parametrized
ModelMh (FE)

Illustrative Solutions

Pressure Field

µ = (1, 1, 2)
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Parametrized
ModelMh (FE)

Illustrative Solutions

Output Variation...

1 1.5 2 2.5 3 3.5 4
−0.15

−0.1

−0.05

0

0.05

0.1

ZZrr

kk == 22,, ZZii == 11

kk == 11,, ZZii == 11

ΦΦ11
hh
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Parametrized
ModelMh (FE)

Illustrative Solutions

...Output Variation

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
−0.1

−0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

ΦΦ11
hh

kk

ZZrr == 11,, ZZii == 22
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Inverse
Problemh [KT]

Impedance Estimateh

Least Squares

Given k = [1, 2] and µ = (Zr, Zi, k)

Φ`
exp(k) ∈ C, 1 ≤ ` ≤ 4 ,

find (Z∗r , Z
∗
i )h: no regularization

(Z∗r , Z
∗
i )h = arg min

(Zr,Zi)∈[1,4]2
Eh(Zr, Zi, k) ,

Eh(Zr, Zi, k) ≡
4∑̀
=1

∣∣Φ`
exp(k)− Φ`

h(Zr, Zi, k)
∣∣2 .
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Inverse
Problemh

Uncertainty Analysish

Likelihood Ratio: Λh(µ)

Given k ∈ [1, 2] and µ = (Zr, Zi, k)

Φ`
exp(k) = Φ`

h(Z
∗∗
r , Z

∗∗
i , k) + εexpN (0, 1) ,

hypothesis

define (pre-Bayesian ) ∀ (Zr, Zi) ∈ [1, 4]2

Lh(Zr, Zi, k) ≡ e{−Eh(Zr,Zi,k)/2ε2exp} ,

Λh(Zr, Zi, k) ≡
Lh(Zr, Zi, k)

Lh(Z∗r h, Z∗i h, k)
.
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An Acoustics Example: In Situ Impedance

(Inverse) Problem Formulation

Computational Approach



Strategy

Replace

Mh (FE) by Mh,N (RB)

and then

µ∗h (Mh (FE)) by µ∗h,N (Mh,N (RB)),

Λh (Mh (FE)) by ΛU
h,N (Mh,N (RB)).
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Parametrized
ModelMh (FE)

(Truth) Approximation

Introduce a Finite Element (FE) space

Xh(Ω;Th) ⊂ X(Ω) ,

where h is the diameter of a “triangulation” Th .

Find given µ ∈ D

φh(µ) ∈ Xh ≈ φ(µ) ∈ X .
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Parametrized
ModelMh (FE)

(Truth) Approximation

Space

Xh: P2 elements

over

Triangulation Th

⇓

dim(Xh) = 16,919
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Parametrized
ModelMh (FE)

(Truth) Approximation

Galerkin Projection

Given µ ∈ D, φh(µ) satisfies∫
Ω

∇φh · ∇v −
∫

Ω

k2 φh v +

∫
Γimp

ik

Z
φh v

+

∫
Γrad
· · · =

∫
Γin

− ik v, ∀ v ∈ Xh .

Outputs: Φ`
h(µ) =

1

|Γ`out|

∫
Γ`

out

φh(µ), 1 ≤ ` ≤ 4 .†

†< = Φ`
h: consider separately real and imaginary parts.
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Parametrized
ModelMh (FE)

(Truth) Approximation

Algebraic System...

Express φh(µ) ∈ Xh as Nh = dim(Xh)

φh(x;µ) =
Nh∑
n=1

[ch(µ)]nϕn(x),

where

ϕn(x): (nodal) basis functions⇐ Xh;

[ch(µ)]n: (C) coefficients⇐ Galerkin projection . . .
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Parametrized
ModelMh (FE)

(Truth) Approximation

...Algebraic System

Given µ ∈ D, ch(µ) ∈ CNh satisfies

Ah(µ) ch(µ) = Fh .

Outputs: 1 ≤ ` ≤ 4,

Φ`
h(µ) =

Nh∑
n=1

[ch(µ)]n

(
1

|Γ`out|

∫
Γ`

out

ϕn

)
.

Here ch(µ) ∈ CNh, Fh ∈ CNh, and
Ah(µ) ∈ CNh×Nh but sparse.

Patera et al. Certified Reduced Basis Methods 34



Parametrized
ModelMh,N (RB)

Approximation

Parametric Manifold Ph...

XXhh

ZZii

φφ ((µµ))

ZZrr

φφ ((µµ··))
snapshots

kk

hh

hh

Ph = {φh(µ) | ∀ µ ∈ D}
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Parametrized
ModelMh,N (RB)

Approximation

...Parametric Manifold Ph

Introduce a Reduced Basis† (RB) space

Xh,N ⊂ span{Ph} ⊂ Xh

of dimension dim(Xh,N) = N .

Find given µ

φh,N(µ) ∈ Xh,N ≈ φh(µ) ∈ Xh .

†Early work: [ASB], [NPe], [FR], [Po], [G], . . .
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Parametrized
ModelMh,N (RB)

Approximation

Spaces...

Greedy heuristic: Nmax

ζn = φh(µ
n ∈ D), 1 ≤ n ≤ Nmax , ⊥X

and associated hierarchical spaces

Xh,N = span{ζn, 1 ≤ n ≤ N}, 1 ≤ N ≤ Nmax .

Optimality : {µn}1≤n≤Nmax dim(YN) = N

Xh,N ≈ arg min
YN

DL∞(D;X) (Ph, YN).
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Parametrized
ModelMh,N (RB)

Approximation

...Spaces...

Algorithm Greedy (µ1, Nmax):

for N = 1: Nmax − 1 % tol

µn+1 = arg max
µ∈D
‖φh(µ)− φh,N(µ)‖X;†

ζn+1 = φh(µ
n+1)); % ⊥X

Xh,N = span{ζn, 1 ≤ n ≤ N};

end
†In practice: D ← Ξtrain; ‖φh(µ)− φh,N(µ)‖X ← error bound .
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Parametrized
ModelMh,N (RB)

Approximation

...Spaces

<(ζ1) =(ζNmax=25)
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Parametrized
ModelMh,N (RB)

Approximation

(Petrov) Galerkin Projection...

Given µ ∈ D, φh,N(µ) ∈ Xh,N satisfies∫
Ω

∇φh,N · ∇v −
∫

Ω

k2 φh,N v +

∫
Γimp

ik

Z
φh,N v

+

∫
Γrad
· · · =

∫
Γin

− ik v, ∀ v ∈ Xh,N .

Outputs: Φ`
h,N(µ) =

1

|Γ`out|

∫
Γ`

out

φh,N(µ), 1 ≤ ` ≤ 4 .

Optimality : φh,N ≈ Best FitXh,N
(φh) in ‖ · ‖X .
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Parametrized
ModelMh,N (RB)

Approximation

...(Petrov) Galerkin Projection...

Output

and

‘State’ (Field)†

x

†Primal-Dual techniques can also be considered.
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Parametrized
ModelMh,N (RB)

Approximation

...(Petrov) Galerkin Projection...

Output

and

‘State’ (Field)†
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Parametrized
ModelMh,N (RB)

Approximation

...(Petrov) Galerkin Projection...

Output

and

‘State’ (Field)†

x
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Parametrized
ModelMh,N (RB)

Approximation

...(Petrov) Galerkin Projection...

Output

and

‘State’ (Field)†

x

†Primal-Dual techniques can also be considered.
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Parametrized
ModelMh,N (RB)

Approximation

...(Petrov) Galerkin Projection

Output

and

‘State’ (Field)†

x

†Primal-Dual techniques can also be considered.
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Parametrized
ModelMh,N (RB)

Approximation

Algebraic System...

Express φh,N(µ) ∈ Xh,N as

φh,N(x;µ) =
N∑
n=1

[ch,N(µ)]n ζn(x),

where

ζn(x): basis functions⇐ Greedy(µ) ;

[ch,N(µ)]n: (C) coefficients⇐ Galerkin Projection . . .
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Parametrized
ModelMh,N (RB)

Approximation

...Algebraic System

Given µ ∈ D, ch,N(µ) ∈ CN satisfies

Ah,N(µ) ch,N(µ) = Fh,N .

Outputs: 1 ≤ ` ≤ 4,

Φ`
h,N(µ) =

N∑
n=1

[ch,N(µ)]n

(
1

|Γ`out|

∫
Γ`

out

ζn

)
.

Here ch,N(µ) ∈ CN , Fh,N ∈ CN , and
Ah,N(µ) ∈ CN×N but full .
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

We present

rigorous, sharp(ish), inexpensive†

a posteriori bounds crucial for

efficient Greedy search⇒ Xh,N ;

effective error control⇒ N ;

uncertainty assessment⇒ design & operation.
†We discuss efficient calculation of the bounds subsequently.
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

Residual

Introduce residual: ∀ v ∈ Xh,

Rh,N(v;µ) ≡
∫

Γin

− ik v −
∫

Ω

∇φh,N · ∇v

+

∫
Ω

k2 φh,N v −
∫

Γimp

ik

Z
φh,N v −

∫
Γrad
· · · .

Define dual norm ‖v‖X =

∫
Ω

|∇v|2

δh,N(µ) ≡ sup
v∈Xh

|Rh,N(v;µ)|
‖v‖X

.
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

Output Error Bound...

Introduce error bounds: 1 ≤ ` ≤ 4 ,

∆`
h,N(µ) ≡

(
βLB
h (µ)

)−1

stability

C`
out

output

δh,N(µ) ;

βLB
h (µ)← Successive Constraint Method (SCM),†

C`
out = sup

v∈Xh

∣∣∣ 1

|Γ`
out|

∫
Γ`

out
v
∣∣∣

‖v‖X
, 1 ≤ ` ≤ 4 .

† Smartphone shortcut: βLB
h (µ) replaced by minimum of βLB

h (µ) over dense
sample in D.

Patera et al. Certified Reduced Basis Methods 50



Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Output Error Bound...

Stability : βLB
h (µ) satisfies

0 < βLB
h (µ) ≤ βh(µ), ∀ µ ∈ D ,

where

βh(µ) = inf
w∈Xh

sup
v∈Xh

|
∫

Ω∇w · ∇v −
∫

Ω k
2 w v + · · · |

‖w‖X ‖v‖X

is a (generalized) minimum singular value.
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Output Error Bound

Proposition 1.0A. Given µ ∈ D,

| Φ`
h(µ)

FE (Truth)

− Φ`
h,N(µ)

RB

| ≤ ∆`
h,N(µ), 1 ≤ ` ≤ 4 ,

for any N ∈ {1, . . . , Nmax}.†

Rigorous error bounds for the output;
in practice, bounds also quite sharp.

†We can also obtain error bounds for the field variable in the X norm.
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

Output Bounds...

Introduce output bounds 1 ≤ ` ≤ 4

Φ− `h,N(µ) ≡ Φ`
h,N(µ)− (1 + i)∆`

h,N(µ) ,

and

Φ+ `
h,N(µ) ≡ Φ`

h,N(µ) + (1 + i)∆`
h,N(µ) .

Bound gap (uncertainty): 1 ≤ ` ≤ 4

Φ+ `
h,N(µ)− Φ− `h,N(µ) = 2(1 + i)∆`

h,N(µ) .
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Output Bounds...

Corollary 1.1A. Given µ ∈ D, < =

Φ− `h,N(µ)
RB

≤ Φ`
h(µ)

FE (Truth)

≤ Φ+ `
h,N(µ)

RB

, 1 ≤ ` ≤ 4 ,

for any N ∈ {1, . . . , Nmax} .

Rigorous lower and upper bounds
for the FE (Truth) outputs.†

† Note: output bounds calculated without reference to φh(µ).

Patera et al. Certified Reduced Basis Methods 54



Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Output Bounds...
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Output Bounds...
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Parametrized
ModelMh,N (RB)
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Output Bounds
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

Convergence...

Given ε > 0, define

Nε ≡ max
µ∈D

(
min

2∆`
h,N(µ)≤ ε, 1≤`≤4

N

)
.

Observation 2.0A. As h→ 0 (Nh→∞)

(i) Nε is independent ofNh;

(ii) Nε ∼ −Const ln(ε) as ε→ 0.

(Proof is possible in some simpler cases.)
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Convergence...
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Convergence...
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Convergence...
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Convergence...
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Parametrized
ModelMh,N (RB)

a posteriori Bounds
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Parametrized
ModelMh,N (RB)

a posteriori Bounds
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Convergence
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Parametrized
ModelMh,N (RB)

Computational Strategy

Offline-Online...

Key requirement:

weak form affine in (functions of) the parameter .

Key ingredients:

linear approximation space Xh,N (⇒ φh,N);

Riesz representation of Rh,N (⇒ δh,N);

Successive Constraint Method (∆`
h,N , Φ± `h,N).
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Parametrized
ModelMh,N (RB)

Computational Strategy

...Offline-Online...

Given µ ∈ D, φ(µ) ∈ X satisfies

1

∫
Ω

∇φ · ∇v − k2

∫
Ω

φ v +
ik

Z

∫
Γimp

φ v

+

∫
Γrad
· · · = −ik

∫
Γin

v, ∀ v ∈ X .

Outputs: Φ`(µ) =
1

|Γ`out|

∫
Γ`

out

φ(µ), 1 ≤ ` ≤ 4 .

Affine:
∑Q

q=1 functionq (µ) × (bi)linear formq (no µ).
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Parametrized
ModelMh,N (RB)

Computational Strategy

...Offline-Online...

Offline Stage: Nh ≡ dim(Xh)

Mh −−−−−−−→
O(Nh) FLOPs

SOnline [Mh] ;

SOnline[Mh]: O(N2
max) FPNs .

Online Stage (SOnline [Mh]):

µ,N −−−−−−−−−−−→
O(N3+Q2N2) FLOPs

Φ± `h,N(µ), 1 ≤ ` ≤ 4 .
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Parametrized
ModelMh,N (RB)

Computational Strategy

...Offline-Online

Proposition 3.0A. Given

SOnline [Mh] of size O(N2
max) ,

then

µ,N −→ Φ± `h,N(µ), 1 ≤ ` ≤ 4 ,

may be calculated in O(N3 +Q2N2) FLOPs.

Online operation count independent ofNh.
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Parametrized
ModelMh,N (RB)

Hierarchical Architecture

“In-the-Lab”

Offline:
Supercomputer

Library:
www

MMhh

............

††

55

SSOnliOnlinene MM44
hh

SSOnliOnlinene MM55
hh

†Exploit parallelism over Ω and over D.
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Parametrized
ModelMh,N (RB)

Hierarchical Architecture

“In-the-Field”...

Library:
www

......

......

Online:
Smartphone††

SSOnliOnlinene MM55
hh

SSOnliOnlinene MM44
hh

SSOnliOnlinene MM66
hh

µµ,, NN

ΦΦ±±
hh,,NN ,, 11 ≤≤ ≤≤ 44

†More generally: any small, lightweight, inexpensive
portable or embedded platform.
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Parametrized
ModelMh,N (RB)

Hierarchical Architecture

...“In-the-Field”

Corollary 1.1A
Smartphone prediction suffices
without appeal to expensive Truth.

In Situ A Tempo

Observation 2.0A Proposition 3.0A

Smartphone memory suffices
to accommodate SOnline [Mh].

Smartphone processor suffices
to calculate Φ± `

h,N(µ), 1 ≤ ` ≤ 4 .
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Strategy

Replace

Mh (FE) by Mh,N (RB)

and then

µ∗h (Mh (FE)) by µ∗h,N (Mh,N (RB)),

Λh (Mh (FE)) by ΛU
h,N (Mh,N (RB)).
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Inverse
Problemh [KT]

Impedance Estimateh

Least Squares

Given k = [1, 2] and µ = (Zr, Zi, k)

Φ`
exp(k) ∈ C, 1 ≤ ` ≤ 4 ,

find (Z∗r , Z
∗
i )h: no regularization

(Z∗r , Z
∗
i )h = arg min

(Zr,Zi)∈[1,4]2
Eh(Zr, Zi, k) ,

Eh(Zr, Zi, k) ≡
4∑̀
=1

∣∣Φ`
exp(k)− Φ`

h(Zr, Zi, k)
∣∣2 .
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Inverse
Problemh,N

Impedance Estimateh,N

Least Squares

Given k = [1, 2] and µ = (Zr, Zi, k)

Φ`
exp(k) ∈ C, 1 ≤ ` ≤ 4 ,

find (Z∗r , Z
∗
i )h,N : no regularization

(Z∗r , Z
∗
i )h,N = arg min

(Zr,Zi)∈[1,4]2
Eh,N(Zr, Zi, k) ,

Eh,N(Zr, Zi, k) ≡
4∑̀
=1

∣∣Φ`
exp(k)− Φ`

h,N(Zr, Zi, k)
∣∣2 .
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Inverse
Problemh,N

Impedance Estimateh,N

Parametric Derivatives...

Field Sensitivity: 1 ≤ p ≤ P − 1 ( = 2)

∂p φh,N(x;µ) ≡
∂φh,N

∂µp
(x;µ) .†

Output Sensitivity: 1 ≤ ` ≤ 4 ,

∂pΦ`
h,N(µ) =

1

|Γ`out|

∫
Γout

∂p φh,N(x;µ) .

Jacobian J ∈ R8×2: 1 ≤ ` ≤ 4, 1 ≤ p ≤ 2,[
Jh,N(µ)

]
= [< ∂p Φ`

h,N ;= ∂p Φ`
h,N ] .

†Recall µ = (µ1 = Zr, µ2 = Zi, µ3 = k).
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Inverse
Problemh,N

Impedance Estimateh,N

...Parametric Derivatives...

Given µ ∈ D, ∂p φh,N(µ) ∈ Xh,N satisfies p = 1, 2∫
Ω

∇∂p φh,N · ∇v −
∫

Ω

k2 ∂p φh,N v +

∫
Γimp

i k

Z
∂p φh,N v

+

∫
Γrad
· · · =

−k ip

Z2

∫
Γimp

φh,N v, ∀ v ∈ Xh,N ;

recall Z = Zr + i Zi = µ1 + i µ2 .

Note ∂p φh,N ≡
∂φh,N

∂µp
∈ Xh,N ≈

∂φh

∂µp
∈ Xh .
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Inverse
Problemh,N

Impedance Estimateh,N

...Parametric Derivatives

Corollary 3.1A. Given (P = 3)

SOnline [Mh] of size O(N2
max) ,

then DIRECT APPROACH

µ,N → Jh,N(µ) ∈ R8×2

may be calculated in O(N3 + PN2) FLOPs.

Note for very large P ADJOINT APPROACH is preferred.
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Inverse
Problemh,N

Impedance Estimateh,N

Levenberg-Marquardt...

Given Jh,N(µ) ∈ R8×2: µ = (Zr, Zi, k)

G
2×2

(µ) ≡ J T
h,N(µ) Jh,N(µ)

+ λLM diag
(
J T
h,N(µ) Jh,N(µ)

)
,

and

b
2×1

(µ) ≡ J T
h,N(µ)

 < Φ1
exp(k)−< Φ1

h,N(µ)

...

= Φ4
exp(k)−= Φ4

h,N(µ)

 .
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Inverse
Problemh,N

Impedance Estimateh,N

...Levenberg-Marquardt...

Algorithm Levenberg-Marquardt†: given k

set (Z∗r , Z
∗
i )h,N = (Zr, Zi)guess ∈ [1, 4]2

while |∇ Eh,N ((Z∗r , Z
∗
i )h,N , k)| > tol

G((Z∗r , Z
∗
i )h,N , k) (δZr; δZi) = b((Z∗r , Z

∗
i )h,N , k);

(Z∗r , Z
∗
i )h,N ← (Z∗r , Z

∗
i )h,N + (δZr, δZi);

end while %N3 + PN2

†Apache Math Commons (Java) implementation; unconstrained.
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Inverse
Problemh,N

Impedance Estimateh,N

...Levenberg-Marquardt...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25

(Zr, Zi)guess = (2.5, 2.5)

†Here Φ`
exp(k) = Φ`

h,Nmax
(Z∗∗r , Z

∗∗
i , k) + εexpN (0, 1).
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Inverse
Problemh,N

Impedance Estimateh,N

...Levenberg-Marquardt...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25

(Zr, Zi)guess = (2.5, 2.5)

†Here Φ`
exp(k) = Φ`

h,Nmax
(Z∗∗r , Z

∗∗
i , k) + εexpN (0, 1).
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Inverse
Problemh,N

Impedance Estimateh,N

...Levenberg-Marquardt...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25

(Zr, Zi)guess = (2.5, 2.5)

†Here Φ`
exp(k) = Φ`

h,Nmax
(Z∗∗r , Z

∗∗
i , k) + εexpN (0, 1).
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Inverse
Problemh,N

Impedance Estimateh,N

...Levenberg-Marquardt...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25

(Zr, Zi)guess = (2.5, 2.5)

†Here Φ`
exp(k) = Φ`

h,Nmax
(Z∗∗r , Z

∗∗
i , k) + εexpN (0, 1).
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Inverse
Problemh,N

Impedance Estimateh,N

...Levenberg-Marquardt...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25

(Zr, Zi)guess = (2.5, 2.5)

†Here Φ`
exp(k) = Φ`

h,Nmax
(Z∗∗r , Z

∗∗
i , k) + εexpN (0, 1).
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Inverse
Problemh,N

Impedance Estimateh,N

...Levenberg-Marquardt

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25

(Zr, Zi)guess = (2.5, 2.5)

†Here Φ`
exp(k) = Φ`

h,Nmax
(Z∗∗r , Z

∗∗
i , k) + εexpN (0, 1).
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Strategy

Replace

Mh (FE) by Mh,N (RB)

and then

µ∗h (Mh (FE)) by µ∗h,N (Mh,N (RB)),

Λh (Mh (FE)) by ΛU
h,N (Mh,N (RB)).
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Inverse
Problemh

Uncertainty Analysish

Likelihood Ratio: Λh(µ)

Given k ∈ [1, 2] and µ = (Zr, Zi, k)

Φ`
exp(k) = Φ`

h(Z
∗∗
r , Z

∗∗
i , k) + εexpN (0, 1) ,

hypothesis

define (pre-Bayesian) ∀ (Zr, Zi) ∈ [1, 4]2

Lh(Zr, Zi, k) ≡ e{−Eh(Zr,Zi,k)/2ε2exp} ,

Λh(Zr, Zi, k) ≡
Lh(Zr, Zi, k)

Lh(Z∗r h, Z∗i h, k)
.
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Inverse
Problemh,N

Uncertainty Analysish,N

Strategy

Given k ∈ [1, 2] and µ = (Zr, Zi, k)

Φ`
exp(k) = Φ`

h(Z
∗∗
r , Z

∗∗
i , k) + εexpN (0, 1) ,

hypothesis

form

ΛU
h,N(Zr, Zi, k)

[
Φ± `h,N(Zr, Zi, k)

]
1≤`≤4

such that ∀ (Zr, Zi) ∈ [1, 4]2

Λh(Zr, Zi, k) ≤ ΛU
h,N(Zr, Zi, k) .
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Inverse
Problemh,N

Uncertainty Analysish,N

Likelihood Bounds...

Define LL
h,N(µ) ≡ e{−E

U
h,N(µ)/2ε2exp},

where µ = (Zr, Zi, k)

EU
h,N(µ) ≡

4∑̀
=1

∣∣Φ`
exp(k)− ΦU `

h,N(µ)
∣∣2;

< = ΦU `
h,N(µ) =

arg max
z∈[< = Φ

− `
h,N(µ),< = Φ+ `

h,N(µ)]†
|< = Φ`

exp(k)− z|.

†Minimum obtained for z = < = Φ− `
h,N(µ) or z = < = Φ+ `

h,N(µ).
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Bounds...

Define LU
h,N(µ) ≡ e{−E

L
h,N(µ)/2ε2exp},

where µ = (Zr, Zi, k)

EL
h,N(µ) ≡

4∑̀
=1

∣∣Φ`
exp(k)− ΦL `

h,N(µ)
∣∣2;

< = ΦL `
h,N(µ) =

arg min
z∈[< = Φ

− `
h,N(µ), < = Φ+ `

h,N(µ)]†
|< = Φ`

exp(k)− z|.

†Minimum obtained for z = < = Φ− `
h,N(µ), < = Φ+ `

h,N(µ), or < = Φ`
exp(k).
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Bounds

Proposition 4.0A: Given k, {Φ`
exp(k)}1≤`≤4 ∈ C,

LL
h,N(Zr, Zi, k) ≤ Lh(Zr, Zi, k) ≤

LU
h,N(Zr, Zi, k), ∀ (Zr, Zi) ∈ [1, 4]2,

for any N ∈ {1, . . . , Nmax}.

Likelihood bounds include effects of
approximation error (∆`

h,N(Zr, Zi, k)), and
experimental error (εexpN (0, 1)).
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Inverse
Problemh,N

Uncertainty Analysish,N

Likelihood Ratio: ΛU
h,N(µ)...

Given k ∈ [1, 2] µ = (Zr, Zi, k)

ΛU
h,N(Zr, Zi, k) ≡

LU
h,N(Zr, Zi, k)

LL
h,N((Z∗r , Z

∗
i )h,N , k)

,

for all (Zr, Zi) ∈ [1, 4]2.

Similar construction possible for ΛL
h,N(Zr, Zi, k).
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(µ)...

Corollary 4.1A: Given k, {Φ`
exp(k)}1≤`≤4 ∈ C ,

Λh(Zr, Zi, k) ≤ ΛU
h,N(Zr, Zi, k) ,

∀ (Zr, Zi) ∈ [1, 4]2 ,

for any N ∈ {1, . . . , Nmax}.

Rigorous constructions for parametric uncertainty.
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(µ)

Corollary 3.2A: Given

SOnline [Mh] of size O(N2
max) ,

then given k

(Zr, Zi) ∈ [1, 4]2, N → ΛU
h,N(Zr, Zi, k)

may be calculated in

O(N3 +Q2N2) FLOPs + 8 exp’s.
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Inverse
Problemh,N

Uncertainty Analysish,N

Likelihood Ratio: ΛU
h,N(µ)†...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25, 8

(Zr, Zi)guess = (2.5, 2.5)

†Here min(ΛU
h,N , 1) is plotted near (Z∗r , Z

∗
i )h,N based on 642 evaluations.
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(µ)†...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25, 8

(Zr, Zi)guess = (2.5, 2.5)

†Here min(ΛU
h,N , 1) is plotted near (Z∗r , Z

∗
i )h,N based on 642 evaluations.
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(µ)†...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25, 8

(Zr, Zi)guess = (2.5, 2.5)

†Here min(ΛU
h,N , 1) is plotted near (Z∗r , Z

∗
i )h,N based on 642 evaluations.
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(µ)†...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25, 8

(Zr, Zi)guess = (2.5, 2.5)

†Here min(ΛU
h,N , 1) is plotted near (Z∗r , Z

∗
i )h,N based on 642 evaluations.
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(µ)†...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25, 8

(Zr, Zi)guess = (2.5, 2.5)

†Here min(ΛU
h,N , 1) is plotted near (Z∗r , Z

∗
i )h,N based on 642 evaluations.
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(µ)†...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25, 8

(Zr, Zi)guess = (2.5, 2.5)

†Here min(ΛU
h,N , 1) is plotted near (Z∗r , Z

∗
i )h,N based on 642 evaluations.
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(µ)†...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25, 8

(Zr, Zi)guess = (2.5, 2.5)

†Here min(ΛU
h,N , 1) is plotted near (Z∗r , Z

∗
i )h,N based on 642 evaluations.
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(µ)†...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25, 8

(Zr, Zi)guess = (2.5, 2.5)

†Here min(ΛU
h,N , 1) is plotted near (Z∗r , Z

∗
i )h,N based on 642 evaluations.
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(µ)†...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25, 8

(Zr, Zi)guess = (2.5, 2.5)

†Here min(ΛU
h,N , 1) is plotted near (Z∗r , Z

∗
i )h,N based on 642 evaluations.

Patera et al. Certified Reduced Basis Methods 105



Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(µ)†...

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25, 8

(Zr, Zi)guess = (2.5, 2.5)

†Here min(ΛU
h,N , 1) is plotted near (Z∗r , Z

∗
i )h,N based on 642 evaluations.
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(µ)†

εexp = 0.015

Z∗∗r = 3, Z∗∗i = 2†

k = 2

N = 25, 8

(Zr, Zi)guess = (2.5, 2.5)

†Here min(ΛU
h,N , 1) is plotted near (Z∗r , Z

∗
i )h,N based on 642 evaluations.
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Inverse
Problemh,N

Hierarchical Architecture

“In-the-Lab”

Offline:
Supercomputer

Library:
www

MMhh

............

††

55

SSOnliOnlinene MM44
hh

SSOnliOnlinene MM55
hh

†Exploit parallelism over Ω and over D.
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Inverse
Problemh,N

Hierarchical Architecture

“In-the-Field”

Library:
www

......

......

Online:
Smartphone ††

SSOnliOnlinene MM55
hh

SSOnliOnlinene MM44
hh

SSOnliOnlinene MM66
hh

kk,, ΦΦexpexp((kk))
11≤≤ ≤≤44

;; expexp NN

((ZZ∗∗
rr ,, ZZ∗∗

ii ))hh,,NN ;; ΛΛUU
hh,,NN ((ZZrr,, ZZii,, kk))

†More generally: any small, lightweight, inexpensive
portable or embedded platform.
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Outline

The Big Picture

An Acoustics Example

A Heat Transfer Example

The Big Questions



Heat Transfer Example: On-Site Energy Audit

(Inverse) Problem Formulation

Computational Approach



Parametrized
ModelM

Domain

Semi-Infinite

κκ11

ΩΩ11

κκ00 == 11

ΩΩmeme

ΩΩ22 ΩΩ00

κκ22 κκ == ((κκ11,, κκ22))

TT ((xx,, tt;;κκ))

ΩΩ

ΓΓinin

qqinin (=(=  1)1) conduction
heat transfer

11

ze
ro

 fl
ux

ze
ro

 fl
ux

TT→→ 00

TT ((xx,, tt == 0;0;κκ)) == 00

parameter

ΓΓ00
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Parametrized
ModelM

Domain

Truncated

11 11
1100

1100

ΩΩ

conduction
heat transfer

TT ((xx,, tt == 0;0;κκ)) == 00

ΓΓinin

qqinin (=(=  1)1)

TT ((xx,, tt;;κκ))
ze

ro
 fl

ux
ze

ro
 fl

ux

ΓΓ00

ΩΩmeme

κκ11

ΩΩ11

κκ00 == 11

ΩΩ22 ΩΩ00

κκ22

TT == 00

κκ == ((κκ11,, κκ22))
parameter

ΓΓ∞∞
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Parametrized
ModelM

Governing Equations

Strong Form

Given κ ∈ D, T (x, t;κ) satisfies T (x, 0;κ) = 0

∂T

∂t
− κ`∇2T = 0 in Ω`=0,1,2 ,

with boundary conditions

κ1

∂T

∂n
= q′′in on Γin ( = 0 on Γ0) .†

Output: T (t;κ) =
1

|Ωme|

∫
Ωme

T (x, t;κ) dx.

†We also impose continuity of T and flux at interfaces and T |Γ∞ = 0.
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Parametrized
ModelM

Governing Equations

Weak Form...

Given κ ∈ D, T (t;κ) satisfies T (0;κ) = 0∫
Ω

∂T

∂t︸︷︷︸
∂T/∂t

v +
2∑̀
=0

∫
Ω`

κ`∇T · ∇︸ ︷︷ ︸
−κ`∇2T

v

=

∫
Γin

q′′in︸︷︷︸
q′′in−κ1∂T/∂n

v, ∀ v ∈ X.

Output: T (t;κ) =
1

|Ωme|

∫
Ωme

T (t;κ).
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Parametrized
ModelM

Governing Equations

...Weak Form

Here derivatives square integrable

X(Ω) =
{
v ∈ H1(Ω) | v|Γ∞ = 0

}
with inner product and norm

(w, v)X =

∫
Ω

∇w · ∇v, ‖v‖2
X ≡

∫
Ω

|∇v|2.

Define also L2(Ω) inner product and norm

(w, v) =

∫
Ω

w v, ‖v‖2 ≡
∫

Ω

v2.
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Parametrized
ModelM

Governing Equations

Discrete Time...

Replace continuous time

t ∈ ]0, tf]

by discrete levels ∆t = tf/J = 5.0/100

tj = j∆t, j ∈ J ≡ {(0), 1, 2, . . . , J}.

Implicit Finite Difference discretization†

⇒ T̃ j(κ) ≈ T (tj;κ), j ∈ J.
†We consider Euler Backward, O(∆t), or Crank-Nicolson, O(∆t2).
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Parametrized
ModelM

Governing Equations

...Discrete Time...

Given κ ∈ D, T̃ j(κ) ∈ X satisfies T̃ 0(κ) = 0∫
Ω

T̃ j − T̃ j−1

∆t
v +

2∑̀
=0

∫
Ω`

κ`∇T̃ · ∇v

=

∫
Γin

q′′inv, ∀ v ∈ X, j ∈ J .

Output: T̃ j(κ) =
1

|Ωme|

∫
Ωme

T̃ j(κ), j ∈ J.

Assumption: T̃ j(κ) ≡ T (tj;κ) — O(∆t·) errors negligible.
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Parametrized
ModelM

Governing Equations

...Discrete Time

Given κ ∈ D, T j(κ) ∈ X satisfies T 0(κ) = 0∫
Ω

T j − T j−1

∆t
v +

2∑̀
=0

∫
Ω`

κ`∇T · ∇v

=

∫
Γin

q′′inv, ∀ v ∈ X, j ∈ J .

Output: T j(κ) =
1

|Ωme|

∫
Ωme

T j(κ), j ∈ J .

Norm: |||vj|||2 = ‖vj‖2 + ∆t
∑j

j′=1 ‖v‖
2
X.
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Parametrized
ModelM

Governing Equations

Parameter (Domain)

Here P = 2

κ ≡ (κ1, κ2) is the parameter ;

D ≡ [0.25, 4]2 ⊂ R2 is the parameter domain.

More generally,

µ = (µ1, . . . , µP) is the parameter ;†

D ⊂ RP is the parameter domain.
†Note µ may represent physical properties,

sources and boundary conditions, or geometry.
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Parametrized
ModelMh (FE)

(Truth) Approximation

Introduce a Finite Element (FE) space

Xh(Ω;Th) ⊂ X(Ω) ,

where h is the diameter of a “triangulation” Th .

Find given κ ∈ D

T jh(κ) ∈ Xh ≈ T j(κ) ∈ X, j ∈ J .
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Parametrized
ModelMh (FE)

(Truth) Approximation

Space

hh

Xh: Q2 elements

over

Triangulation Th

⇓

dim(Xh) = 4,347
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Parametrized
ModelMh (FE)

(Truth) Approximation

Galerkin Projection

Given κ ∈ D, T jh(κ) ∈ Xh satisfies T 0
h = 0

∫
Ω

T jh − T
j−1
h

∆t
v +

2∑̀
=0

∫
Ω`

κ`∇T jh · ∇v

=

∫
Γin

q′′in v, ∀ v ∈ Xh, j ∈ J .

Output: T jh(κ) =
1

|Ωme|

∫
Ωme

T jh(κ), j ∈ J.
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Parametrized
ModelMh (FE)

(Truth) Approximation

Algebraic System...

Express T jh(κ) ∈ Xh as Nh = dim(Xh)

T jh(x;κ) =
Nh∑
n=1

[
cjh(κ)

]
n
ϕn(x), j ∈ J,

where

ϕn(x): (nodal) basis functions⇐ Xh;

[cjh(κ)]n: coefficients⇐ Galerkin projection . . .
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Parametrized
ModelMh (FE)

(Truth) Approximation

...Algebraic System

Given κ ∈ D, cjh(κ) ∈ RNh satisfies c0
h(κ) = 0(

Mh

∆t
+Ah

)
cjh =

Mh

∆t
cj−1
h + Fh , j ∈ J .

Output: j ∈ J,

T jh(κ) =
Nh∑
n=1

[
cjh(κ)

]
n

(
1

|Ωme|

∫
Ωme

ϕn

)
.

Here cjh(κ) ∈ RNh, Fh ∈ RNh, and
Mh ∈ RNh×Nh, Ah(κ) ∈ RNh×Nh but sparse.
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Parametrized
ModelMh (FE)

Illustrative Solutions

Temperature Field

κ = (5.0, 0.2), tj = 3
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Parametrized
ModelMh (FE)

Illustrative Solutions

Output Variation

0

0.5

1

1.5

2

2.5

3

0 1 2 3 4 5
(5,5(5,5))κκ ==

(5,0.2(5,0.2))κκ ==

(0.2,5(0.2,5))κκ ==
(0.2,0.2(0.2,0.2))κκ ==

ttjj

TTjj
hh ((κκ))
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Inverse
Problemh

Diffusivity Estimateh

Least Squares

Given [St]

tmme, T exp(tmme), 1 ≤ m ≤Mme ,

find (any) no regularization

κ∗h = arg min
κ∈D
Eh(κ) ,

Eh(κ) ≡
Mme∑
m=1

(
T exp(tmme)− T h(tmme;κ)

)2 .†

†Note T h(tmme;κ) = T
j
h(κ) for j: tj = tmme .
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Inverse
Problemh

Uncertainty Analysish

Likelihood Ratio: Λh(κ)

Given realization

T exp(tmme) = T h(t
m
me;κ

∗∗) + εexpN (0, 1)

hypothesis

define (pre-Bayesian) ∀ κ ∈ D

Lh(κ) ≡ e{−Eh(κ)/2ε2exp} ,

Λh(κ) ≡
Lh(κ)

Lh(κ∗h)
.
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Heat Transfer Example: On-Site Energy Audit

(Inverse) Problem Formulation

Computational Approach



Strategy

Replace

Mh (FE) by Mh,N (RB)

and then

κ∗h (Mh (FE)) by κ∗h,N (Mh,N (RB)),

Λh (Mh (FE)) by ΛU
h,N (Mh,N (RB)).
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Parametrized
ModelMh (FE)

(Truth) Approximation

Introduce a Finite Element (FE) space

Xh(Ω;Th) ⊂ X(Ω) ,

where h is the diameter of a “triangulation” Th .

Find given κ ∈ D

T jh(κ) ∈ Xh ≈ T j(κ) ∈ X, j ∈ J .
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Parametrized
ModelMh (FE)

(Truth) Approximation

Space

hh

Xh: Q2 elements

over

Triangulation Th

⇓

dim(Xh) = 4,347

Patera et al. Certified Reduced Basis Methods 133



Parametrized
ModelMh (FE)

(Truth) Approximation

Galerkin Projection

Given κ ∈ D, T jh(κ) ∈ Xh satisfies T 0
h = 0

∫
Ω

T jh − T
j−1
h

∆t
v +

2∑̀
=0

∫
Ω`

κ`∇T jh · ∇v

=

∫
Γin

q′′in v, ∀ v ∈ Xh, j ∈ J .

Output: T jh(κ) =
1

|Ωme|

∫
Ωme

T jh(κ), j ∈ J.

Patera et al. Certified Reduced Basis Methods 134



Parametrized
ModelMh (FE)

(Truth) Approximation

Algebraic System...

Express T jh(κ) ∈ Xh as Nh = dim(Xh)

T jh(x;κ) =
Nh∑
n=1

[
cjh(κ)

]
n
ϕn(x), j ∈ J,

where

ϕn(x): (nodal) basis functions⇐ Xh;

[cjh(κ)]n: coefficients⇐ Galerkin projection . . .
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Parametrized
ModelMh (FE)

(Truth) Approximation

...Algebraic System

Given κ ∈ D, cjh(κ) ∈ RNh satisfies c0
h(κ) = 0(

Mh

∆t
+Ah

)
cjh =

Mh

∆t
cj−1
h + Fh , j ∈ J .

Output: j ∈ J,

T jh(κ) =
Nh∑
n=1

[
cjh(κ)

]
n

(
1

|Ωme|

∫
Ωme

ϕn

)
.

Here cjh(κ) ∈ RNh, Fh ∈ RNh, and
Mh ∈ RNh×Nh, Ah(κ) ∈ RNh×Nh but sparse.
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Parametrized
ModelMh,N (RB)

Approximation

Parametric Manifold Ph...

... ...
causality

“snapshots”

jj == 00

jj == JJ

XXhh

TT jj
hh((κκ··))

TT jj
hh((κκ))

TT jj
hh((κκ··))

Ph = {T jh(κ) | ∀ j ∈ J, ∀κ ∈ D}
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Parametrized
ModelMh,N (RB)

Approximation

...Parametric Manifold Ph

Introduce a Reduced Basis† (RB) space

Xh,N ⊂ span{Ph} ⊂ Xh

of dimension dim(Xh,N) = N .

Find given κ ∈ D

T jh,N(κ) ∈ Xh,N ≈ T jh(κ) ∈ Xh, j ∈ J .

†Early work: [ASB], [NPe], [FR], [Po], [G], . . .
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Parametrized
ModelMh,N (RB)

Approximation

Spaces...

POD(t)-Greedy(κ) heuristic [HO] : Nmax

{ζn}1≤n≤Nmax ∈ span{Ph} , (impulse control)

and associated hierarchical spaces

Xh,N = span{ζn, 1 ≤ n ≤ N}, 1 ≤ N ≤ Nmax .

Optimality : dim(YN) = N

Xh,N ≈ arg min
YN

DL∞(D;L2(0,tJ ;X)) (Ph, YN).
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Parametrized
ModelMh,N (RB)

Approximation

...Spaces

ζ1 ζNmax=50
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Parametrized
ModelMh,N (RB)

Approximation

Galerkin Projection...

Given κ ∈ D, T jh,N(κ) ∈ Xh,N satisfies T 0
h,N = 0∫

Ω

T jh,N − T
j−1
h,N

∆t
v +

2∑̀
=0

∫
Ω`

κ`∇T jh,N · ∇v

=

∫
Γin

q′′in v, ∀ v ∈ Xh,N , j ∈ J .

Output: T jh,N(κ) =
1

|Ωme|

∫
Ωme

T jh,N(κ), j ∈ J .

Optimality : T jh,N ≈ Best FitXh,N
(T jh) in ||| · ||| .
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Parametrized
ModelMh,N (RB)

Approximation

...Galerkin Projection...

Output

and

‘State’ (Field)†

x

†Primal-Dual techniques can also be considered.
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Parametrized
ModelMh,N (RB)

Approximation

...Galerkin Projection...

Output

and

‘State’ (Field)†

x

†Primal-Dual techniques can also be considered.
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Parametrized
ModelMh,N (RB)

Approximation

...Galerkin Projection...

Output

and

‘State’ (Field)†

x

†Primal-Dual techniques can also be considered.
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Parametrized
ModelMh,N (RB)

Approximation

...Galerkin Projection...

Output

and

‘State’ (Field)†

x

†Primal-Dual techniques can also be considered.
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Parametrized
ModelMh,N (RB)

Approximation

...Galerkin Projection

Output

and

‘State’ (Field)†

x

†Primal-Dual techniques can also be considered.
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Parametrized
ModelMh,N (RB)

Approximation

Algebraic System...

Express T jh,N(κ) ∈ Xh,N as

T jh,N(x;κ) =
N∑
n=1

[
cjh,N(κ)

]
n
ζn(x), j ∈ J ,

where

ζn(x): basis functions⇐ POD(t)-Greedy(κ) ;

[cjh,N(κ)]n: coefficients⇐ Galerkin Projection . . .
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Parametrized
ModelMh,N (RB)

Approximation

...Algebraic System

Given κ ∈ D, cjh,N(κ) ∈ RN satisfies c0
h,N(κ) = 0(

Mh,N

∆t
+Ah,N

)
cjh,N =

Mh,N

∆t
cj−1
h,N + Fh,N , j ∈ J .

Output: j ∈ J,

T jh,N(κ) =
N∑
n=1

[
cjh,N(κ)

]
n

(
1

|Ωme|

∫
Ωme

ζn

)
.

Here cjh,N(κ) ∈ RN , Fh,N ∈ RN , and
Mh,N ∈ RN×N , Ah,N(κ) ∈ RN×N but full .
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

We present

rigorous, sharp(ish), inexpensive†

a posteriori bounds crucial for

efficient Greedy(κ) search⇒ Xh,N ;

effective error control⇒ N ;

uncertainty assessment⇒ design & operation.
†We discuss efficient calculation of the bounds subsequently.
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

Residual

Introduce residual: j ∈ J

Rj
h,N(v;κ) ≡

∫
Γin

q′′in v −
∫

Ω

T jh,N − T
j−1
h,N

∆t
v

−
2∑̀
=0

∫
Ω`

κ`∇T jh,N · ∇v, ∀ v ∈ Xh ,

and dual norm ‖v‖X =

∫
Ω

|∇v|2

δjh,N(κ) ≡ sup
v∈Xh

Rj
h,N(v;κ)

‖v‖X
.
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

Output Error Bound...

Introduce error bound j ∈ J

∆j
h,N(κ) ≡

(
C∆(κ) ∆t

j∑
j′=1

(
δjh,N(κ)

)2)1/2

,

where

C∆(κ) =
(

min(κ1, κ2, 1) |Ωme|
)−1/2

reflects (i) stability, and (ii) the particular output.†

†The Ωme effect can be mitigated.
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Output Error Bound

Proposition 1.0H. Given κ ∈ D,

| T jh(κ)
FE (Truth)

− T jh,N(κ)
RB

| ≤ ∆j
h,N(κ), j ∈ J ,

for any N ∈ {1, . . . , Nmax}.†

Rigorous error bounds for the output;
in practice, bounds also quite sharp.

†We can also obtain error bounds for the field variable in the ||| · ||| norm.
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

Output Bounds...

Introduce output bounds j ∈ J

T− jh,N(κ) ≡ T j
h,N(κ)−∆j

h,N(κ) ,

and

T+ j
h,N(κ) ≡ T j

h,N(κ) + ∆j
h,N(κ) .

Bound gap (uncertainty):

T+ j
h,N(κ)− T− jh,N(κ) = 2∆j

h,N(κ), j ∈ J.
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Output Bounds...

Corollary 1.1H. Given κ ∈ D,

T− jh,N(κ)
RB

≤ T jh(κ)
FE (Truth)

≤ T+ j
h,N(κ)

RB

, j ∈ J ,

for any N ∈ {1, . . . , Nmax} .

Rigorous lower and upper bounds
for the FE (Truth) output.†

† Note: output bounds calculated without reference to T j
h(κ), 1 ≤ j ≤ J .
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Output Bounds...
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Output Bounds...
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Output Bounds...
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Output Bounds
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

Convergence...

Given ε > 0, define

Nε ≡ max
κ∈D

(
min

2∆J
h,N(κ)≤ε

N

)
.

Observation 2.0H. As h→ 0 (Nh→∞)

(i) Nε is independent ofNh;

(ii) Nε ∼ −Const ln(ε) as ε→ 0.

(Proof is possible in some simpler cases.)
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Convergence...
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Convergence...

Patera et al. Certified Reduced Basis Methods 161



Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Convergence...
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Convergence...
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Convergence...
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Parametrized
ModelMh,N (RB)

a posteriori Bounds

...Convergence
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Parametrized
ModelMh,N (RB)

Computational Strategy

Offline-Online...

Key requirement:

weak form affine in (functions of) the parameter .

Key ingredients:

linear approximation space Xh,N (⇒ T jh,N);

Riesz representation of Rj
h,N (⇒ δjh,N , ∆j

h,N , T± jh,N).
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Parametrized
ModelMh,N (RB)

Computational Strategy

...Offline-Online...

Given κ ∈ D, T j(κ) ∈ X satisfies T 0(κ) = 0

1

∫
Ω

T j − T j−1

∆t
v +

2∑̀
=0

κ`

∫
Ω`

∇T · ∇v

= 1

∫
Γin

q′′inv, ∀ v ∈ X, j ∈ J .

Output: T j(κ) =
1

|Ωme|

∫
Ωme

T j(κ), j ∈ J .

Affine:
∑Q

q=1 functionq (κ) × (bi)linear formq (no κ).
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Parametrized
ModelMh,N (RB)

Computational Strategy

...Offline-Online...

Offline Stage:

Mh −−−−−−−→
O(Nh) FLOPs

SOnline [Mh] ;

SOnline[Mh]: O(N2
max) FPNs .

Online Stage (SOnline [Mh]): LTI

κ,N −−−−−−−−−−→
O(N3+JN2) FLOPs

T± jh,N(κ), j ∈ J .
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Parametrized
ModelMh,N (RB)

Computational Strategy

...Offline-Online

Proposition 3.0H. Given

SOnline [Mh] of size O(N2
max) ,

then

κ,N −→ T± jh,N(κ), j ∈ J ,

may be calculated in O(N3 + JN2) FLOPs.

Online operation count independent ofNh.
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Parametrized
ModelMh,N (RB)

Hierarchical Architecture

“In-the-Lab”

Offline:
Supercomputer

Library:
www

MMhh

............

††

55

SSOnliOnlinene MM44
hh

SSOnliOnlinene MM55
hh

†Exploit parallelism over Ω and over D.
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Parametrized
ModelMh,N (RB)

Hierarchical Architecture

“In-the-Field”...

Library:
www

......

......

Online:
Smartphone

κκ,,NN

jjTT±±
hh,,NN ((κκ)),, jj ∈∈ JJ

††

SSOnliOnlinene MM55
hh

SSOnliOnlinene MM44
hh

SSOnliOnlinene MM66
hh

†More generally: any small, lightweight, inexpensive
portable or embedded platform.
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Parametrized
ModelMh,N (RB)

Hierarchical Architecture

...“In-the-Field”

Corollary 1.1H
Smartphone prediction suffices
without appeal to expensiveTruth.

In Situ A Tempo

Observation 2.0H Proposition 3.0H

Smartphone memory suffices
to accommodate SOnline [Mh].

Smartphone processor suffices
to calculate T± j

h,N(κ), j ∈ J.

Patera et al. Certified Reduced Basis Methods 172



Strategy

Replace

Mh (FE) by Mh,N (RB)

and then

κ∗h (Mh (FE)) by κ∗h,N (Mh,N (RB)),

Λh (Mh (FE)) by ΛU
h,N (Mh,N (RB)).
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Inverse
Problemh

Diffusivity Estimateh

Least Squares

Given

tmme, T exp(tmme), 1 ≤ m ≤Mme ,

find (any) (no regularization)

κ∗h = arg min
κ∈D
Eh(κ) ,

Eh(κ) ≡
Mme∑
m=1

(
T exp(tmme)− T h(tmme;κ)

)2 .†

†Note T h(tmme;κ) = T
j
h(κ) for j: tj = tmme .
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Inverse
Problemh,N

Diffusivity Estimateh,N

Approximation

Given

tmme, T exp(tmme), 1 ≤ m ≤Mme ,

find (any) (no regularization)

κ∗h,N = arg min
κ∈D
Eh,N(κ) ,

Eh,N(κ) ≡
Mme∑
m=1

(
T exp(tmme)− T h,N(tmme;κ)

)2 .†

†Note T h,N(tmme;κ) = T
j
h,N(κ) for j: tj = tmme; similarly for T

±
h,N(tmme;κ) .
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Inverse
Problemh,N

Diffusivity Estimateh,N

Parametric Derivatives...

Field Sensitivity: 1 ≤ p ≤ P ( = 2)

∂p T
j
h,N(x;κ) ≡

∂T jh,N

∂κp
(x;κ), j ∈ J .

Output Sensitivity: DIRECT APPROACH

∂p T
j

h,N(κ) =
1

|Ωme|

∫
Ωme

∂p T
j
h,N(x;κ), j ∈ J .

Jacobian Jh,N(κ) ∈ RMme×2:[
Jh,N(κ)

]
mp

= ∂p T
j

h,N(κ) for j: tj = tmme .
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Inverse
Problemh,N

Diffusivity Estimateh,N

...Parametric Derivatives...

Given κ ∈ D, ∂p T
j
h,N(κ) ∈ Xh,N satisfies∫

Ω

∂p T
j
h,N − ∂p T

j−1
h,N

∆t
v +

2∑̀
=0

∫
Ω`

κ`∇∂p T jh,N · ∇v

= −
∫

Ωp

∇T jh,N · ∇v, ∀ v ∈ Xh,N , j ∈ J ,

subject to initial condition ∂p T 0
h,N = 0.

Note ∂p T
j
h,N ≡

∂T jh,N

∂κp
∈ Xh,N ≈

∂T jh
∂κp
∈ Xh .
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Inverse
Problemh,N

Diffusivity Estimateh,N

...Parametric Derivatives

Corollary 3.1H. Given (P = 2)

SOnline [Mh] of size O(N2
max) ,

then DIRECT APPROACH

κ,N → Jh,N(κ) ∈ RMme×2

may be calculated in O(N3 + (P + 1)JN2) FLOPs.

Note for large P ADJOINT APPROACH is preferred.
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Inverse
Problemh,N

Diffusivity Estimateh,N

Levenberg-Marquardt...

Given Jh,N(κ) ∈ RMme×2: O(P 2Mme)

G
P×P

(κ) ≡ J T
h,N(κ) Jh,N(κ)

+ λLM diag
(
J T
h,N(κ) Jh,N(κ)

)
,

and

b
P×1

(κ) ≡ J T
h,N(κ)

 T exp(t1me)− T h,N(t1me;κ)

...

T exp(tMme
me )− T h,N(tMme

me ;κ)

 .
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Inverse
Problemh,N

Diffusivity Estimateh,N

...Levenberg-Marquardt...

Algorithm Levenberg-Marquardt†:

set κ∗h,N = κguess ∈ D

while |∇Eh,N(κ∗h,N)| > tol

G(κ∗h,N) δκ = b(κ∗h,N); %N3 + (P + 1)JN2

κ∗h,N ← κ∗h,N + δκ ;

end while % unconstrained

†Apache Math Commons (Java) implementation.
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Inverse
Problemh,N

Diffusivity Estimateh,N

...Levenberg-Marquardt...

εexp = 0.01

Mme = 20

κ∗∗ = (3, 1)†

N = 50

κguess = (2, 2)

†Here T exp(tmme) = T h,Nmax(t
m
me;κ

∗∗) + εexpN (0, 1).
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Inverse
Problemh,N

Diffusivity Estimateh,N

...Levenberg-Marquardt...

εexp = 0.01

Mme = 20

κ∗∗ = (3, 1)†

N = 50

κguess = (2, 2)

†Here T exp(tmme) = T h,Nmax(t
m
me;κ

∗∗) + εexpN (0, 1).
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Inverse
Problemh,N

Diffusivity Estimateh,N

...Levenberg-Marquardt...

εexp = 0.01

Mme = 20

κ∗∗ = (3, 1)†

N = 50

κguess = (2, 2)

†Here T exp(tmme) = T h,Nmax(t
m
me;κ

∗∗) + εexpN (0, 1).
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Inverse
Problemh,N

Diffusivity Estimateh,N

...Levenberg-Marquardt...

εexp = 0.01

Mme = 20

κ∗∗ = (3, 1)†

N = 50

κguess = (2, 2)

†Here T exp(tmme) = T h,Nmax(t
m
me;κ

∗∗) + εexpN (0, 1).
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Inverse
Problemh,N

Diffusivity Estimateh,N

...Levenberg-Marquardt...

εexp = 0.01

Mme = 20

κ∗∗ = (3, 1)†

N = 50

κguess = (2, 2)

†Here T exp(tmme) = T h,Nmax(t
m
me;κ

∗∗) + εexpN (0, 1).
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Inverse
Problemh,N

Diffusivity Estimateh,N

...Levenberg-Marquardt

εexp = 0.01

Mme = 20

κ∗∗ = (3, 1)†

N = 50

κguess = (2, 2)

†Here T exp(tmme) = T h,Nmax(t
m
me;κ

∗∗) + εexpN (0, 1).
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Strategy

Replace

Mh (FE) by Mh,N (RB)

and then

κ∗h (Mh (FE)) by κ∗h,N (Mh,N (RB)),

Λh (Mh (FE)) by ΛU
h,N (Mh,N (RB)).
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Inverse
Problemh

Uncertainty Analysish

Likelihood Ratio: Λh(κ)

Given realization

T exp(tmme) = T h(t
m
me;κ

∗∗) + εexpN (0, 1)

hypothesis

define (pre-Bayesian) ∀ κ ∈ D

Lh(κ) ≡ e{−Eh(κ)/2ε2exp} ,

Λh(κ) ≡
Lh(κ)

Lh(κ∗h)
.
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Inverse
Problemh,N

Uncertainty Analysish,N

Strategy

Given realization

T exp(tmme) = T h(t
m
me;κ

∗∗) + εexpN (0, 1)

hypothesis

form

ΛU
h,N(κ)

[
T
± j
h,N

]
j∈J

such that ∀ κ ∈ D

Λh(κ) ≤ ΛU
h,N(κ) .
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Inverse
Problemh,N

Uncertainty Analysish,N

Likelihood Bounds...

Define LL
h,N(κ) ≡ e{−E

U
h,N(κ)/2ε2exp},

where

EU
h,N(κ) ≡

Mme∑
m=1

(
T exp(tmme)− T

U
h,N(tmme;κ)

)2;

TU
h,N(tmme;κ) =

arg max
z∈[T −h,N(tmme;κ),T +

h,N(tmme;κ)]†
|T exp(tmme)− z|.

†Minimum obtained for z = T−h,N(tmme;κ) or z = T+
h,N(tmme;κ).
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Bounds...

Define LU
h,N(κ) ≡ e{−E

L
h,N(κ)/2ε2exp},

where

EL
h,N(κ) ≡

Mme∑
m=1

(
T exp(tmme)− T

L
h,N(tmme;κ)

)2;

T L
h,N(tmme;κ) =

arg min
z∈[T −h,N(tmme;κ),T +

h,N(tmme;κ)]
|T exp(tmme)− z|.†

†Now minimum obtained for z = T−h,N(tmme;κ), T+
h,N(tmme;κ), or T exp(tmme).
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Bounds

Proposition 4.0H: Given {T exp(tmme)}1≤m≤Mme,

LL
h,N(κ) ≤ Lh(κ) ≤ LU

h,N(κ), ∀ κ ∈ D ,

for any N ∈ {1, . . . , Nmax}.

Likelihood bounds include effects of

approximation error (∆j
h,N(κ)), and

experimental error (εexpN (0, 1)).
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Inverse
Problemh,N

Uncertainty Analysish,N

Likelihood Ratio: ΛU
h,N(κ)...

Define

ΛU
h,N(κ) ≡

LU
h,N(κ)

LL
h,N(κ∗h,N)

,

for all κ ∈ D.

Similar construction possible for ΛL
h,N(κ).
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(κ)...

Corollary 4.1H: Given {T exp(tmme)}1≤m≤Mme,

Λh(κ) ≤ ΛU
h,N(κ), ∀ κ ∈ D ,

for any N ∈ {1, . . . , Nmax}.

Rigorous constructions for parametric uncertainty.

Patera et al. Certified Reduced Basis Methods 194



Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(κ)

Corollary 3.2H: Given

SOnline [Mh] of size O(N2
max) ,

then given κ∗h,N

κ,N → ΛU
h,N(κ)

may be calculated in

O(N3 + JN2) FLOPs + O(Mme) exp’s.
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Inverse
Problemh,N

Uncertainty Analysish,N

Likelihood Ratio: ΛU
h,N(κ)†...

εexp = 0.01

Mme = 20

κ∗∗ = (3, 1)

N = 50

κguess = (2, 2)

†Here min(ΛU
h,N , 1) is plotted near κ∗h,N based on 642 evaluations.
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(κ)†...
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(κ)†...

εexp = 0.01

Mme = 20

κ∗∗ = (3, 1)

N = 50

κguess = (2, 2)

†Here min(ΛU
h,N , 1) is plotted near κ∗h,N based on 642 evaluations.
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(κ)†...

εexp = 0.01

Mme = 20

κ∗∗ = (3, 1)

N = 50

κguess = (2, 2)

†Here min(ΛU
h,N , 1) is plotted near κ∗h,N based on 642 evaluations.
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(κ)†...
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κguess = (2, 2)
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(κ)†...
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(κ)†...
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Inverse
Problemh,N

Uncertainty Analysish,N

...Likelihood Ratio: ΛU
h,N(κ)†
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κ∗∗ = (3, 1)

N = 50

κguess = (2, 2)

†Here min(ΛU
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Inverse
Problemh,N

Hierarchical Architecture

“In-the-Lab”

Offline:
Supercomputer

Library:
www

MMhh

............

††

55

SSOnliOnlinene MM44
hh

SSOnliOnlinene MM55
hh

†Exploit parallelism over Ω and over D.
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Inverse
Problemh,N

Hierarchical Architecture

“In-the-Field”

Library:
www

......

......

Online:
Smartphone ††

κκ∗∗
hh,,NN ;; ΛΛUU

hh,,NN ,, κκ ∈∈ DD
SSOnliOnlinene MM55

hh

SSOnliOnlinene MM44
hh

SSOnliOnlinene MM66
hh

memeTT expexp((ttmm )),, 11 ≤≤ mm ≤≤ MMmeme;; NNexpexp

†More generally: any small, lightweight, inexpensive
portable or embedded platform.
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Outline

The Big Picture

An Acoustics Example

A Heat Transfer Example

The Big Questions



Many Parameters?

Can we treat problems with many parameters? †

Yes, but . . .

New enablers:

Offline parallel implementation over Ω and D;

primal-dual approximations.

†. . . and three spatial dimensions — big problems?
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Many Parameters?
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Many Parameters?
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Many Parameters?
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Many Parameters?
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Large Parameter Domains?

Can we treat problems with large parameter domains?

Yes, but . . .

New enablers:

h-p (Greedy) over D;†

Unter-Über reduced bases.
†We can then also consider the Smartphone memory as “cache” relative to

the web Library.
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Non-Affine Problems?

Can we treat problems with
non-affine parameter dependence?

Yes, but . . .

New enabler:

Empirical Interpolation Method (EIM).
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Geometry?

Can we treat problems with geometric variations?

Yes, but . . .

New enablers:

(automated) piecewise-affine transformations;

Empirical Interpolation Method (EIM).
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Geometry?
Piecewise-Affine
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Geometry?
Piecewise-Affine
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Geometry?
Piecewise-Affine
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Geometry?
Piecewise-Affine
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Geometry?
Piecewise-Affine
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Geometry?
Piecewise-Affine
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Geometry?
Piecewise-Affine
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Geometry?
EIM
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Geometry?
EIM
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Geometry?
EIM
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Hyperbolic Problems?

Can we treat hyperbolic (time-domain)
partial differential equations?

Yes, but . . .

New enabler:

Laplace Transform modal techniques.
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Nonlinear
Problems?

Can we treat problems which exhibit

quadratic nonlinearity? Yes, but

general nonlinearity? Yes, but but . . .

New enablers:

h-p Greedy over D;

Empirical Interpolation Method (EIM).
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Nonlinear
Problems?

Quadratic
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Nonlinear
Problems?

Quadratic
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Nonlinear
Problems?

Quadratic
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Nonlinear
Problems?

Quadratic
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Inverse
Problems

Can we make inferences from inverse analysis?

Yes, but . . .

New enablers:

Uber-Unter reduced bases;

improved sampling methods.
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Design
Optimization

Can we perform design optimization?

Yes, but . . .

New enabler:

improved optimization procedures.
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Design
Optimization

Horn Problem Setup

4

L

b2b1

in
N

b

1/3 L 1/3 L 1/3 L

2a

R
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Design
Optimization

Horn solutions
Reference geometry, RB model with N=140

5

Same acoustic model as in Udawapola
and Berggren (IJNME, 2008).
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Design
Optimization

Horn Robust Optimization (Formulation I)
Design for the worst case

8
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Design
Optimization

Formulation I designs for the worst case
Trading performance for robustness

Optimization carried out using RB model with N=85.
10
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Design
Optimization

Horn Robust Optimization (Formulation II)
Weighting between mean and variance trades risk and performance

11
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Design
Optimization

Formulation II trades risk and performance

Optimization carried out using RB model with N=85.
12
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for more information see

augustine.mit.edu


