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Review: MIP and Relaxation

We study the MIP feasible region
Pri={xrePCR":z;€Z VjecNi}
where N ={1,...,n}, Ny C N and
P:={xcR": Az <b} #0
where A € Q™ be Q™, M ={1,...,m}.

Let

B :={BCM : |B|=rand {a;.};cp are linearly
independent}.

where » = rank(A) and a;. corresponds to row
i of A. For B € B} let B be the sub-matrix

of A induced by B and b the sub-vector of b
induced by B.
For B € B} let

P(B) :={zcR": Bx<b VieB}CP

and x(B) a particular, but arbitrarily selected,
solution to Bx = b.



Review: Valid Split Disjunctions for MIP

For (7, mg) € Z"t1 we have the split disjunction
D(m,mo) i=nla<mgValae>nry+1
and associated feasible region

Fp(rmg) = {z e R" : e < ™0 vale > o+ 1}

We are interested in D(m,mg) such that
Pr € Fp(rmg) & R
SO we study

NB(N7) == {(m,m0) € (Z"\{0}) x Z : m; =0, j & Ny}

and its projection into the 7« variables

N™(N;) == {r € Z"\ {0} : m; =0, j & Ny}.



Review: Split Closure

The split closure [6] of Py is
SC = M conV(P N Fp (. mo))-
(m,m0)ENF(NT)

Theorem 1. [6] SC is a polyhedron

For B € B,”; let

SC(B) := m conv(P(B) N FD(WﬂTO))'
(m,mo)€MG(NT)

Theorem 2. [1] SC= [ SC(B)
BEB;

Theorem 3. [1] SC(B) is a polyhedron for all
B € B;.
Corollary 1. [1] SC is a polyhedron

Neither [1] nor [6] give constructive proofs.



Review: Characterization of Split Cuts
Proposition 1. [1,3,5] All non-dominated valid
inequalities for conv(P N Fp, . y) are of the
form 6(u,m, m0) Lz < 8g(w, ™, mg) where

S(p,m,m) = pgm 4+ > pia, = —pgm+ Y. pia;
ieM ieM
So(p,m,m0) = pdmo + > pib; = —ug(mo+ 1)
ieM
+ > uib;
ieM

for ug, ug € Ry and pt, u? € R’} solutions to

> iRa— Y plap = (1)
eM eM
Zugbz‘—ZN}bz‘—M8=Wo (2)
1eM 1eM
ud+ug =1 (3)
ug € (0,1) (4)
,u,L-l - ,LLZ-Q =0 Vi € M.

(5)



Applying Proposition 1 to P(B)

Proposition 2. For any B € B} if

BT,u = peR
T - (6)
pbg¢ mo = [u” b
has no solution then conv(P(B) N Fp(r.r,)) = P(B).
If (6) has a (unique) solution p then
conv(P(B) N Fp(rxy)) = {z € P(B) 1 6(k, B)x < do(k, B)}
C P(B).
where 6(u, B)x < ég(n, B) is defined in any of
the following equivalent ways

(a7 )'(Bx —b)+ (1 — f(u"8)) (" Bz — |"d)) <0 (7)
(at)"(Bz —b) — f(5"b)(i" Bz — [2"0]) 4+ f(i"b) <0 (8)
ol (Bz —b) + (1 —2f(@"0))(n" Bz — ' b)) + f(r'0) <0 (9)
(y~ = max{—y,0}, yT = max{y,0}, f(y) =y — |y| and operations

over vectors are componentwise).

Proof. Apply Proposition 1 to “P = P(B)".
||

Just a convenient re-write of known properties
of intersection cuts [1,2,3].



Integer Lattices and Cuts from a Mixed
Integer Farkas Lemma

Definition 1. Let {v'};,cy C R" be a finite set
of linear independent vectors. The lattice gen-
erated by {v'},cy is

£:={ME]RT:M=ZI<Z@" ki € 7} (10)
i€V

Let B; € R™XIN1l and By € R™<(n=INID) pe the
sub-matrices of B corresponding to the integer
and the continuous variables of Pj, then

Proposition 3. [8]For every B € B
L(B):={peR : B/"peZ™, Bc'm=0} (11)

is a lattice. If i € L£L(B) is such that g'b ¢ 7
then the inequality defined by

(1" (Bz—b) + (1 — f(r"b))(r" Bz — [5'b]) <0 (12)

is valid for {x € P(B) : z; € ZV j € Ny}.
Furthermore this inequality is not satisfied by
x(B).



Integer Lattices, Cuts from a Mixed Inte-
ger Farkas Lemma and Split Cuts

Every i € £(B) such that a'b ¢ 7 induces a
split disjunction. [4]

More precisely
Proposition 4.

SC(B)= () {ze€P(B): (i, B) z <0 B)}-
neLl(B)
nlbe7

Proof. Direct from Proposition 2 and defini-
tion of SC(B). L]

and

Proposition 5. Let p € L(B) be such that
nlb ¢ 7 then cut (12) for i is dominated by
split cut §(u, B)L 'z < 6q(i, B).

Proof. From (7), Bx —b < 0 for all z € P(B)
and [a~]>pn". ]



Polyhedrality of SC(B): Preliminaries

For any o € {0,1}" let
L(B,o) :={peL(B):(-1)7w; >0, Vie{l,...,r}}

be the intersection of £(B) with the orthant
defined by o, so that

L(B)= |J £L(B,o)

occ{0,1}"
Lemma 1. Let 0 € {0,1}" and let n € L(B, o)
with o = a+ 8 for o,8 € L(B,o) such that
81 € 7. Then §(u, B)Lx < 6q(1, B) is domi-
nated by §(a, B)lx < §g(a, B).

Proof. Noting that |[plb] = |alb] + B0,
f(@'p) = f(a!®), a4+ B = |a| + |8] for a,8
in the same orthant and using representatlon
(9) we have that

(i1, B) x—b0(ji, B) = 6(cv, B) w2 —80(a, B)+f(a"8)3~" (Bx—b)
+ (1 - f(a"8))8"" (Bx —b).

]



Polyhedrality of SC(B): Preliminaries

Let {v'}iepoy © L£(B,0) be a finite integral
generating set of L(B,o). That is, a finite
set {v'};cp(p) SUch that

L(B,o)={peR" :p= Y ko' k €7y}
1€V (o)

For i € V(o) let
m; = min{m € Z4 \ {0} : mbl vt € 7}

For every o € {0,1}" define the following finite
subset of L(B, o).

L9(B,o) ={p€L(B,o) :p= Y rp
1€V (o)

TZE{O77mZ_1}}

Also define the following finite subset of L(B).

OB):= |J £°%8B,0)
cc{0,1}"



Polyhedrality of SC(B)

Theorem 4. For any B € B} we have that
SC(B) is a polyhedron defined by the original
inequalities of P(B) and the following finite set
of inequalities

§(i, B)l'z <60(,B) Vipec£lB)st plve

Proof. For i € L(B), let o € {0,1}" be such
that p € £(B,o0) and {k;},cy(,) € Z4 be such
that u = ZiEV(J) k;vt. For all i € V(o)
k; = n;m; + r; for some n;, r; € Z‘l" 0 <r, <m;.
et
a = Z rivi and [ = Z nimivi
i€V(o) ieV(o)

We have p = a4+ 8, b3 and i, a,8 € L(B, o)
so by Lemma 1 §(iz, B)'z < éo(fi, B) is domi-
nated by §(«, B)Lz < 6g(e, B). The result fol-
lows from a € £9(B,s) C £9(B) and Proposi-
tion 4 L]

Corollary 2. SC is a polyhedron.
10



Final Remarks

Set of inequalities in Theorem 4 is not minimal
for the description of SC or SC(B). We can
further require r;'s to be relatively prime.

Another constructive proof of the polyhedrality
of SC' based on MIR inequalities is presented
in [7].
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