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Proposal

 MILP modeling is an art, but it need not be
unprincipled.
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Proposal

 MILP modeling is an art, but it need not be
unprincipled.

* It has two basic components:
* Disjunctive modeling of subsets of continuous space.
» Knapsack modeling of counting ideas.

 MILPs can model subsets of continuous space that are unions of
polyhedra.

o ...that is, represented by disjunctions of linear systems.
* S0 a principled approach is to analyze the problem as

disjunctions integer
of linear + knapsack
Slide 5 systems inequalities



Proposal

» Jeroslow’s Representability Theorem  provides theoretical basis
for disjunctive modeling.

* “Bounded MILP representability” assumes bounded integer
variables.

* This is inadequate for knapsack modeling.
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Proposal

» Jeroslow’s Representability Theorem  provides theoretical basis
for disjunctive modeling.

* “Bounded MILP representability” assumes bounded integer
variables.

* This is inadequate for knapsack modeling.
* We will generalize Jeroslow’s theorem.
» Knapsack modeling accommodated.

* Integer variables can be unbounded.
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Outline

* Bounded mixed integer representability
* Bounded representability theorem.
« Convex hull formulation
 Example: Fixed charge problem
* Why the disjunctive model works
e Multiple disjunctions
« Example: Facility location
« Example: Lot sizing with setup costs
 Big-M disjunctive formulation

« Example: Health care benefits
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Outline

» General mixed integer representability
» Knapsack models
» General representability theorem.
e Convex hull formulation
« Example: Facility location
* Why a single recession cone
« Example: Freight packing and transfer

 Research issues
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Bounded MILP Representability

Slide 10




Bounded representabllity theorem

Definition of R. Jeroslow:

A subset S of R"is

bounded MILP representable Ax +Bz +Dy = b
if S Is the projection onto x of the . —
feasible set of some MILP xURY, [zUR
constraint set of the form y 0{0,1}" \
/ Auxiliary
Bounded general continuous
integer variables variables can
be used

can be encoded as
0-1 variables
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Bounded representability theorem

Theorem (Jeroslow). A subset of continuous space is bounded
MILP representable if and only if it is the union of finitely many
polyhedra having the same recession cone.

Recession cone
of polyhedron

'

Polyhedron

Union of polyhedra with the
same recession cone
(in this case, the origin)
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Convex hull formulation

Start with a disjunction of linear |_|(Akx > bk)
systems to represent the union k
of polyhedra.

The kth polyhedron is {x | Akx = b}

Introduce a 0-1 variable y, thatis A*x* = b*y,, all k
1 when x is in polyhedron K. _
| ZYk =1
Disaggregate x to create an x for K
each k. X = Zxk
K
y, 0{0.3
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Convex hull formulation

Start with a disjunction of linear
systems to represent the union
of polyhedra.

The kth polyhedron is {x | Akx = b}

Introduce a 0-1 variable y, thatis
1 when x is in polyhedron K.

Disaggregate x to create an xX for
each k.

Every bounded MILP representable
set has a model of this form.
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LAk = %)

k

A*x* = b"y,, all k
ZYk =1
k
X :Zxk
k

y, 0{0.3



Convex Hull Formulation

* The continuous relaxation of this disjunctive MILP provides a
convex hull relaxation of the disjunction.

o Strictly, it describes the closure of the convex hull.

Union of polyhedra Convex hull relaxation
(tightest linear relaxation)
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ldea behind the convex hull formulation

Start by formulating a convex hull
formulation of the relaxation of the

disjunction...

k gk > k
Write each A'X" 2b, allk
solution as a Zyk =1
convex k
comb_lnat!on/, X = Zykyk
of points in K
the 10.1
polyhedron Y BI04

Convex hull relaxation
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ldea behind the convex hull formulation

k., Kk k
Now apply a change A*X" =2Db%,, all k

of variable Change of Zyk =1
variable k
X =y, X" X =y x"
k
k ok > k

Write each A'X" 2D, allk y, U[0.]]

solution as a Zyk =1

convex k

comb_lnat!on/, X = Zykyk

of points Iin K

the 1101

polyhedron Y D0

Convex hull relaxation
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ldea behind the convex hull formulation

k., Kk > k
Now make y,s 0-1 A'x* =Db%,, all k

variables to get an >y =1
I k
MILP representation Make y,s 0-1 .o Zxk
k

Ak >b* all k Yy, 1[0,]]

DY =1
k

X :Zk:ykik
y, 0{0.3 @ O

Convex hull formulation
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ldea behind the convex hull formulation

When is this a valid Let’s look at an example first...
formulation?

A*x* = b, all k

Convex hull formulation
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Example: Fixed charge function

L . : min X,
Minimize a fixed charge function: _
0 if x, =0
X, 2 _
f+cx, 1fx, >0
X, 20
X3
® Xl
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Fixed charge problem

| | min X,
Minimize a fixed charge function: _
0 if x, =0
X, 2 _
f+cx, 1fx, >0
X, 20
X2
Feasible set
(epigraph)
@ Xl
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Fixed charge problem

C . . . min X2
Minimize a fixed charge function: _
0 if x, =0
X, 2 _
f+cx, 1fx;,>0
X, 20
“X2
Union of two
polyhedra
P, P,
Pl
® Xl
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Fixed charge problem

min X,

{O if X, :O}
X, = _
f+cx, 1fx, >0

X, 20

Minimize a fixed charge function:

Union of two
polyhedra
Pl’ P2
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Fixed charge problem

... . . min X2
Minimize a fixed charge function: _
0 if x, =0
X, 2 _
f+cx, 1fx;,>0
X, 20
“X2
The P,
polyhedra
have ‘
different
recession P,
cones. ////////
Pl I:)2
| X1  recession recession

Slide 24 cone cone



Fixed charge problem

Disjunctive model describes min X,

convex hull relaxation but % =0 % >0

not the feasible set. ( 1 ) D[ 1= j
1
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Fixed charge problem

Start with a disjunction of
linear systems to represent
the union of polyhedra

Introduce a 0-1 variable vy,
that is 1 when x is in
polyhedron k.

Disaggregate x to create an
xX for each k.

Slide 26

1 2 2
X, 20  —cx; +x; =1y,

y,+Y, =1 vy, U[0,]]

— vl 2 — vl 2
X, =X, + X7, X, =X, +X

2
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To simplify, replace Xf with x,
since X; =0

min X,

1 2

X; =0 X; 20
X;20 —cxZ+x:=>fy
2 = 1 2 = 2

y,+y, =1 y 0[0]

— vl 2 — vl 2
X, =X, + X7, X, =X, +X

2




To simplify, replace Xf with x,
since X; =0

min X,
X, 20
X, 20  —cx, +x; >fy,
y1*+Y, =1 y, U0
X, =X+
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Replace X§ with X,

because x; plays no role in the model

min X,
X, 20
X, 20  —cx,+x; >fy,
y1*+Y, =1 y, U0
X, =X+




Replace X§ with X,

because x; plays no role in the model

min X,
X, 20
—CX, + X, =1y,
y1+Y, =1y, U[0]]

Slide 30



Replace y, with y

because y, plays no role in the model

min X,
X, 20
—CX, + X, =1y,
y1+Y, =1y, U[0]]
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Replace y, with y

because y, plays no role in the model

min X,

X, 20
X, =X, +fy
y U[0,1]
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The convex hull is this.




min X,

X, 20
X, = cX, +fy
y U[0,1]

Slide 34

Relaxation correctly describes
closure of convex hull




But MILP model does not
describe feasible set

min X,
X, 20

X, = cX, +fy

y {0,1}
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To fix the problem...

min X,
0 if x, =0
Add an upper bound on x, X, 2 _
\ f+cx, ifx, >0
O<x, =M
“X2
The
polyhedra
have the | |
same

recession P,
cone.

X1  recession recession
Slide 36 M cone cone




Fixed charge problem

The disjunction is now...

min X,

X, =0
X, =20

M

Slide 37

O<x, =M
X, 2T +cx,

J



Fixed charge problem

min X,
(xlzojD(Osxlij
X, 20 X, 2T +cx,
The disjunctive model is min X,
x;3=0  0<x’ <My,
X, 20  —cxl+x; =fy,

y.+y, =1 vy, 0{0.3}
X, =X +X, X, =X;+X5
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This simplifies as before...
min X,
0<x, <My
X, =X, +fy
y 0{0,3



This simplifies as before...

min X,
0<x, <My
X, =2 CX, +fy
y 0{0,1}

Previous model
min X,
X, 20
X, = cX, +fy
y 0{0,1}
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This simplifies as before...

min x, min cx +fy
0<x <My or 0<x <My
X, = CX, +fy yD{O,]}\

y 0{0,1} “Big M”

Previous model
min X,
X, 20
X, = cX, +fy
y 0{0,1}
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min cx +fy

The model now correctly 0 < x <My

describes the feasible set. y D{O,l} \ “Big M
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Why the disjunctive model
works

P,

Recession cone
of polyhedra

Slide 43

min cX
A*x* = b"y,, all k

D Vi =1

k

X :Zxk
k

y, 0{0.,3}

Let S be feasible set.



Why the disjunctive model works min cx
A*x* = b"y,, all k

Zyk =1

k

X = Zxk
k

y, 0{0.1}

Let S be feasible set.

xS = x0U someP,
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Why the disjunctive model works min cx
A*x* = b"y,, all k

D V=1
k
X = Zxk
k
Y D{O’]}
Let S be feasible set.
xS = x0U someP,

— X satisfies the model for
Yy, =1 othery,s=0
x¥ = x, other x’s =0
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Why the disjunctive model works min cx
A*x* = b"y,, all k

D V=1

k

X = Zxk
k

y, 0{0,3}

Conversely, suppose

X, y, x“s satisfy the model

= somey, =1 = x"0OP
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Why the disjunctive model works min cx
A*x* = b"y,, all k

DV =1

k

X =) x“
k

Y« D{O’]}

Conversely, suppose

X, Y, x“s satisfy the model

= somey, =1 = x“0OP

— A’X’ >0 for other /s
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Why the disjunctive model works min cx
A*x* = b"y,, all k

DV =1

k

X =) x“
k

Y« D{O’]}

Conversely, suppose

X, y, x“s satisfy the model

= somey, =1 = x“0OP

— A’X’ >0 for other /s

— x's are recession directions for other P,s
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Why the disjunctive model works min cx
A*x* = b"y,, all k

DV =1

k

X =) x“
k

Y« D{O’]}

Conversely, suppose

X, y, x“s satisfy the model

= somey, =1 = x“0OP

— A’X’ >0 for other /s

— X's are recession directions for P,
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Why the disjunctive model works min cx
A*x* = b"y,, all k

Zyk =1

k

X:ZXk
k

Y« D{O’]}

X = XK+ x?f

Conversely, suppose

X, y, x“s satisfy the model

= somey, =1 = x“0OP

— A’X’ >0 for other /s

— X's are recession directions for P,

= Ax'>0 = Afx-= Ak(xk +Zx€j2 bX
V#K
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Why the disjunctive model works min cx
A*x* = b"y,, all k

Zyk =1

k

X:ZXk
k

Y« D{O’]}

X = XK+ x?f

Conversely, suppose

X, y, x“s satisfy the model

= somey, =1 = x“0OP

— A’X’ >0 for other /s

— X's are recession directions for P,

— Ax'>0 = Akx:Ak(xk+Zx€j2bk
1£k
Slide 51 = xUOP, = xUS



Multiple disjunctions

Combining individual convex hull ( Akxzak)
formulations for two disjunctions... k

does not necessarily produce a convex hull formulation for
the pair...

Theorem. ...unless the disjunctions have no common
variables.
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Example: Facility location

m possible
Ifac:_ory ot Locate factories to
ocations N markets serve markets so as

to minimize total
fixed cost and
transport cost.

Capacity

Demand

I
Fixed T
cost Transport
cost
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Facility location

m possible
factory
locations

Fixed
cost

Slide 54

n markets

Transport
cost

Amount shipped
from factory i to
market |

Disjunctive model: /

min » z, +Zcijxij

i ij
inj <C
J

=0 allj)
2 >f D(X” ’j, all i
z =0

x, 20, all '

> x; =D, |all

No factory

at location i
Factory at

location |



Facility location  inh $7 + S x.
Zi: I Zj: U

inj <C
j

Disjunctive model: | 7 »f D(X"‘ =0 (‘;"" ‘j, all i
Z =

X; 20, all |

2. %; =D;, all]

mln Z:flyl +§ yCinij
[ j
E . <C.V. :
MILP formulation: j X; <Cy;, all

inj =D, all |

y, 0{0,3}, x, 20, alli,]
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Uncapacitated facility location

Beginner’s mistake: Model it as special case of capacitated problem

min Zfiyi + Zcijlg —__ Fraction of demand j
! ! _ satisfied by factory i
D x; <[ny;} alli
j

Y, D{O,]} \ Factory i has

. max output n
> x; =1, all ] P
i

This is not the best model.

We can obtain a tighter model by starting with
disjunctive formulation.
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Uncapacitated facility location

m possible
factory

locations n markets

T
1 1 4'i"""f'-~,.,..-:ij"p
)

)

Fixed
cost Transport

cost

Slide 57

Fraction of demand |
satisfied by factory |

Disjunctive model: /
min >z +> clx;
i ij

O0<x.<1 allj x. =0, all j
i =t all) gfx Fani
z >f z =0
: 4
inj =1 allj
No factory

at location i
Factory at

location |



Uncapacitated facility location

MILP formulation:

Beginner’'s model:

Slide 58

min > fy, + > ¢;x,
0<x <y, aIIJi,j

D x; =1 all

y. 0{0,3, all

min ) fy, +2,¢;X;
ZX” Ignyi, alil i

J
> x; =1, all]
y. {0,123, all |

This is the textbook
model.

More constraints,
but tighter
relaxation.



Example: Lot sizing with setup costs

Setup cost incurred

Max
production - —_—————— ————

level \

t= 0 1 2 3 4
Demand = D, D, D, D, D,

Determine lot size in each period to minimize total

production, inventory, and setup costs.
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Fixed-cost Fixed Production Production

variable cost capacity level
g,; @ v, 20 J v,/20,
0<x <C, @ =0

(1) (2) (3)
Start Continue Produce
_production production nothing
(incurs setup (no setup  (no production

cost) cost) cost)

Logical conditions:
(2) Inperiodt = (1) or (2) inperiodt -1
(1) In period t = neither (1) nor (2) in periodt — 1



(1) (2) (3)
Start

Continue
production

Produce
production

nothing

v, 2f o v, =20 thzot
0<x, <C, 0<x <C, X, =0

Convex hull MILP model of disjunction:

1 2> \Y;
Vthtytl Vt 20
1 2

0<x ' <Cy, 0=sx=sCy, X

y. U{0,1}, k=223
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To simplify, define
Zi = Yu

Yi = Yo

Convex hull MILP model of disjunction:

Vi 2fy, Vi 20
OSXSSCtytl 0<Xx; <C\Y

y. U{0,1}, k=223
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To simplify, define
Zi = Yu

Yi = Yo

Convex hull MILP model of disjunction:

\V

1 2>
v, >fz vy 20
0<x'sCz 0=<x’<Cy,

= 1 for startup = 1 for continued
Slide 63 production



Since x; =0
set X, =X, +X;

Convex hull MILP model of disjunction:

Slide 64

3

v >fz vi 20 Vi 2
1 2 3 _

OSXt SCtZt OSXt SCtyt Xt

z,y,U{0,1}, k=123



Since x; =0
— vl 2
set X, = X; + X,

Convex hull MILP model of disjunction:
vl >fz vi=0 v 20

0<x <C/(z +V,)

3
— k
Vt _th’ Zt +yt <1
k=1

z,y,U{0,1}, k=123

Slide 65



Since v, occurs positively in the objective function,
and V;,v; do not play arole, let v, =v/

Convex hull MILP model of disjunction:
vl >fz vi=0 v 20

0<x <C/(z +V,)

3
— k
Vt _th’ Zt +yt <1
k=1

z,y,U{0,1}, k=123
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Since v, occurs positively in the objective function,
and V;,v; do not play arole, let v, =v/

Convex hull MILP model of disjunction:
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v, 2fz
0<x,<C(z +Y,)
Zt +yt Sl
z,,y, U{0,1}, k=123




Formulate logical conditions:
(2) Inperiodt = (1) or (2) in periodt -1
(1) In period t = neither (1) nor (2) in periodt - 1

v, 2fz
O0<x <C/(z +V,)
z +ty <1
z,,y, U{0,1}, k=123
yt = Zt—l + yt—l
z,<1-7,,-Y,
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Add objective function

Unit production cost \ Unit holding cost

.
min ;ﬁ@ﬁVt)

v, 2fz
0<x <C/(z +Y,)
z +ty <1
z,,y, U{0,1}, k=123

YeSZ TV
Z, < 1- Zi1 " Yia
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Logical variables

To tighten an MILP formulation of AUOBUOCOD
ELOFOG

(yA DyB) - yE

Put logical constraint in CNF: 2y, U=y Uye

Replace negative with positive variables: C UD UE
And add convex hull formulation of this clause.

Conjecture: this does not tighten the formulation when the
disjunctions have no variables in common.
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Big-M Disjunctive Formulation

Again start with a disjunction of |_|(Akx > bk) Big M
linear systems. K /
Yk is 1 when x is in A“x* zb* —(1-y, MY, all k
k )2V s

polyhedron k. _

ZYk —

k
y, 0{0,3}, all k

Mk is a vector of bounds
that makes system k MK =Dp¥ —min{Akx ‘ (AKX > b()}
nonbinding when y, = 0. 7k

Slide 71



Big-M Disjunctive Formulation

Again start with a disjunction of |_|(Akx > bk)

linear systems.

Y 1S 1 when xisin
polyhedron k.

MK is a vector of bounds
that makes system k
nonbinding when y, = 0.

k

Big M

A“x* zb" -(1-y, MY, all k

ZYk =1
<

y, 0{0,1}, all k

M¥ = b —min{Akx‘

1K

(Afx > b()}

Every bounded MILP-representable set has a model of this form
(as well as a convex hull disjunctive model).
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Example: Health Care Benefits

Distribute limited health benefits to two persons.
Person i receives utility u..

Two criteria:
U,

/) ‘ | If Ju, — u,| <A, Rawlsian:
max min{u,,u.}

If lu, — u,| > A, utilitarian:

max u, + u,

Maximize welfare of person
who is more seriously ill,
unless this requires too

U, much sacrifice from the
other person.
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Example: Health Care Benefits

Distribute limited health benefits to two persons.
Person i receives utility u..
Two criteria:
U,
/ ‘ | If lu; — u,| <A, Rawlsian:

max min{u,,u.}

If lu, — u,| > A, utilitarian:

( max u, + u,

A Optimization problem:

max z
\ U, 7< 2min{u,u,} +A if [u,—u, <A

u, +u, otherwise
u,u, S
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Example: Health Care Benefits

Distribute limited health benefits to two persons.
Person i receives utility u..
Two criteria:
U,
/ ‘ | If lu; — u,| <A, Rawlsian:

max min{u,,u.}

If lu, — u,| > A, utilitarian:

- max u, + U,
A Optimization problem:
max z
\ 4 . 2min{u,u,} +A | if [u,-u,|<A
A \S toss {ul +U, ‘\ otherwise
u,u, S

Slide 75 Ensures continuity



Example: Health Care Benefits

Distribute limited health benefits to two persons.
Person i receives utility u..

Ignoring S, we would like a
Uy convex hull MILP model of

/ ‘ | the epigraph.
| Can we do it?

No!

A Optimization problem:

max z
< 2min{u,u,} +A if |u, ~U, <A
u, +u, otherwise

u,u, S
Slide 76



Example: Health Care Benefits

Distribute limited health benefits to two persons.
Person i receives utility u..

Epigraph is union of two

U polyhedra:

P, has recession cone

{(@.B2)|z<a+pB, a,B=0}

7
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Example: Health Care Benefits

Distribute limited health benefits to two persons.
Person i receives utility u..

Epigraph is union of two

U polyhedra:
‘ ‘ | P, has recession cone
{(@.B2)|z<a+pB, a,B=0}
P, has recession cone
{112)]0=<2<2} 0{(20,0),(0,10)}
A
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Example: Health Care Benefits

Distribute limited health benefits to two persons.
Person i receives utility u..

Solution:
us
/ ‘ | Add constraint |u; — u,| < M
, No need to bound u,, u,
M iIndividually
A
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Example: Health Care Benefits

Distribute limited health benefits to two persons.

Person i receives utility u..

.
M
\ N\
A
ANPZAN
A

Slide 80

Solution:
Add constraint |u; — u,| < M

No need to bound u,, u,
iIndividually

P, has recession cone

{112)|0<2<2)



Example: Health Care Benefits

Distribute limited health benefits to two persons.
Person i receives utility u..

U,

/

/

Slide 81

Solution:
Add constraint |u; — u,| < M

No need to bound u,, u,
iIndividually

P, has recession cone

{112)|0<2<2)

So does P,



Example: Health Care Benefits

Distribute limited health benefits to two persons.
Person i receives utility u..

Big-M model:
/ ‘ | Z<2u,+A+(M-A)y
' z<2u,+A+(M-A)y
| Z<u, +u, +A(1-Y)
M u-u,<M, u-usM
u,u, 20, y0{0,1

U,
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Example: Health Care Benefits

Distribute limited health benefits to two persons.
Person i receives utility u..

Big-M model:
Z<2u,+A+(M-A)y
z<2u,+A+(M-A)y
Z<u,+u, +A(l-vy)
u-u,<M, u-usM

g u,u, 20, y0{0,1

Theorem: Thisis a
\ . convex hull formulation.

U,
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Example: Health Care Benefits

Distribute limited health benefits to two persons.
Person i receives utility u..

Big-M model:
Z<2u,+A+(M-A)y
z<2u,+A+(M-A)y
Z<u,+u, +A(l-vy)
u-u,<M, u-usM

g u,u, 20, y0{0,1

Theorem: Thisis a
\ . convex hull formulation.

U,

Model is no tighter if we
A M use u;, u, < M
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Example: Health Care Benefits

Optimization problem for the n-person case:

max Z

z<(n-1DA+ nmjin{uj} +J_Z:;‘max{0,uj —mjin{uj} —A}
|lu; —u; [ M, alli, ]

u=0, ullS
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Example: Health Care Benefits

Optimization problem for the n-person case:

max Z

z<(n —1)A+nmjin{uj} +J_Z:;‘max{0,uj —mjin{uj} —A}
|lu; —u; [ M, alli, ]

u=0, ullS

Big-M disjunctive  max z
model: z<-A+) w,, alli
j=1
w; <A+u; +y; (M -A), alli, ]
w; su; +(1-y)A, alli, |
y; =0, alli
u —u; <M, alli, ]
udS

Slide 86 y; 0{0,3, alli, ]



Example: Health Care Benefits

Optimization problem for the n-person case:

max Z

z<(n-DA+ nmjin{uj} +Zn:max{0,uj —mjin{uj} —A}

=1

|lu; —u; [ M, alli, ]

u=0, ulS
anlg;II\éllldlswnctlve max z n Theorem:
' z<-A+) w,, alli This is a convex

j=1
w; <A+u; +y; (M -A), alli, ]
w; su; +(1-y)A, alli, |
y; =0, alli
u, —u; <M, alli,]
ulls
y; 0{0.4, alli, |

hull formulation.
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General MILP Representability
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Knapsack Models

* Integer variables can also be used to express counting ideas.

 This is totally different from the use of 0-1 variables to express
unions of polyhedra.

 Examples:
» Knapsack inequalities
» Packing and covering

 Logical clauses

e Cost bounds
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Knapsack Models

* Disjunctive representability does not accommodate knapsack
constraints in a natural way.

» Knapsack constraints are bounded MILP representable only if
iInteger variables are bounded.

e ...and only in a technical sense.

* By regarding each integer lattice point as a polyhedron.

Slide 90



General representability theorem

Integer variables can now be unbounded :

A subset S of R" XZ" is MILP

representable if Sis the projection  Ax+Bz+Dy =b

onto x of the feasible set of some - o -

MILP constraint set of the form XUR 2% |zUR
y 0{0,3}° ’\

Auxiliary
Some modeling continuous
variables are variables can
continuous, some be used

Integer
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General representability theorem

Integer variables can be unbounded:

A subset S of R" xXZP is MILP

representable if S is the projection
onto x of the feasible set of some - 0 m
MILP constraint set of the form xUR"x2%, zUR

y 0{0,1}"

Ax+Bz+Dy =Db

Assume that A, B, D, b
consist of rational data
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General representability theorem

Integer variables can be unbounded:

A subset S of R" xXZP is MILP

representable if S is the projection
onto x of the feasible set of some - 0 m
MILP constraint set of the form xUR"x2%, zUR

y 0{0,1}"

Ax+Bz+Dy =Db

Assume that A, B, D, b
consist of rational data

A mixed integer polyhedron is any set\,of the form

x OR" x7ZP |Ax2b}
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General representability theorem

Rational vector d is a

of a mixed
integer polyhedron P O R" xZ"
If it IS a recession direction of
some polyhedron Q [J R"*P

recession direction

for which

P=Qn(R"xZ")

Slide 94

Mixed integer
polyhedron P




General representability theorem

Rational vector d is a
recession direction of a mixed
integer polyhedron P O R" xZ"
If it IS a recession direction of
some polyhedron Q [J R"*P
for which

P=Qn(R"xZ")

/L Mixed integer

/ polyhedron P

{ .

|
\ /
L\V/ Polyhedron Q

Slide 95



General representability theorem

Rational vector d is a

recession direction of a mixed

inte "x 7P

. ger ponheFiron .P D. RExZ Recession cone of Q

If it IS a recession direction of B : ;

some polyhedron Q |:| Rn+p = recession cone of P

for which
P=Qn(R"xZ")

Mixed integer

polyhedron P

V4

L\V///P/olyhedron Q
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General representability theorem

Lemma. All polyhedrain R™P
having the same nonempty
intersection with R" x ZP

have the same recession cone.

Recession cone of Q
= recession cone of P

Mixed integer
polyhedron P

V4

L\V///P/olyhedron Q
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General representability theorem

Theorem . A nonempty subset of R" xZP is MILP representable
If and only if it is the union of finitely many mixed integer polyhedra

in R" xZP having the same recession cone. .
Recession cone of Q

= recession cone of P

—
Pr—
,I “ fa-\\ . .
- v A / Mixed integer
S ' polyhedron P
\v/ \?’r

V4

Union of mixed integer

polyhedra with the same \_\V///p/myhedron Q

recession cone
(in this case, the origin)
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Convex Hull Formulation

Start with a disjunction of linear |_|(Akx > bk)
systems to represent the union k
of mixed integer polyhedra.

The kth polyhedron is {x OR" x Z | A“x 2 b*}

Aside from domain of x, the A*x* = b*y,, all k
disjunctive model is the same as _
before. Zk:yk =1

X = X"
k

x OR"xZP, y, 0{0,3
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Convex Hull Formulation

Start with a disjunction of linear |_|(Akx > bk)
systems to represent the union k
of mixed integer polyhedra.

The kth polyhedron is {x OR" x Z | A“x 2 b*}

Aside from domain of x, the A*x* = b*y,, all k
disjunctive model is the same as _
before. Zk:yk =1
k
X = X
Every MILP representable set Zk:

has a model of this form.

x OR"xZP, y, 0{0,3
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Convex Hull Formulation

Start with a disjunction of linear |_|(Akx > bk)
systems to represent the union k
of mixed integer polyhedra.

The kth polyhedron is {x OR" x Z | A“x 2 b*}

Aside from domain of x, the A*x* = b*y,, all k
disjunctive model is the same as -1
before. Zk:yk B

Kk
X = X
Every MILP representable set Zk:

has a model of this form. 0
x OR"xZP, y, 0{0,3
...also a model in disjunctive

big-M form.
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Convex Hull Formulation

Theorem . If each mixed integer polyhedron has a convex hull
formulation Ax = b¥, the disjunctive model is a convex hull
formulation of the disjunction.

Union of mixed integer Convex hull relaxation
polyhedra with convex hull
descriptions
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Example: Facility location

m possible
factory
locations n markets

Ci

Locate factories to
serve markets so as
to minimize total
factory cost and
transport cost.

Fixed cost incurred
for each vehicle
used.

Fixed
cost

Ci \Transport
K. costper
vehicle
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Facility location

m possible
factory
locations

C
/fi

Fixed
cost

%*
=
Ci \Transport

K. costper

1] .
vehicle
Slide 104

n markets

Number of
vehicles from
factory i to market j

Disjunctive model:

min ) z, +Zcijv£
i ij

D x; <C,

j

0<x, <Kw,, all (

I ?

x. =0, all | .
all ’j, all

z >f 4" 0
w; OZ, allj
inj =D, all]
No factory
at location i
Factory at
location i



Facility location

m possible
factory
locations

C
/fi

%*
D
74

Fixed c
cost ] \Transport
K; cost per
vehicle
Slide 105

n markets

polyhedron

Disjunctive model:

min Zzi + Z,:C'E

inj <C
j

0<x, <Kw,, all |

z >f

d

w, OZ, allj ,

ZxV& D,, all]

Describes

mixed
Integer

Number of
vehicles from
factory i to market j

Factory at
location i

z =0

x. =0, all | .
i ’j, all i
1;

No factory

at location i



Facility location

Disjunctive model:

MILP formulation:

Slide 106

min >z, + > c,w;
i I

inj <C

J

0<x; sKw,, allj D(
z, >f

w; OZ, all ]
inj =D, all]

min Zfiyi +Zcijwii
i ij

inj <Cy., alli

j

inj = Dj, a”J

0<x; <Kw, alli,]

y, 0{0,1}, w, OZ, alli,]

X; =0, all
z =0

j, al i



Why a Single Recession Cone

Suppose Sis Ax+Bz+Dy=Db For each binary vy, this
represented by O R"x7P Zz[R™ describes a mixed integer
’ olyhedron P(Y).
y 010,13 poly (Y)

So S is a union of mixed integer polyhedra.
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Why a single recession cone

Suppose Sis Ax+Bz+Dy=Db For each binary y, this
represented by O R"x7P Zz[R™  describes a mixed integer
’ olyhedron P(Y).
y 010,13 poly (Y)

So S is a union of mixed integer polyhedra. Now X' is a recession
direction of nonempty P(y) iff (x',u,,y’) is a recession direction of

X | ‘A B D][x] [0]
JU|OR"xZPxR™9:10 0 1 > 0|+
LY | _O 0 —1_ 'y _37_
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Why a single recession cone

Suppose Sis Ax+Bz+Dy=Db For each binary vy, this
represented by O R"x7P Zz[R™  describes a mixed integer
’ olyhedron P(y).
y 0{0,1)° poly (¥)

So S is a union of mixed integer polyhedra. Now X' is a recession
direction of nonempty P(y) iff (x',u’,y’) is a recession direction of

- 9 o~

‘A B D x 0
OR"xZPxR™%:10 0 1
0 0 -1y y

AV
o

| E g = )

o O
AV
o

-
u
LY ]
Thatis,iff TA B D1x] [0
0 1
0
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Why a single recession cone

Suppose Sis Ax+Bz+Dy=Db For each binary vy, this
represented by y " x7P, zOR™ describes a mixed integer

y 0{0,1)° polyhedron P(y).

So S is a union of mixed integer polyhedra. Now X' is a recession
direction of nonempty P(y) iff (x',u’,y’) is a recession direction of

- 9 o~

‘A B DJ[x 0
OR"xZPxR™%:10 0 1 |lu Ol

AV

0 0 -1jly| |y

AV
o

-
u
\_y_
That is, iff [A DIx'T o But this is independent of y.
0 1
0

o O
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Example: Freight Packing and Transfer

e Transport packages using n trucks
« Each package ] has size a.
e Each truck i has capacity Q..
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Knapsack component

The trucks selected must have enough capacity to carry the load.

2Qiyi Zzaj
i= \ j

= 1 if truck i is selected
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Disjunctive component

Truck i Truck I not
selected selected
Cost variable ~_ Cost of operating
(L // truck |
Z >IC.
Z ' (2, =20
ax. <Q (U
3] I Xij =0
X, D{O,]},all i) \

=1 if package jis
loaded on truck i
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Disjunctive component

Truck i Truck 1 not
selected selected
Cost variable ~_ Cost of operating
(\ N truck i
/
Z 2|C. /
z - z. 20
axX. <Q
N l X; -0
X; D{O,]},all i) \
X =1 if package | is
Describes loaded on truck i
mixed integer
polyhedron
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Disjunctive component

Truck i Truck 1 not
selected selected
g
Z. >C. 0 Convex hull
o Z; 2 MILP
Zj:ajxii =Q D[xij :oj formulation
x. 130,14, all i
! { ]} J Z;, 2CY,
Zaj Xij < Qiyi
|
O<Xx; =V,
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The resulting model

Slide 116

rmnikyi
=1

Zﬁgﬁsgm,aﬂi
J

O<x; =vy,;, all]

iQiyi 2 Zaj

X;,y; 0{0,1}

Disjunctive
component

Logical condition

n
Z Xij =1, all J e (each package must be shipped)
i=1

T Knapsack

component



The resulting model

rmnikyi
=1

Zajxij <QylY,
j

Call |

O<x; =vy,;, all]
zbﬁzl,aw
=1

iQiyi 2 Zaj

X;,Y; 40,
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The y, is redundant but makes
the continuous relaxation
tighter.

This is a modeling “trick,” part of
the folklore of modeling.



The resulting model

rmnikyi
=1

ZﬁgﬁsQ%,aHi
J

O<x; =vy,;, all]

S'x, =1, all]
=1

iQiyi 2 Zaj

X;,Y; U{0,1}
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—

The y, is redundant but makes
the continuous relaxation
tighter.

This is a modeling “trick,” part of
the folklore of modeling.

Conventional modeling wisdom
would not use this constraint,
because it is the sum of the first
constraint over 1.

But it radically reduces solution
time, because it generates
lifted knapsack cuts.



Research issues

 Can the simplification of a convex hull MILP formulation be
automated?

e What are some conditions under which a big-M disjunctive model
IS a convex hull formulation?

 When does convex hull formulation of logical constraints tighten
the model?

« How can a modeling system facilitate and encourage principled
modeling?
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