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Introduction

Problem formulation

Consider a constrained nonlinear optimization problem:
min f(x)
xT

s.t. e(x) =0, ¢(z) <0

(NLP)

Want a solver with the following features:
> Scalable step computation
» Superlinear convergence in primal-dual space
» Handles negative curvature
In addition, in real-time optimization, we want:
» Monotonicity in a measure of progress

» Active-set detection (for warm-starting)
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Introduction

Motivating example 1: Hyperthermia treatment planning

» Cancer therapy to heat large, deeply seated tumors by radio wave adsorption

T X ¥
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Introduction

Motivating example 2: Server room cooling

> Heat generating equipment in a server room must be cooled

> Place and control ACs to satisfy cooling demands while minimizing costs
» Suggested by Michael Henderson, Vanessa Lopez, and Ulisses Mello (IBM)




Introduction

Algorithmic framework: Basic

[ (NLP) solver ]

[ subproblem solver ]

[ linear solver ]
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Introduction

Algorithmic framework: Detailed

[

(NLP) solver

—

{ approximation model } { solution }
[ subproblem solver ]
( approximation model J ( solution }

linear solver
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-/
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Introduction

Algorithmic framework:

T

‘o

(NLP) solver

—

approximation model
termination conditions
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)
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step type

/
\

subproblem solver
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approximate solution
termination conditions
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linear solver
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Introduction

Newton’s method for nonlinear equations

Newton’s method for solving the nonlinear system
F(z)=0
involves solving the linear system (approximation model)
F(zy) + VF(xg)di = 0.
If we measure progress with the merit function
¢(x) = §||F(2)13,
then there is consistency between the step and merit function:

Vo(zr) dp = F(ar) " VF(2i)dy = —||F(zx)]3 < 0.
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Introduction

for nonlinear equations

Inexact Newton for solving the nonlinear system
F(z)=0
involves approximately solving the linear system (approximation model)
F(zy) + VF(xk)dy, = rg.
If we measure progress with the merit function
6(z) == LIF@)|I3 and require! [|rg]l2 < l|F(z)[l2 for & € (0,1),
then there is consistency between the step and merit function:

Vo(ar) di = Flar)TVF(@R)dy = — (@)} + Fan) re < (5 — D][F(a)]l3 < 0.

1Dembo, Eisenstat, Steihaug (1982)
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Introduction

Newton’s method for unconstrained optimization

Newton’s method for solving the unconstrained optimization problem
mzlnf(:v) = Vf(z)=0

involves solving the linear system (approximation model)
Vf(zk) + V2 f(wr)di = 0.

If we measure progress with the merit function

¢(x) == f(z) (NOT 3[|Vf(x)|3)
then there MIGHT NOT BE consistency between the step and merit function:

Vo(ze)Tdy = Vi(ze)Tdy = —di{ V? f(zi)dy <0
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Introduction

for unconstrained optimization

Inexact Newton for solving the unconstrained optimization problem
mxinf(x) = Vf(z)=0
involves approximately solving the linear system (approximation model)
Vf(zr)+ V2f(xk)dk =rL.
If we measure progress with the merit function
$(z) = f(@) and require |ry| < K[|V F(zy)] for x € (0,1),

then there MIGHT NOT BE consistency between the step and merit function:

V() dy = Vf(ep)Tdy = —di V> f(xr)dy, + 1) dp <0
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Introduction

Newton’s method for constrained optimization

Newton’s method for solving the constrained optimization problem
min f(z) _ [Vf(z) + Vc(z)y} -0
s.t. c(z) =0 c(x)

involves solving the linear system (approximation model)

[Vzi((::)vyk)} . {Vivrf((;:)yzyk) chxk):| [?Ij =0.

If we measure progress with the merit function

oz, p) = pf(x) + [le(@)1,

then there MIGHT NOT BE consistency between the step and merit function:

Dé(wp, dy) < —pV f () di — le(zr)llr <0
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Introduction

Problem formulation

Consider a constrained nonlinear optimization problem:
min f(x)
¢ (NLP)
s.t. c(z) =0, ¢(z) <0

Even if (NLP) is feasible, we need to balance progress between
» Minimizing the objective function
» Minimizing constraint violation

If (NLP) is infeasible, then we simply want to minimize constraint violation:
min v(z), where v(z) := [|e(z) 1 + ||[e(@)] |l (FP)

(A minimizer of (NLP) is always a minimizer of (FP).)
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Interior-Point Method

Interior-point method with inexact step computations

We propose an interior-point method for large-scale nonlinear optimization:
» Handles rank deficiency, ill-conditioning, nonconvexity
> Inexactness allowed/controlled with implementable conditions
» Global convergence guarantees
» Encouraging numerical results

> Important remaining issues...
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Interior-Point Method

Algorithm highlights

Formulate a logarithmic barrier subproblem:
min f(z) — veT (Ins)
‘ (BP)
st.c(z) =0, ¢(z)+s=0

Apply an iterative method to solve the linear system:

Hj, 0 Ve, Vg di Vfx + Veryr + Ver ke
0 Qp 0 Sk dz _ —ve + Skyk
Vc§ 0 0 0 2 Ch
Vﬁk Sk 0 0 Ok C + Sk
> Slack reset, fraction-to-the-boundary rules
» Step decomposition into normal and tangential components?

» Matrix modifications for handling nonconvexity

v

Inexact step must satisfy 1 of 3 termination tests

v

Dynamic update for penalty parameter

2Byrd, Omojokun (1989)
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Interior-Point Method

Convergence theory for (BP)3

Assumption

The sequence {(zy, Sk, Yk, Yk )} is contained in a convex set over which f, ¢, and ¢
and their first derivatives are bounded and Lipschitz continuous.

Theorem
If all limit points of the constraint Jacobian have full row rank, then

[V fi + Veryr + VR ]

lim —ve + SpTk —0.
k— o0 Cl
Ck + Sk

Otherwise, we at least have
. Ve, Vg Ck _

kli>nc1x> |: 0 Ski| |:Ek+5k =0

and, if {ur} is bounded away from zero, then

lim
k—o0

[V fie + Vewyr + Veri]
—ve + SpUk

3Curtis, Schenk, Wichter (2010)
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Interior-Point Method

Convergence theory for (NLP)?3

Theorem

If the algorithm yields a sufficiently accurate solution of (BP) for each {v;} — 0
and if the linear independence constraint qualification (LICQ) holds at a limit
point x of {x;}, then there exist Lagrange multipliers (y, ) such that the
first-order optimality conditions of (NLP) are satisfied.

20 of 59
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Interior-Point Method

Implementation details

» Incorporated in IPOPT software package?

> interior-point algorithm with inexact step computations

> flexible penalty function for promoting faster convergence®

> tests on ~ 700 CUTEr problems (almost) on par with original IPOPT
» Linear systems solved with PARDIS0®

> includes iterative linear system solvers, e.g., SQMR’
> incomplete multilevel factorization with inverse-based pivoting
> stabilized by symmetric-weighted matchings

» Server cooling room example coded w/ 1ibmesh®

4Wichter, Laird, Biegler
5Curtis, Nocedal (2008)
6Schenk, Gartner

"Freund (1997)

8Kirk7 Peterson, Stogner, Carey




Interior-Point Method

Hyperthermia treatment planning

Let uj = aje’®i and Mji(z) = (Ej(x), Ex(x)) where E; = sin(jz1z2237):

min /Q (@) — ye(2))2de
—Ay(z) — 10(y(z) — 37)

s.t. 37.0 < y(x)
420 < y(a)

u*M(z)u in Q
37.5 on 902

<
< 440 in Qg

Original IPOPT with N = 32 requires 408 seconds per iteration.

N n P q # iter | CPU sec (per iter)
16 4116 2744 2994 68 22.893 (0.3367)
32 | 32788 | 27000 | 13034 51 3055.9 (59.920)
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Interior-Point Method

Server room cooling

Let ¢(x) be the air flow velocity potential:

VIV I

—VAC,

2
min

in Q

on 0Qyair
on Q¢
in QEQ:hj

on 020t

Original IPOPT with A = 0.05 requires 2390.09 seconds per iteration.

h n D q # iter | CPU sec (per iter)
0.10 43816 43759 4793 47 1697.47 (36.1164)
0.05 | 323191 | 323134 | 19128 54 28518.4 (528.119)

Inexact Newton Method

ptimization
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Interior-Point Method

Server room cooling solution
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Interior-Point Method

Server room cooling solution (multiplier values)
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Interior-Point Method

and challenges

Interior point method with inexact step computations:
» Handles rank deficiency, ill-conditioning, nonconvexity
> Inexactness allowed/controlled with implementable conditions
» Global convergence guarantees
» Encouraging numerical results
Challenges ahead:
» PRECONDITIONING
» Handling lack of strict complementarity

> Mesh refinement and warm-starting
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SQO Method

Sequential quadratic optimization

Advantages:

» “Parameter free” search direction computation (ideally)

» Strong global convergence properties and behavior

> Active-set identification = Newton-like local convergence
Disadvantage:

» Quadratic subproblems (QPs) are expensive to solve exactly
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SQO Method

Fritz John and penalty functions

Define the Fritz John (FJ) function

(NLP):

min f(z) F(,y,9,n) = uf(x) + c(@) 'y + &)y
( S')t' o(2) =0, &) < 0 and the £1-norm exact penalty function
FP):

6(z,p) = uf(@) + v(a).

1 > 0 acts as objective multiplier /penalty parameter.

min v(z) := ” [[EZ;I)])"']

1
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SQO Method

Optimality conditions

KKT conditions for (FP) and (PP) expressed with residual

(NLP):

mjn f(@) ng(x) + J()y + J(2)7

s.t. c(z) =0, é(z) <0 m}n{[c(x)]+7 e y}
(FPY: p(z,y,9,p) := | min{le(z)]”, e+ y}

' min{[e(z)] ", e — g}
mzin (@) = ” [[E?iw)])+] min{[E(x)]_, g}
1

(=12)g .
min o(e, ) 1= pf )o@ 0 PO
(FJ): p(xvyr Y, M) =0, ’U(CE) =0, (y7 Y, [L) #0
Al o= » KKT point:

pf (@) + e@) Ty + )Ty
p(z,y, 9, 1) =0, v(xz) =0, p>0

» Infeasible stationary point:

p(z,y,9,0) =0, v(z) >0
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SQO Method

Penalty function model and QP subproblems

Define a local model of ¢(-, ) at z:

(NLP):
min f(2) le(d, ) = p(fi + gt d) + llew + T dll + ek + Ted Tl
. e(x) =0, &(z) <0
(Fli)~ o o Reduction in this model yielded by a given d:
i = || = Alg(d, p) == A0, p) — Al(d, 1)
min v = | [+,
(PP): Two subproblems of interest:
mgn o(x, p) i= pf(z)+v(z) min 7Alk (d, Mk) + %dTde (PQP)
d
(FJ):
F(z,y, G, 1) = mdin — Al (d, 0) + %dTI]k.d (FQP)

pf(@) +e(@) Ty + a@) g
KKT residual:

p(x,y, G, 1)

Al (d, p) > 0 implies d is a direction of strict descent for ¢(-, u) from xy,
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SQO Method

Optimality conditions (for QPs)

KKT conditions for (PQP) and (FQP) expressed with

(NLP):
min f(@) gk + Hd + Jyy + Jy
s.t. ¢(x) =0, ¢(z) <0 m%n{[ck + ‘]Td]+7 €— y}
(FP): Pk(d»y:ZZMH) = mln{[ck +J d]_,€+y}

min{[¢y + Ji d|*, e — 7}

e e = [l win{ioe+ Jd, 9
(=12)s
mxin ¢(z, 1) := pf(z)+v(z) > “Exact” solution of (PQP)
(F9): pk(dvyzg7uk7Hk) =0
Flx,y, G, p) :=

2F(@) + (@) Ty + &) T 5 > “Exact” solution of (FQP):
KKT residual: Pk(d7 v, 7,0, H;\) =0

p(z,y, 7, 1)
Local model of ¢ at xy:
L (d, )
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SQO Method

“Exact” SQO: Scenario A

Solution (dg, Yk+1,Uk+1) of (PQP) satisfies

(NLP):
min f(z) > p(dis Y415 Jet1s ik, Hi) =0
S: (=) =0, 2(a) <10 > Al (dg, px) > evg for e € (0,1)

(FP): then

i o(e) — H[ @) ]H > dj < dj, is the search direction
e (e@n* 1l > Mkl [k

(PP):

min ¢(z, u) = pf(@)+v(@) Xy

(FJ):

F(z,y, G, p) i=

nf(z) + C(w)Ty + c_(:c)Ty
KKT residuals:
p(z,y, Y, 1) .
pr(d,y, g, u, H) opt. = obj. + feas.
Local model of ¢ at xg:

Ui (d; 1)
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SQO Method

“Exact” SQO: Scenario B

(NLP):

mmin f(=z)

s.t. c(xz) =0, &(z) <0
(FP):

o - L)
min o) = |5+,
(=12)z
min ¢z, u) = pf (@) +o(x)
(FJ):

F(z,y, G, p) i=
i (@) + e@)Ty + a(2)Tg
KKT residuals:
p(z,y, Y, 1)
pr(d; Y, U, py H)
Local model of ¢ at xj:

Ui (dy 1)

Inexact Newton Method

Solution (dk,Yk+1,Tk+1) of (PQP) satisfies
> o(dk, Yra1s Yrot1s ik, Hi) =0
> Alg(dy, i) > eAly(dy, 0) for € € (0,1)
where solution (dj, yi+1,k+1) of (FQP) satisfies
> p(dis Ykt15 U150, Hy) =0
then

> dj < dj, is the search direction

> Mkl < Mk

X

opt. = obj. + feas. feas.

> Nonline imization
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SQO Method

“Exact” SQO: Scenario C

Solution (dk,Yk+1,Tk+1) of (PQP) satisfies
> o(dk, Yrt1s Yrot1s e, Hi) =0

and solution (dy, yr+1,Ur+1) of (FQP) satisfies
> p(drsYrt1,Uk+1,0, Hp) =0

(NLP):
mzin f(x)

s.t. c(z) =0, ¢(z) <0

(FP):

min o2 o= | [0 | then

B ' [e(2)] T 1 > dp «— Td) + (1 — T)dk SO Alk(dk,o) > eAlk(dk,O)
(@) > ppg1 < p 50 Alg(dy, pr) > BAlg(dy, 0) for 8 € (0,1)
min ¢(z, p) = pf(z)+o(z) » Overall:

FJ):
S Al (s 14) > BAU(dy, 0) > BeAly (15, 0)
F(z,y,7, 1) :=

pf(@) +e(@) Ty + a@) g o3
KKT residuals:

p(@; Y, 9, 1)
pr(d, y, U, p, H)
Local model of ¢ at xzg:

Ui (d; 1)

opt. = obj. + feas. v feas.
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SQO Method

ct” SQO

repeat
(1) Check whether KKT point or infeasible stationary point has been obtained.

(2) Compute an exact solution of (PQP).
(a) If Scenario A occurs, then go to step 4.

X

opt = obj.+feas.

(3) Compute an exact solution of (FQP).

(a) If Scenario B occurs, then go to step 4.

Xk

opt = obj +feas. feas

(b) Otherwise, Scenario C occurs.

opt = ob.+ feas. v feas.

(4) Perform a backtracking line search to reduce ¢(-, pg+1)-

endrepeat
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SQO Method

Inexact algorithm preview

Our inexact algorithm involves 6 (!) scenarios:

> 3 are derived from scenarios in the “exact” algorithm

» 3 focus on penalty parameter and Lagrange multiplier updates
Two critical questions to answer:

» When can we terminate the QP solver?

» When is a given inexact solution good enough?

ct Newton Me



SQO Method

Terminating the QP solver: Test P1

— Solution (dg, Yk+1,Uk+1) of (PQP) satisfies

> Yrt1 € [—esel, Yry1 € [0, €]
> Alg(dy, py;) > 0||di||> > 0 for 6 € (0,1)

P(mkyykyﬂk,ﬂk)
p(@k, Yrs Uk 0)

mzin f(x)

s.t. c(z) =0, ¢(z) <0
(FP): > ok (dic, Yk+1: Got1s ey Hie ) < &
min 1) = [t
(=12)s
min ¢(z, u) = i (2)+v ()

(FJ):

F(z,y, G, p) i=
nf@ +e@ Ty +a@)7g
KKT residuals:
p(z,y, Y, 1)
pr(d, v, ¥, p, H)
Local model of ¢ at xg:
U (d, )
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SQO Method

Terminating the QP solver: Test P2

(NLP):

mzin f(x)

s.t. c(x) =0, &(z) <0
(FP):

o o= L5
min v = | [+,
(=12)s
min ¢z, u) = pf(x)+o(x)
(FJ):

F(z,y, G, p) i=
nf@) + e@) Ty + a(2)Tg
KKT residuals:
p(z,y, Y, 1)
pr(d;y, G, py H)
Local model of ¢ at xg:

Ui (d; 1)

Solution (dg, Yk+1,Uk+1) of (PQP) satisfies
> Yrt1 € [—esel, Yry1 € [0, €]
> Al (dg, pir) > 0||di]|? > 0 for 6 € (0, 1)

> ok (dis Yt 1, Tt s He) |l < sllp(zr, yi, Tr, 0)l
Furthermore,
> If Aly(dg,0) < evg, then

l(Wr+15Urt1)lcc >0
> If Alg(di, pr) < BAlL(dg,0), then

I(y+1, Trt1)lloo >0

39 of 59
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SQO Method

Terminating the QP solver: Test P3

— Solution (dg, Yk+1,Uk+1) of (PQP) satisfies

> Yrt1 € [—esel, Yry1 € [0, €]

> ok (0, Yt 15 Trt1, tiaes Hi)ll < sllo(zr, Y Tros o) |l
Furthermore, for ¢ € (0,1),

) c(z) > If ||P(mk,yk»gkyﬂk)H < C”p(‘xkv yk’gk>0)”7 then
min @) = | [+ |

1

(=12)s
min 6z, 1) = uf(@)+v(2)
(FJ):

mzin f(x)
s.t. c(z) =0, ¢(z) <0
(FP):

N (Wkt1> Trt1)lloo >0

F(z,y, G, p) i=
nf@ +e@ Ty +a@)7g
KKT residuals:
p(z,y, Y, 1)
pr(d, v, ¥, p, H)
Local model of ¢ at xg:
U (d, )
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SQO Method

Terminating the QP solver: Test F

Solution (dk,yk+1,Uk+1) of (FQP) satisfies
> Yry1 € [—esel, Ury1 €0, €]
> max{ Al (dg, ), Al (dy, 0)} > 6|y |2 for 6 € (0,1)
> [k (ks Yir 1, Ut 1,0, He )|l < kllp(@ies v, U, 0) |l

(NLP):

mzin f(x)

s.t. c(x) =0, &(z) <0
(FP):

o o= L5
min v = | [+,
(=12)s
min ¢z, u) = pf(x)+o(x)
(FJ):

F(z,y, G, p) i=
nf@) + e@) Ty + a(2)Tg
KKT residuals:
p(z,y, Y, 1)
pr(d;y, G, py H)
Local model of ¢ at xg:

Ui (d; 1)
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SQO Method

“Inexact” SQO: Scenario 1

The current iterate satisfies

(NLP):
min £(z) > |lo(zks Yrs Grs w)|| = O
s.t. c(z) =0, ¢(z) <0 h> U(Zk) >0
then
(FP):
i o(e) H[ ) ]H > dj < 0 is the search direction
E3 ‘ @t > pgt1 < Oy for 6 € (0,1)
(=12)s
min ¢(z, p) = pf(z)+o(z)
(FJ):
F(z,y, 9, 1) =

nf@) + e@) Ty + a(2)Tg
KKT residuals:
p(z,y, Y, 1)
Pk (dsy, ¥, py H)
Local model of ¢ at xg:

Ui (d; 1)
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SQO Method

“Inexact” SQO: Scenario 2

Solution (dg, Yk+1,Uk+1) of (PQP) satisfies

(NLP):
min f(2) > Test P1
ot oz) =0, o(a) <0 > Al (dg, px) > evg for e € (0,1)
(FP): then
i o(e) — H[ @) ]H > dj < dj, is the search direction
e (e@n* 1l > Mkl [k
(PP):
min ¢(z, u) = pf(@)+v(@) Xy
(FJ):
F(z,y, G, p) i=

nf(z) + C(w)Ty + c_(:c)Ty
KKT residuals:
p(z,y, Y, 1) .
pr(d,y, g, u, H) opt. = obj. + feas.
Local model of ¢ at xg:

Ui (d; 1)
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SQO Method

“Inexact” SQO: Scenario 3

(NLP):

mmin f(=z)

s.t. c(xz) =0, &(z) <0
(FP):

o - L)
min o) = |5+,
(=12)z
min ¢z, u) = pf (@) +o(x)
(FJ):

F(z,y, G, p) i=
i (@) + e@)Ty + a(2)Tg
KKT residuals:
p(z,y, Y, 1)
pr(d; Y, U, py H)
Local model of ¢ at xj:

Ui (dy 1)

Inexact Newton Method

Solution (dk,Yk+1,Tk+1) of (PQP) satisfies
> Test P1
> Alg(di, pr) > €Al (dy,0) for € € (0,1)
where solution (dj, yi+1,k+1) of (FQP) satisfies
> Test F
then

> dj < dj, is the search direction

> Mkl < Mk

X

opt. = obj. + feas. feas.

> Nonline imization
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SQO Method

“Inexact” SQO: Scenario 4

Solution (dk,Yk+1,Tk+1) of (PQP) satisfies

NLP):
( min) £(@) > Test P2
ot o) = 0, &) <0 and solution (dy, yr+1,Uk+1) of (FQP) satisfies
(FP): > Test F
min o(z) = ”[ c(x)+] H then
B [e(=)] 1 > dp «— 1d) + (1 — T)dk so Alg (dk,O) > eAlk(dk, 0)
(@) > ppg1 < p 50 Alg(dy, pr) > BAlg(dy, 0) for 8 € (0,1)
min ¢(z, p) = pf(z)+o(z) » Overall:
(FJ):
) = Al (di, pi) = BAlg (di, 0) > BeAly(dy,0)
pf (@) + e(@) "y + a@) "'y X,
KKT residuals:

p(@; Y, 9, 1)
pr(d, y, U, p, H)
Local model of ¢ at xzg:

Ui (d; 1)

opt. = obj. + feas. v feas.
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SQO Method

“Inexact” SQO: Scenarios 5 & 6

Solution (dg, Yk+1,Uk+1) of (PQP) satisfies

(NLP):

mlin f(z) » Test P3

s.t. c(z) = 0, &(z) <0 If lp(z ks Yie Tres )| < Cllp(zs i, Ures O], then
(FP): > k41 < (g (Scenario 5)

it
mn v(@) = H [[EESJ)Jf] H1 ) Sf fu+1 < pi (Scenario 6)

(PP):

min ¢(z, p) = pf(z)+o(z)
(FJ):

F(z,y, G, p) i=

nf@) + e@) Ty + a(2)Tg
KKT residuals:
p(z,y, Y, 1)
Pk (dsy, ¥, py H)
Local model of ¢ at xg:

Ui (d; 1)
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“Inexact” SQO (iSQO)

repeat

1) Check whether KKT point or infeasible stationary point has been obtained.
y
(2) Check for a trivial iteration.
(a) If Scenario 1 occurs, then go to step 6.
(3) Compute an inexact solution of (PQP) satisfying Test P1 or P3.
(a) If Scenario 2 occurs, then go to step 6.
(4) Compute an inexact solution of (FQP) satisfying Test F.
(a) If Scenario 3 occurs, then go to step 6.
(b) If Scenario 5 occurs, then go to step 6.
(5) Compute an inexact solution of (PQP) satisfying Test P2 or P3.
If Test 1 holds, then compute an inexact solution of (FQP) satisfying Test F.

(a) If Scenario 3 occurs, then go to step 6.
(b) If Scenario 4 occurs, then go to step 6.
(c) If Scenario 5 occurs, then go to step 6.
(d) Otherwise, Scenario 6 occurs.

(6) Perform a backtracking line search to reduce ¢(-, pg+1)-

endrepeat
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Well-posedness

Assumption
The following hold:

(1) The functions f, ¢, and ¢ are continuously differentiable in an open convex
set Q containing the sequences {x} and {xk + di}.

(2) The QP solver can solve (PQP) arbitrarily accurately.
(3) The QP solver can solve (FQP) arbitrarily accurately.

Lemma
In iteration k, either 1SQO terminates or exactly one of Scenario 1-6 will occur.

Theorem
One of the following holds:

1. 2SQ0 terminates with a KKT point or infeasible stationary point.

2. 1SQ0 generates an infinite sequence of iterates

Ye | |Yk Yk Yk
R e I e BN h € [—e,e], [Z7] €0,¢€], d > 0.
(mk [yk] |:7jk:| uk) where [ykil [—e, €] [?/k] [0,€], and pg
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Global convergence

Assumption

(1) The well-posedness assumptions still apply.

(2) The functions f, ¢, and ¢ and their first derivatives are bounded and Lipschitz
continuous in 0 (the open convex set containing {zr} and {z) + di}).

(3) The sequences {Hy} and {Hy }—including the initial and any modified values
of Hi and H;.—are bounded.

Lemma
The KKT residual for (FP) vanishes:

lim ||p(zk, Y&, Jx,0)|| = 0.
k—oo

Lemma
The KKT residual for (PP) vanishes:

— o0
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Global convergence: Vanishing penalty parameter

(If {1} > p for some p > 0, then we know the KKT residual for (PP) vanishes.)

Lemma
If pr — 0, then either all limit points of {zy} are feasible or all are infeasible.

Lemma
If pr — 0 and all limit points of {xy} are feasible, then, with

Kp={k:pr1 < prl,
all limit points of {xx}rek, are FJ points.

Lemma
If p(x«, Ys, U=, 0) = 0, z« is feasible, and (y«, §«) # 0, then the MFCQ fails at xx.
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Global convergence

Theorem
One of the following holds:

(a) px = p for some p > 0 for all large k and either every limit point of {x)}
corresponds to a KKT point or is an infeasible stationary point;

(b) pur — 0 and every limit point of {z} is an infeasible stationary point;

(¢) px — 0, all limit points of {z} are feasible, and, with

K= {k: ppi1 < prl,

every limit point of {Ik}keK“ corresponds to an FJ point where the MFCQ fails.

Corollary

If {zx} is bounded and every limit point of this sequence is a feasible point at
which the MFCQ holds, then u, = p for some p > 0 for all large k and every
limit point of {x} corresponds to a KKT point.
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Implementation details

» Matlab implementation
» BQPD for QP solves with indefinite Hessians!0
> Stmulated inexactness by perturbing QP solutions

» Test set involves 307 CUTEr problems with

> at least one free variable
> at least one general (non-bound) constraint
> at most 200 variables and constraints

» Termination conditions (€;,; = 1076 and €, = 1078):

llo(zk, Yie, Tres )|l < €101 and vg < €or; (Optimal)
Hp(xky Yk> Uk 0)” =0 and vg > 0; (InfeaSible)
lo(ks Uks Uks 0)|| < €101 and v > €10y and pg < €. (Infeasible)

» Investigate performance of inexact algorithm with x = 0.01, 0.1, and 0.5.

10Fletcher (2000)
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Success statistics

Counts of termination messages for exact and three variants of inexact algorithm:

Termination message Exact Inexact
k=001 K=01 k=05
Optimal solution found 271 269 272 275
Infeasible stationary point found 4 3 2 2
Iteration limit reached 12 10 11 9
Subproblem solver failure 18 23 20 19

Termination statistics and reliability do not degrade with inexactness.
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Inexactness levels

Observe relative residuals for QP solves:

i Hpk(d7y’guuk7Hk))” i ||pk(d7y:377071[k)”
= - or Kpi= - ——
(ks yie, Ges i)l llp(z ks yie, G, O]

For problem j, we compute minimum (x7(j)) and mean (Rr(j)) values over run:

SN AN o
/ % % N
N S QL = N
Q/\/%l\’/@} /b»} /%9 N Q{o\ PN T
>SS & 9 Q N N
min K KT, mean ‘\Qﬂ SR A\ < \Q \Q. \Q. L
= 0.01 3.5e-03 | 0 2 10 7 253 0 0 0 0
= 0.1 2.8e-02 | 0O O 2 10 30 232 0 0 0
€ 05 8.8e-02 |0 0O 2 4 23 69 179 0 ©

mean K RI,mean
0.01 7.3e-03 | O 18 0 0 0
= 0.1 6.9e-02 | O 261 13 0 0
ke 0.5 3.5e-01 0o 0 0 0 0 1 264 12 0

o
o
o
N
at
=

—
>
~

o
o
o
o

Relative residuals generally need only be moderately smaller than parameter .
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Iteration comparison

Considering the logarithmic outperforming factor
r) = — log, (iter{ncxact /iterjexact)z

we compare iteration counts of our inexact (x = 0.01) and exact algorithms:

4

Inexact
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and future work

Inexact SQO method with inexact step computations:
» Handles rank deficiency, ill-conditioning, nonconvexity
» Allows generic inexactness in QP subproblem solves
» No specific QP solver required
> Global convergence guarantees
» Numerical experiments suggest inexact algorithm is reliable
> Inexact solutions do not degrade performance
Challenges ahead:
» What QP solver(s) to use? Active-set, interior-point, ADMM, TRWA!!,

» Monotonicity in QP solver?

11 Burke, Curtis, Wang, Wang (2013)

Inexact Newton Met ) e Nonline ptimization 56 of 59



Summary

Outline

Summary




Summary

Algorithmic framework:
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Summary

Thanks!
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