Lecture 20 — Matrix optimization in ML



Primal-dual pair of problems

Primal problem

maxcso 5 (Indet(C) — Tr(AC)) — N|C||1

Dual problem

maxyyyof ZIn(det(W)) — mp/2 : s.t. Z[|(W — A)||oo < A}

Interior point method — O(n®) operations/iter



Block coordinate ascent

Update one row and one column of the dual matrix W at each step

W:[WM ’w12]

W21 W22

maxw ol Hln(det(W)) —mp/2 : st. B||W — Al|oc < A}

IndetW = ll’l(det(Wll)(’LUzz — w12TW1_11w12))



Block coordinate ascent subproblem

Update one row and one column of the dual matrix W at each step

W:[WM ’w12]

W21 W22

MAXy g9  1N(W22 — w12TW1_11w12))

2 2
s.t. (w12 — a12]|cc < —A, |wag — age] < —A
m m
: _ 2
mm{wszWlllwlg . S.t. ||w12 — alQHoo S —)\,
w12 T



Subproblem reformulation

: _ 2
mm{wlTQWlelg . S.t. leg — alZHoo S —)\,
w12 ™m

W12 = Wllﬁ

: 2
méﬂ{ﬁTWnﬁ costb. [ Wi — a1zl < E)\}



Remember Lasso!

Primal-Dual pair of problems

1
min || Az —b][* + Azl

1
min §ZCTATAQT

st. ||A"(Az — b)|lec < A



Dual subproblem

: _ 2
mm{wlTQWlelg . S.t. leg — alZHoo S —)\,
w12 ™m

W12 = Wllﬁ

: 2
méﬂ{ﬁTWnﬁ cost. |[WiB — aiz2lee < EA}

. 1/2 —1/2 4
mind[|[W{* = Wiy Fan||® + — |5

The dual subproblem is the Lasso problem



Remember coordinate descent for Lasso

, 1
min,, o[ Az = b||* + |zl

Choose one variable x; and column A;.
Let £ and A correspond to the fixed part

1 _
min,, 5(14@33@ + AZ — b)* + |z

Soft-thresholding operator

1 (=X ifr>\
min§(wi—r)2—|—)\\a:\—>:ci:< 0 if —A<r<A
v r4+ X\ ifr< =\

\

r=—A; T (Az = b) /|| A2, A = N[44



Remember coordinate descent for Lasso

ming, u W28 — Wi Paia|? + MBI
| r—Ax 1r>A\
min ~(3; —r)* + Az| = B8 =<¢ 0 if —A<r<A
e PN i< A

—((W11): ' B — (a12):)/(Wi1)ii, A — X/ (Wi1)is

No need to compute W12



Prox method with nonsmooth term

e Consider: [minfF(z)=f(z)+g(z)

x

Vi(z) = VIl < Ll —y

W) G f(a)

* Quadratic upper approximation

F)+oly) < f(2) + V@) (y— ) + iuy 2P 4o(y) = Qpulasy)

Py) < f(x) + iux V@) — P o) = Qraley)

Assume that g(y) is such that the above
function is easy to optimize over y




ISTA/Gradient prox method

min F'(z) = f(z) + g(z)

T

« Minimize quadratic upper approximation on each iteration

il = argmin,, Q) ¢ (2", y)

Qru(try) = F(2) + V(@) T (y —2) + iuy a2l Pg(y)

« If u< 1/L then in O(L/¢) iterations finds solution

7: F(F) < F(z*) + ¢



Fast first-order method

Nesterov, Beck & Teboulle

min F(z) = £(z) + 9()

T

*  Minimize upper approximation at an “accelerated” point.

z* = argmin, Q(y", y)

thyr = (L4++/1+4t3)/2

k+1 ok te=ligk xkz—l]

Yy ‘= Tt [:U

If . < 1/L theninO(./L/¢) iterations finds solution

T: F(z) < F(x™)+e€



Example 1 (Lasso and SICS)

min f(z) + ||z

*  Minimize upper approximation function Q (x,y) on each iteration

. . 1
mlel nyu(x,y) = myln f(SIZ) + EHCU — va(x)—r - yW“"H?J’h

U

, 1
meyi [_(yi — )’ + |yz|]

20

1 ( ri — ity > p
min = (y; —7:)° + plyi| = 47 = § 0 if —A<r<p
Ji it i < —p




First order method

maxcso % (Indet(C) — T'r(AC)) — A||C||1

Can be written in the form  max . g F(C) — )\HCHl

Ct = argmaxxF(O)+< X —-C,VF(O) >
Given C: 1 5 . Al X
+ ﬁll — X7 = Al X

The step of a first order method
with gradient given below

VF(C)=C"1t-A



First order method

Ct = argmaxxF(C)+< X —-C,VF(C) >
1
+ E”C_X”%‘_)‘”XHI

VF(C)=C"1t-A

Each step requires gradient computation O(n?)

Fails if C* is not psd.



Collaborative prediction

XGRnXm

(i,7)€l

min A (Xij — Mi)* + || X«

Find matrix X of the lowest rank that has given entries

i k(X) = |joi(X
i - rank(X) = floi (X))o

s.t. Xz'j = Mija (’L,j) el

Nuclear norm of matrix X

1 Xl = 22 0i(x)

is the tightest convex relaxation of

rank(X)
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Example 3 (Collaborative Prediction)

min f(X) + [|X]].
XER'n,Xm

miny Q) ¢(X,Y)

1
iny | —|Y — Z||7 + Y|«
miny |V = 2+ Y1

U

7 = Pdiag {o1,09,...,00} Q"
{ o, —p it o, >p

0 if —p<o;<p

Y* = Pdiag {o},0%,...,0°}Q", of =
o +p ifto, <—p



Group Lasso regression

e Problem:

1
min, || Az - b||? +)\Z||$i||2

« Assume that columns of A form groups of

correlated features.

* Find sparse vector x where nonzeros are
selected according to groups
* X; Is a subvector of x corresponding to the i-th

group of features.



Example 2 (Group Lasso)

mmf —FZHZC@H r; € R™

e Very similar to the previous case, but with ||.|| instead of |.]

. 1
> miny, e | 1~ )+l

U

max (0, ||| — )

Yt =
D Il



