Optimization Methods In
Machine Learning

Lecture 12,
IPMs for SVMs



An Interior Point Method for SVM




Support Vector Machines




Optimization Problem

Two sets of points: X, C RP and X_ C R?
Total number of points: n
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Optimization Problem

At optimality w* = > | iy, S S
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s.t. —Qa+yBb+s;,—&=-1, 1=1,...,n
$; >0, >0,0<a; <c, 1=1,...,n,

Q = DyXXTDy - Qij = yiijiTa:j
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s.t. y'a=0,
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Kernel SVM

Qij = yz'ijz'Tilij — Qz’j — yiyj¢($i)T¢($j) — yiyjK(fUuﬂ?j)
Kernel operation: K(z;,x;) = ¢(z;) " ¢(z;)
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Optimality Conditions
Dual problem

1

min,, §C¥TQ(X —e'a
s.t. yToz = 0,
0 <a<ec,
KKT conditions
Oéz'SZ':O, z':l,...,n,
(c— ;) =0, 1=1,...,n,

y' =0,

~Qa+yBts—E=—¢
0<a<ec >0, £2>0.



Interior Point methods

Relaxed KKT conditions

;8 =, 1=1,...,n,
(c—a)és=p 1=1,...,n,
y'a=0,

~Qa+yf+s—§&=—e
O<a<e s>0, £>0.



A Newton step of IPM

Linearize perturbed KKT conditions

a;As; + s; A0, = 11— s;04, 1=1,...,n,
(c—a;)AG —EAa; = p—(c— ;)& i=1,...,m,
y' Aa=—-y'a,

—QAa +yAL + As — Af = —e+ Qo — yB — s + &,

Let A = diag(a), S = diag(S) and = = diag(§)

As=A"1pe —s— A 1SAq,
AE = (C—A) pe— €+ (C - A EAa,
y' Aa=-y'a,

—QAa+yAf+ As - Al = —e+ Qa —yf — s+,



Solving the linear system

y'Aa=—y'a,
—QAa+yAB+ A e — s — AT1SAa — (C— A tpe — € — (C — A 1EAa

= —c+Qu—yB—s+¢

y'Aa=—y'a,
—(Q+AS+(C—-A'E)Aa +yAB
= —e+Qa—yf— A pe+ (C — A)~ e,



Solving the linear system

[ —(Q+A_1Sy;(C_A)—1E) 2 ] ( 2% > —

—yTa
—e+Qa—yB—Atue+ (C — A) " pue
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[yT(Q + .A_lS + (C — A)_lg)_ly]Aﬁ _ —yTa N
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Forming storing inverting matrices

Need to compute Q+D and solve a system of lin equation with it (factorize)
Qij = yiy K(zi, ;)

Q is nxn, typically dense matrix o K(x;,x;)= eXp—Ilfm—afj||2/2<72
o K(zj,z;) = (z;"'x;/a1 + az)?

Q+D has to be factorized at each iteration — O(n?) flops



Scherman-Morrison-Woodbury formula

(M_l_UvT)—l _ M—l . M_lU(I—|—VTM_1U)_1VTM_1

Let Qi; = yiyjo(z;)  ¢(zj) = Q=VV"

k = the number of columns in V is the dimension of feature space - ¢(x)
O(k3)

D+vvHY =D '-D'vi+v'D'v)"lv' D!
o(n) O(nk) O(k2n) O(nk)

Per iteration complexity is O(nk?) and storage is O(nk)



Return to the linear formulation

MINg 4,3 —w Tw+e Z &i

s.t. —yi(w CIS¢—|—5) < —1+&, 1=1,...,n
£ >0, 1 =1,...,n.

L(wvbaaag) — %w—l—w + CZ&’L - Z@Z(yZ(waz + 5) -1+ 51) o VT£
1=1 1

Vol =w— En:oziyz-xi =0

i=1

VeL=c—a—-v=0
VeL=y'a=0
a>0, v>0



Optimality Conditions

Perturbed KKT conditions

o;8; = u, 1=1,...,n,
(C_Oéi)gi::ua i:17°°°7n7
y'a=0,

n
w — E ;Y x; = 0,
i1

—yi(w' @+ ) + s — & = —1,
O<a<e s>0, £<O.



Or in vector matrix terms...

Perturbed KKT conditions

As = e,
(C = A)§ = pe
y' a=0,

w—(YX) a=0,
—YXw—-—yB+s—&=—e



The Newton system

AAs + SAa = ue — As

(C — A)AE —EAa = pe — (C — A)E

y'Aa=—y'a,

Aw— (YX) Aa=-w+ (YX)' a,
—YXAw—yAp+As—AéE =—-e—YXw—yB —s+¢

y' Aa=—y'a,

Aw— (YX) ' Aa=—-w+ (YX)a,
Y XAw —yAB — (A7'S 4+ (C - A) " '2)Aa =
—e+YXw+yB—s+E&—Ape+s+(C—A) tpe—¢



The Newton system
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The Newton system

 —(ATIS+H(C-A)TE) YX gy A« T
(YX)' —I 0 Aw | = | ro
y' 0 0 AP ro

I+ (Y X) (A +(C— A E) 'YX Aw —yAB =71

or
YXYX) +ATS+(C-AT'E) HAa— (YX)yAB =7



The Newton system

o

[ (ATIS+(C-A)1E) YX ] Aa 1
(YX)' —1I Aw | =1 reo
y' 0 1\ ApB T3

-]

O(nk?)
I+ (VX)) (A +(C—A)E) 'Y XAw —yAB =1

or

O(n?)
YXYX) + A+ (C—-A 2 HAa— (YX)yAB =7



Complexity

Interior point method for nonlinear SVMs:

e Need to solve () + D)p = r. @ is completely dense, with rank kg.

o If kg ~ n, then each IPM iteration is O(n®) operations and O(n?)
memory.

e If ky << n, then each IPM iteration is O(nk?3) operations and O(nk,)
memory.

Interior point method for linear SVMs:

e Cansolve (VV' +Dp=ror {+VD'VT)p=r.

e V = XY and is as sparse as the data. In large scale cases V' can be
sparse and the complexity per step is similar to linear programming.



Optimization methods for convex problems

Interior Point methods
— Best iteration complexity O(log(1/¢)), in practice <50.
— Worst per-iteration complexity (sometimes prohibitive)
Active set methods
— Exponential complexity in theory, often linear in practice.
— Better per iteration complexity.
Gradient based methods
— O(1/4/e)or O(1/e) iterations
— Matrix/vector multiplication per iteration
Nonsmooth gradient based methods
— O(1/€) or O(1/€?) iterations
— Matrix/vector multiplication per iteration
Block coordinate descent

— lteration complexity ranges from unknown to similar to FOMs.
— Per iteration complexity can be constant.



