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GLOBALLY CONVERGENT PRIMAL-DUAL ACTIVE-SET
METHODS WITH INEXACT SUBPROBLEM SOLVES∗
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Abstract. We propose primal-dual active-set (PDAS) methods for solving large-scale instances
of an important class of convex quadratic optimization problems (QPs). The iterates of the algorithms
are partitions of the index set of variables, where corresponding to each partition there exist unique
primal-dual variables that can be obtained by solving a (reduced) linear system. Algorithms of this
type have recently received attention when solving certain QPs and linear complementarity problems
since, with rapid changes in the active set estimate, they often converge in few iterations. Indeed, as
discussed in this paper, convergence in a finite number of iterations is guaranteed when a basic PDAS
method is employed to solve certain QPs for which a reduced Hessian of the objective function is (a
perturbation of) an M -matrix. We propose three PDAS algorithms. The novelty of the algorithms is
that they allow inexactness in the (reduced) linear system solves at all partitions except optimal ones.
Such a feature is particularly important in large-scale settings when one employs iterative Krylov
subspace methods to solve these systems. Our first algorithm is convergent when solving problems
for which properties of the Hessian can be exploited to derive explicit bounds to be enforced on
the (reduced) linear system residuals, whereas our second and third algorithms employ dynamic
parameters to obviate the need of such explicit bounds. We prove that when applied to solve an
important class of convex QPs, our algorithms converge from any initial partition. We also illustrate
their practical behavior by providing the results of numerical experiments on a set of discretized
optimal control problems, some of which are explicitly formulated to exhibit degeneracy.
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1. Introduction. Convex quadratic optimization problems (QPs) arise in numerous areas of applied mathematics [9, 10, 23, 34, 35, 38, 41, 48, 51]. Consequently,
algorithms for solving such problems have been studied for decades. These algorithms
generally fall into the categories of active-set [7, 17, 44] and interior-point methods
[37, 43, 50, 54]. There are also a variety of methods designed exclusively for boundconstrained QPs (BQPs), which represent an important subclass of the class of QPs
considered in this paper. These include active-set [18, 21], interior-point [12, 26],
gradient projection [6, 14, 19, 44], or some combination of these methods [8, 25, 42].
In this paper, we propose three primal-dual active-set (PDAS) methods for solving
large-scale instances of an important class of QPs. We consider our methods to be
enhancements of the method proposed in [28], but note that our methods are also
related to the work in [1, 5, 34, 39], the subsequent work in [13, 35, 36], and numerous
other articles on the use of PDAS methods [15, 24, 29, 32, 33, 40, 47]. The key
feature of the algorithm in [28] (and others just cited) is that it allows any number of
changes in the active-set estimate during each iteration. This is in contrast to classical
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primal or dual active-set methods, where worst-case performance can be plagued by
slow adaptation of the active-set estimate [3, 20, 22, 44]. The method in [28] is one
in which each iterate corresponds to a partition of an index set of variables into an
active set and an inactive set. Such a partition corresponds to a unique primal-dual
solution estimate via a reduced linear system whose dimension depends on the size of
the inactive set. Solving this reduced linear system represents the main computational
expense during each iteration of the algorithm.
Our contributions in this paper are twofold. First, we present a convergence result for a flexible PDAS framework that is applicable to a broad class of QPs. In
particular, our convergence result applies for problems with certain sets of equality
constraints and upper bounds on a subset of variables and assumes only that a reduced Hessian of the objective has certain structure—which it does in applications
of interest, such as certain optimal control problems (see section 5). Second, with
the goal of enhancing the algorithm in [28], a novel feature of our algorithms is that
the reduced linear systems may be solved inexactly. This is of particular interest in
large-scale settings when the systems are to be solved iteratively, such as with Krylov
subspace methods [11, 45, 46, 49]. We present three algorithms, each involving a set
of implementable conditions to control inexactness in such a way that convergence
guarantees are ensured. These conditions always allow inexactness in the system
solves for any partition that is suboptimal. If a given partition is optimal in that the
corresponding primal-dual solution is optimal for the QP, then our algorithms require
sufficient accuracy in the subproblem solution so that the algorithm will terminate.
We have two important remarks to make at the outset of this work. First, it will be
shown that any QP in our class of interest can be reduced to a BQP by using the affine
constraints to eliminate the set of free (i.e., unbounded) variables. Thus, an alternative
to the algorithms proposed in this paper is to construct the corresponding BQP and
solve it, say, using a PDAS method that follows our proposed strategies for controlling
inexactness in the linear system solves. While such an approach might seem simpler
than our proposed algorithms, it has a key disadvantage: in certain applications, the
problem data in the QP is sparse, but the data in the corresponding BQP (specifically,
the reduced Hessian) is dense, which might lead to extra storage requirements and
more expensive matrix-vector products. Our methods, on the other hand, involve
iterative linear system solves using the original QP problem data, where one need
only invoke information related to a reduced residual once a good candidate solution
has been obtained. A second important remark is that while some of our techniques
for controlling inexactness are not trivial, a simpler heuristic method that merely
decreases a dynamic accuracy tolerance as the optimization process proceeds will not
ensure convergence unless one imposes strong requirements on the employed linear
system solver. Indeed, such is the approach employed in our third algorithm, for which
our convergence guarantees are significantly weaker than for our first two algorithms.
We also provide an example illustrating why the convergence guarantees for such an
algorithm must be weaker. Overall, our first two algorithms are able to attain stronger
convergence guarantees as they involve procedures for computing an upper bound on
the norm of the inverse of a particular submatrix during each iteration; our first
algorithm computes such an upper bound explicitly, whereas our second algorithm
incorporates a dynamic parameter that effectively replaces this upper bound.
This paper is organized as follows. In section 2, we state our problem class of
interest, discuss basic concepts and definitions, and outline our PDAS framework.
In section 3, we present our algorithms and corresponding subroutines. We also
prove that the algorithms attain convergence guarantees for our problem class of
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interest. We then discuss an implementation of our algorithm in section 4 and provide
the results of numerical experiments in section 5. Concluding remarks are provided
in section 6.
Notation. We use index sets as subscripts to denote the subvector or submatrix
corresponding to the indices in the sets. For example, given an ordered set of indices S, by xS we denote the subvector of the vector x corresponding to the indices
in S, and, with another ordered set of indices T , by HST we denote the submatrix of
the matrix H with row indices in S and column indices in T . Given such an HST , its
−1
−T
T
inverse/transpose/inverse-transpose is written as HST
/HST
/HST
. We also occasionally denote a vector composed of stacked subvectors as an ordered tuple of vectors, i.e.,
for vectors a and b we occasionally write (a, b) := [aT bT ]T . For a square symmetric
matrix S, we write S  0 (S  0) to indicate that S is positive definite (semidefinite).
The quantities I, e, and ei denote the identity matrix, column vector of ones, and
ith unit column vector (i.e., ith column of I), respectively, where the size of each is
determined by the context in which it appears. We denote the p-norm of a vector x
by kxkp and denote the p-norm of a matrix H by kHkp , whose value is that induced
by the vector p-norm, i.e., kHkp = supx6=0 kHxkp /kxkp . In particular, the 1-norm
and ∞-norm of a matrix H (i.e., kHk1 and kHk∞ ) are the maximum absolute column
sum and maximum absolute row sum of H, respectively. Finally, for a matrix H, we
define [H]+ := max{0, H}, where the max should be understood componentwise.
2. Fundamentals. For a positive integer n and nonnegative integer m, we define
an index set of upper-bounded variables B := {1, . . . , n}, index set of free variables
F := {n + 1, . . . , n + m}, and index set of equality constraints E := {1, . . . , m}. Then,
given problem data in terms of c ∈ Rn+m , H ∈ R(n+m)×(n+m) , A ∈ Rm×(n+m) ,
b ∈ Rm , and u ∈ Rn , we consider the quadratic optimization problem
(QP)

min

x∈Rn+m

T

c




xB
+
xF

1
2
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xF
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x
H B
xF






xB
s.t. A
= b, xB ≤ u.
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We make the following assumption about an instance of (QP). (The convergence
guarantees for our proposed algorithms require strengthenings of this assumption; e.g.,
see Theorem 3 at the end of this section. However, the following weaker assumption
serves our immediate purposes.) The assumption refers to the reduced Hessian of the
objective function that one obtains by using the affine constraints to eliminate the
free variables. This matrix is the Hessian of the objective for the resulting BQP.
Assumption 1. In (QP), the constraint data submatrix AEF is invertible and the
reduced Hessian in terms of the upper-bounded variables is positive definite, i.e.,

(1)

R :=

I

−A−1
EF AEB

T


H

I

−A−1
EF AEB


 0.

Under Assumption 1, it follows that (QP) is feasible and there exists a unique
primal point x and unique Lagrange multipliers (y, z) satisfying the Karush–Kuhn–
Tucker (KKT) optimality conditions for (QP), which can be written as

 
 
 

xB
z
xB
T
0 = KKT(x, y, z) := c + H
+A y+
, A
− b, min{u − xB , z} .
xF
0
xF
We define a partition (A, I) of the index set of bounded variables as a pair of
mutually exclusive and exhaustive subsets of B, where A represents an active set of
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variables (i.e., variables equal to their upper bounds) and I = B \ A represents the
corresponding inactive set. Corresponding to a partition (A, I), we define a subspace
solution, call it (x, y, z), by the following sequence of operations:
(2a)
(2b)

Set xA ← uA and zI ← 0,
 
  


HII HIF ATEI
xI
cI
HIA
then solve HF I HF F ATEF  xF  = −  cF  − HF A  uA
y
−b
AEA
AEI AEF
0
for (xI , xF , y),

(2c)

then set zA ← −HAB xB − HAF xF − ATEA y − cA .

Fixing the variables indexed by A at their upper bounds (see (2a)), Assumption 1
ensures that the reduced Hessian in terms of the remaining upper-bounded variables
(indexed by I) is positive definite. Hence, under Assumption 1, the matrix on the lefthand side of (2b) is nonsingular, meaning that the subspace solution corresponding
to any given partition (A, I) is unique. We call (A, I) an optimal partition if its
subspace solution (x, y, z) satisfies KKT(x, y, z) = 0, i.e., if (x, y, z) is the optimal
primal-dual solution for (QP). Otherwise, the partition (A, I) and its corresponding
subspace solution (x, y, z) are suboptimal. While the optimal primal-dual solution for
an instance of (QP) is unique, there may be more than one optimal partition.
Given a partition (A, I) and its corresponding subspace solution (x, y, z), we
define the violated sets of indices of variables as given by
(3)

VP := {i ∈ I : xi > ui } and VD := {i ∈ A : zi < 0}.

(Here, the subscripts P and D signify violations of primal and dual bounds, respectively. These violated sets depend on the partition (A, I); however, for brevity, we
do not indicate this dependence in the notation for VP and VD .) The following result
has important consequences that we use extensively.
Theorem 2. Let (x, y, z) be the subspace solution corresponding to a given partition (A, I). Then, (A, I) is optimal for (QP) if and only if VP ∪ VD = ∅.
Proof. Observing the KKT conditions for (QP), the subspace solution defined by
(2) satisfies all KKT conditions, except perhaps a subset of the bounds xI ≤ uI or
zA ≥ 0 (which are embedded in the KKT condition min{u − xB , z} = 0). At least
one of these bounds is violated if and only if the set VP ∪ VD is nonempty.
Consider the framework for solving (QP) stated as Algorithm 1 below. Each
iteration involves the computation of a subspace solution by (2). If the corresponding
primal-dual solution yields a zero (or sufficiently small, corresponding to an arbitrary
vector norm k · k) KKT residual, then the solution is (approximately) optimal and
the algorithm terminates. Otherwise, subsets of the corresponding violated sets—the
union of which is guaranteed by Theorem 2 to be nonempty—are chosen, the indices
of which are switched from active to inactive, or vice versa, to create a new partition.
This algorithm represents a generic framework that allows much flexibility, such as
in the choices for CP and CD in step 7. In section 3, we propose three algorithms
related to Algorithm 1 that allow inexactness in each subspace solution; along with
these algorithms, other details are provided such as how one might choose CP and CD .
The algorithm in [28] can be viewed as a special case of Algorithm 1. In particular,
for the case when m = 0 (i.e., F = ∅ and E = ∅), it corresponds to Algorithm 1 with
the choice CP ← VP and CD ← VD in step 7 in each iteration. (Note, however, that
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Algorithm 1. PDAS framework.
1: Input an initial partition (A, I) and optimality tolerance εopt ≥ 0.
2: loop
3:
Compute the subspace solution (x, y, z) by (2).
4:
if kKKT(x, y, z)k ≤ εopt then
5:
Terminate and return (x, y, z).
6:
Set VP and VD by (3).
7:
Choose CP ⊆ VP and CD ⊆ VD such that CP ∪ CD 6= ∅.
8:
Set A ← (A\CD ) ∪ CP and I ← (I\CP ) ∪ CD .

the algorithm in [28] is initialized with a primal-dual iterate, not an initial partition,
meaning that this correspondence with Algorithm 1 holds only after it has performed
one iteration.) The authors of [28] provide convergence results for their algorithm
that are similar to those in Theorem 3 below. For our purposes, we state the theorem
in a more general setting so that it applies for Algorithm 1 above. A proof is given
in Appendix A. For the result, recall that a real symmetric matrix is a P -matrix if
all of its principal minors are positive (implying that the matrix is positive definite),
and a P -matrix is called an M -matrix if all of its off-diagonal entries are nonpositive.
Theorem 3. Suppose that Assumption 1 holds and that the matrix R in (1) satisfies at least one of the following conditions:
(a) R is a P -matrix and, corresponding to any partition (A, I), we have that
−1
−1
k[RII
RIA ]+ k1 < 1 and eT RII
w ≥ 0 for any w ≥ 0, where the latter inequalT −1
ity holds strictly, i.e., e RII w > 0, whenever w 6= 0.
(b) R = M + E, where M is an M -matrix and kEk1 is sufficiently small.
Then, with εopt ≥ 0 and any initial partition, Algorithm 1 terminates in a finite
number of iterations. In particular, if εopt = 0, then Algorithm 1 terminates in a
finite number of iterations with a KKT point for (QP).
We remark that, under condition (b) in Theorem 3, a notion of how small kEk1
must be in the theorem is revealed in the proof in Appendix A.
3. Algorithm descriptions. In this section, we propose three algorithms for
solving (QP). Each algorithm has the same basic structure as Algorithm 1 but allows
inexactness in the linear system solves. In the first algorithm that we propose, a
tolerance for inexactness is set based on an upper bound on a norm of a particular
submatrix. We illustrate that such a bound can be computed efficiently in certain
cases of interest. In the second and third algorithms, the inexactness tolerance is set
based on a parameter that is updated dynamically within the algorithms. For the
first two algorithms, we prove that the guarantees of Theorem 3 are maintained. As
for the third algorithm, we argue that while it may have practical advantages, its
convergence guarantees are not as strong as for the first two algorithms.
The algorithms in this section employ a relaxation of the operations stated in (2).
In particular, corresponding to a partition (A, I), we define an inexact subspace solution, call it (x̃, ỹ, z̃), by the following operations (where by “≈” in (4b) we are
indicating that the “solve” might only be approximate):
(4a)

Set x̃A ← uA and z̃I ← 0,
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(4b)

HII
then solve HF I
AEI

 
  

ATEI
xI
cI
HIA
ATEF  xF  ≈ −  cF  − HF A  uA
y
−b
AEA
0

HIF
HF F
AEF

for (x̃I , x̃F , ỹ),
(4c)
(4d)

then set z̃A ← −HAB x̃B − HAF x̃F
 
  
r̃B
cB
HBB
and r̃F  ←  cF  + HF B
−b
AEB
t̃

− ATEA ỹ − cA
   
HBF ATEB
x̃B
z̃
HF F ATEF  x̃F  + 0 .
ỹ
0
AEF
0

The vector (r̃, t̃) = (r̃B , r̃F , t̃) is the residual in the linear system solve that produces
(x̃, ỹ, z̃) via (4b). Under Assumption 1, we find by comparing (2) and (4) that one
obtains (x̃, ỹ, z̃) = (x, y, z) if and only if (r̃, t̃) = 0.
In each of the algorithms proposed in this section, we iteratively solve the linear
system in (4b) until either it is verified that the partition (A, I) is optimal (with
respect to a tolerance εopt ≥ 0) or the inexact subspace solution is sufficiently accurate in that it leads to a productive update of the partition. In our first algorithm,
we provide a strategy in which we identify subsets of the violated sets VP and VD
corresponding to the exact subspace solution (x, y, z) without having to explicitly
compute this exact solution. In this manner, the algorithm fits into the framework of
Algorithm 1. In our other algorithms, we do not necessarily identify subsets of these
violated sets, though we can still ensure certain convergence guarantees by employing
and appropriately updating a dynamic algorithmic parameter.
3.1. An algorithm with a partition-defined subproblem tolerance. Our
first algorithm imposes a tolerance on the residual (r̃, t̃) defined in (4d) that is based
on a partition-defined value with which we can guarantee that at any suboptimal
partition, a subset of VP ∪ VD corresponding to the exact subspace solution (x, y, z)
will be identified. In order to motivate the tolerance that we employ, we first explore,
for a given partition (A, I), the relationship between the subspace solution (x, y, z)
defined by (2) and an inexact subspace solution (x̃, ỹ, z̃) defined by (4). Then, once
the tolerance is established, we present our first inexact PDAS algorithm, followed
by subsections in which we discuss details of its subroutines. It is important to note
that we assume that a subroutine is available for computing exact solutions of linear
−T
systems with AEF and its transpose ATEF , i.e., we assume products with A−1
EF and AEF
can be computed. This is a reasonable assumption in certain applications, especially
since the matrix AEF is fixed, i.e., it does not depend on the partition.
We first establish some quantities that will be useful in the statement of our
algorithms. Given (A, I), we define and decompose the KKT system matrix as

(5)


H
K :=
A

T

A
0




HAA
=  HIA
S[A]

HAI
HII
S[I]

T 
S[A]
T 
S[I]
,
Q

where (using a subscript [·] to indicate dependence on an index set) we define
S[·] :=




HF ·
HF F
and Q :=
AE·
AEF


ATEF
.
0

With these quantities, one can verify that an alternative representation of the reduced
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Hessian R in (1) is that it is the Schur complement of the submatrix Q of K, i.e.,
(6)

T
R = HBB − S[B]
Q−1 S[B] , where Q−1 =



0

A−T
EF


A−1
EF
−1 .
−A−T
EF HF F AEF

Similarly, the submatrix of the reduced Hessian corresponding only to the indices in
the inactive set I can be expressed as

RII =

T 

I

−A−1
EF AEI

HII
HF I

HIF
HF F



I

−A−1
EF AEI



T
= HII − S[I]
Q−1 S[I] ,

i.e., it is the Schur complement of Q of the bottom-right 2 × 2 block submatrix of (5).
We now establish useful relationships between the subspace solution and a given
inexact subspace solution. Observing (2) and (4), it follows that x̃A = uA = xA and
z̃I = 0 = zI . In addition, defining the residual subvector ṽ := (r̃F , t̃), we have
(7a)

−1
−1 T
xI = x̃I − RII
r̃I + RII
S[I] Q−1 ṽ
−1
T
and zA = z̃A + (HAI − S[A]
Q−1 S[I] )RII
r̃I

(7b)

−1 T
−1 T
T
T
− (HAI RII
S[I] − S[A]
− S[A]
Q−1 S[I] RII
S[I] )Q−1 ṽ.

Observing (7), it follows that the violated sets VP and VD corresponding to (x, y, z)
can be defined in terms of an inexact subspace solution (x̃, ỹ, z̃) and its residual (r̃, t̃).
In particular, for an index i ∈ I, the ith element of x violates its upper bound if the
corresponding element on the right-hand side of (7a) is greater than ui , and, for an
index i ∈ A, the ith element of z violates its lower bound (of zero) if the corresponding
element on the right-hand side of (7b) is negative. This revised viewpoint of the
elements of xI and zA does not immediately yield any benefits since the evaluation of
the terms on the right-hand sides of (7) is equivalent to that of solving (4b) exactly.
However, it reveals that with an inexact subspace solution (x̃, ỹ, z̃) and bounds on
the residual terms in (7), one may identify subsets of VP and VD without computing
(x, y, z) explicitly. The following lemma suggests a strategy for such a procedure.
Lemma 4. Given a partition (A, I), let (x, y, z) be the corresponding subspace
solution and let (x̃, ỹ, z̃) be an inexact subspace solution with residual (r̃, t̃). Furthermore, suppose that with ṽ := (r̃F , t̃) we have αI and βA satisfying
(8a)

−1
−1 T
αI ≥ RII
r̃I − RII
S[I] Q−1 ṽ
−1
T
and βA ≥ (HAI − S[A]
Q−1 S[I] )RII
r̃I

(8b)

−1 T
−1 T
T
T
− (HAI RII
S[I] − S[A]
− S[A]
Q−1 S[I] RII
S[I] )Q−1 ṽ.

Then, for the violated sets VP and VD corresponding to (x, y, z), we have
(9)

ṼP := {i ∈ I : x̃i − αi > ui } ⊆ VP and ṼD := {i ∈ A : z̃i + βi < 0} ⊆ VD .

Moreover, if (A, I) is suboptimal, then there exists ε > 0 (dependent on the partition)
such that the relationships (8)–(9) with
(10)

kαI k = O(k(r̃, t̃)k) and kβA k = O(k(r̃, t̃)k)

yield ṼP = VP and ṼD = VD for any inexact subspace solution with k(r̃, t̃)k ≤ ε.
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Algorithm 2. PDAS framework with inexact subspace solutions.
1: Input an initial partition (A, I) and optimality tolerance εopt ≥ 0.
2: loop
3:
Compute an inexact subspace solution (x̃, ỹ, z̃) with residual (r̃, t̃) by (4).
4:
if kKKT(x̃, ỹ, z̃)k ≤ εopt then
5:
Terminate and return (x̃, ỹ, z̃).
6:
Compute αI and βA satisfying (8) and (10).
7:
Set ṼP and ṼD by (9).
8:
if ṼP ∪ ṼD 6= ∅ then
9:
Choose CP ⊆ ṼP and CD ⊆ ṼD such that CP ∪ CD 6= ∅.
10:
Set A ← (A\CD ) ∪ CP and I ← (I\CP ) ∪ CD .
Note. If an iteration of the loop ends with ṼP ∪ ṼD = ∅, then it is assumed that
the inexact subspace solution subsequently computed in step 3 is improved such that
the conditions of Theorem 5 hold.

Proof. By (8) and the relationships in (7), we have that for i ∈ I the inequality
x̃i − αi > ui implies xi > ui , and for i ∈ A the inequality z̃i + βi < 0 implies zi < 0.
Hence, by the definitions in (9), it follows that ṼP ⊆ VP and ṼD ⊆ VD .
Now suppose that (A, I) is suboptimal, from which it follows by Theorem 2 that
VP ∪VD 6= ∅. If VP 6= ∅, then for any i ∈ VP we have xi > ui . Moreover, by continuity
of the linear transformation defined by the inverse of the matrix on the left-hand side
of (4b), for this i ∈ VP there exists εi > 0 such that for any (r̃, t̃) with k(r̃, t̃)k ≤ εi ,
the condition (10) implies x̃i − αi > ui . Similar analysis shows that if VD 6= ∅, then
for any i ∈ VD there exists εi > 0 such that for any (r̃, t̃) with k(r̃, t̃)k ≤ εi , the
condition (10) implies z̃i + βi < 0. Since ṼP ⊆ VP and ṼD ⊆ VD , it follows that with
ε := min{εi : i ∈ VP ∪ VD } > 0, we have ṼP = VP and ṼD = VD .
Lemma 4 proves that at any suboptimal partition (A, I), a subset of the union
of violated sets VP ∪ VD can be identified as long as upper bounds αI and βA are
available and are proportional (in terms of a norm k · k) to the residual vector (r̃, t̃).
On the other hand, if a partition (A, I) is optimal, then with a sufficiently small
residual we obtain a sufficiently accurate primal-dual solution. Motivated by these
observations, we propose the inexact PDAS framework presented as Algorithm 2.
As indicated in the note in Algorithm 2, the intention is that each execution
of step 3 corresponding to a partition yields a better inexact subspace solution, in
the sense that the residual ultimately will be made arbitrarily small in norm. The
following result formalizes this assumption in a manner that ensures convergence.
Theorem 5. Suppose that the conditions of Theorem 3 hold for the partitions
generated by Algorithm 2. Then, the following hold:
(i) If, for any partition, repeated executions of step 3 yield (r̃, t̃) → 0, then, with
εopt > 0, Algorithm 2 terminates after a finite number of partition updates.
(ii) If there exists a positive integer J such that, for any partition, at most J executions of step 3 yields (r̃, t̃) = 0, then, with εopt ≥ 0, Algorithm 2 terminates
in a finite number of iterations. In particular, if εopt = 0, then Algorithm 2
terminates in a finite number of iterations with a KKT point for (QP).
Proof. If the algorithm encounters an optimal partition, then the conditions in (i)
or (ii) ensure that a finite number of executions of step 3 will lead to satisfaction of the
termination condition in step 4. On the other hand, given any suboptimal partition, it
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follows by the conditions in (i) and Lemma 4 that after a finite number of executions
of step 3, the sets ṼP ⊆ VP and ṼD ⊆ VD defined by (9) satisfy ṼP ∪ ṼD 6= ∅. The
result in (i) then follows from Theorem 3 and the fact that after a finite number of
partition updates, a partition is identified such that repeated executions of step 3
yield (x̃, ỹ, z̃) satisfying the termination condition in step 4. The result in (ii) follows
in a similar manner due to the additional observation that, given any partition, at
most J executions of step 3 occur before the condition in step 4 is satisfied or the
partition is modified.
There remain details that need to be specified for a practical implementation of
Algorithm 2. These details are the subjects of the following three subsections. First,
since upper bounds αI and βA in step 6 are easily computed once one obtains an upper
−1
bound for the norm of the matrix RII
, we present an algorithm for computing such
a bound in certain cases of interest. Second, we present a technique for computing
αI and βA once such a bound is obtained. Third, we outline conditions that one may
choose to impose—in addition to ṼP ∪ ṼD 6= ∅—in the if statement in step 8.
−1
3.1.1. Obtaining an upper bound for kRII
k1 . In this subsection, given an
−1
index set I, we present a technique for computing an upper bound for kRII
k1 , which
−1
could also provide upper bounds for other norms of RII . Our technique amounts to
solving a linear system of equations by an iterative process. (Under certain conditions,
−1
an exact solution of the linear system reveals kRII
k1 .) In this manner, it is clear how
one may perform Algorithm 2, step 6: for a partition (A, I), repeated executions of
−1
the subroutine in this subsection eventually lead to an upper bound for kRII
k1 , which
in turn eventually lead to upper bounds αI and βA via the technique in section 3.1.2.
Given a p × p symmetric positive definite matrix B, consider the set

P(B) := {w ∈ Rp : w > 0, M(B)w > 0, kwk∞ = 1},
where the symmetric p × p matrix M(B) is defined, for all {i, j} ⊆ {1, . . . , p}, by
(
|Bii |
if i = j,
[M(B)]ij =
−|Bij | if i 6= j.
The matrix B is called a nonsingular H-matrix if and only if M(B) is a nonsingular
M -matrix. Moreover, by [53, eq. (5)], the following three statements are equivalent:
1. B is a nonsingular H-matrix.
2. M(B) is a nonsingular M -matrix.
3. P(B) is nonempty.
We also have the following result, which follows from [53, Lemma 1]. (In [53], the
author discusses upper bounds for the ∞-norm of a matrix inverse. However, since
our matrix is symmetric, we can equivalently refer to its 1-norm.)
Lemma 6. If B ∈ Rp×p is a symmetric nonsingular H-matrix, then
kB −1 k1 ≤ (min{[Bw]i : 1 ≤ i ≤ p})−1

(11)
for any w ∈ P(B).

By Lemma 6, if RII is an H-matrix, then we can obtain an upper bound for
−1
kRII
k1 by iteratively solving the linear system M(RII )w = e for w ∈ R|I| , terminating whenever an element of P(RII ) is obtained. We formalize this strategy as the
following procedure, for which we have the subsequent result (the last conclusion of
which motivates the choice of e as right-hand side vector in (12a)):
(12a)

Iteratively solve M(RII )w ≈ e for w
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until M(RII )w > 0,
then return kwk∞ (min{[RII w]i : 1 ≤ i ≤ |I|})−1 .

Lemma 7. Suppose Assumption 1 holds and R satisfies R = M + E, where M
is an M -matrix and kEk1 is sufficiently small. Then, for any I ⊆ B, if the iterative
solver employed in (12a) would otherwise yield M(RII )w → e, then the procedure (12)
−1
will terminate finitely and return an upper bound for kRII
k1 . Moreover, if R = M ,
−1
then an exact solution in (12a) yields kRII k1 via (12c).
Proof. Since R = M + E, we have RII = MII + EII for some M -matrix MII .
Since MII is an M -matrix, it is also an H-matrix since M(MII ) = MII . Then,
since MII is an H-matrix, it follows that for sufficiently small kEk1 we have sufficiently small kEII k1 such that RII is also an H-matrix. The result then follows by
Lemma 6 since, under the conditions of the lemma, the algorithm eventually computes
w satisfying M(RII )w > 0.
−1
Now, if RII is an M -matrix, then M(RII ) = RII and M(RII )−1 = RII
≥ 0.
−1
−1
−1
Thus, for w = M(RII )−1 e = RII e, one has kwk∞ = kRII k∞ = kRII k1 , from which
−1
it follows that (12c) returns kRII
k1 .
We close this subsection by remarking that if RII is strictly diagonally dominant,
then w = e yields M(RII )w > 0 and one has
−1
kRII
k1 ≤ (min{[RII e]i : 1 ≤ i ≤ |I|})−1 .

This is known as the Ahlberg–Nilson–Varah bound [2, 52].
3.1.2. Obtaining upper bounds αI and βA . Given a partition (A, I), an
inexact subspace solution (x̃, ỹ, z̃) with residual (r̃, t̃), and a scalar γ ≥ 0 satisfying
−1
γ ≥ kRII
kp (say, computed via procedure (12)), the following procedure (with k · kq
denoting the dual norm of k · kp ) yields αI and βA satisfying (8) and (10):
(13a)

Set αI ← (γkr̃I − S[I] Q−1 ṽkq )e
T
and βA ← [HAI − S[A]
Q−1 S[I] ]+ αI

(13b)

T
− [HAI − S[A]
Q−1 S[I] ]− αI + S[A] Q−1 ṽ.

The fact that αI and βA resulting from this procedure satisfy (8) and (10) follows as
a straightforward consequence of Hölder’s inequality.
As for the cost of procedure (13), recall from (6) that the components of Q−1
are independent of the partition. Thus, the computational cost of executing (13)
need not be prohibitive, especially if AEF is prefactored and/or the matrix Q−1 S[B] is
precomputed. We remark that when employing procedure (12) to compute an upper
−1
bound for kRII
k1 , it is natural to employ procedure (13) with p = 1 and q = ∞.
This is the approach used in our implementation and numerical experiments.
3.1.3. Conditions for executing a partition update. We close our discussion of Algorithm 2 by describing conditions that one may choose to impose—in
addition to the requirement that ṼP ∪ ṼD 6= ∅—in the if statement in step 8. As
already shown in Theorem 5, the convergence of the algorithm is guaranteed with the
condition as stated; i.e., additional conditions are not necessary to ensure convergence.
However, in our experience, we have found it worthwhile to impose extra conditions
to ensure that any update to the partition that is performed will lead to substantial
progress toward a solution, which can be expected when either the inexact subspace
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solution is sufficiently accurate and/or the modification to the partition will involve
a large number of indices switching from active to inactive, or vice versa. We have
found the conditions that we state in this section to work well in practice, though one
may imagine other possible conditions that could be imposed.
Let (x̃0 , ỹ 0 , z̃ 0 ) be a given inexact subspace solution with residual (r̃0 , t̃0 ). For
example, one may consider (x̃0 , ỹ 0 , z̃ 0 ) = (0, 0, 0) or the inexact subspace solution
corresponding to primal-dual variable values as computed in the previous iteration of
Algorithm 2. Given a tolerance res ∈ (0, 1) and a vector norm k · k, a condition that
one may choose to impose is the following, similar to conditions typically found in
inexact Newton methods for solving systems of equations [16]:
(14)

k(r̃, t̃)k ≤ res k(r̃0 , t̃0 )k.

That is, one may choose not to modify the partition until the residual vector (r̃, t̃) is
sufficiently small in norm compared to the reference residual (r̃0 , t̃0 ) corresponding to
the reference solution (x̃0 , ỹ 0 , z̃ 0 ). If the right-hand side of (14) is zero, then (x, y, z) =
(x̃0 , ỹ 0 , z̃ 0 ); otherwise, (14) will eventually be satisfied as long as the employed iterative
solver ensures that the residual vanishes, i.e., (r̃, t̃) → 0.
In our experience, we have also found it beneficial to avoid modifying the partition
until there is consistency between the sets ṼP and ṼD in (9) and
(15)

0
ṼP0 := {i ∈ I : x̃i > ui } and ṼD
:= {i ∈ A : z̃i < 0}.

Specifically, we have found it beneficial to avoid modifying the partition until the
number of elements of the violated sets that have been identified, namely, |ṼP ∪ ṼD |,
is proportional to the number of elements of the primal-dual components that violate
0
their bounds, namely, |ṼP0 ∪ ṼD
|. Given a parameter θ ∈ (0, 1], we employ
(16)

0
|ṼP ∪ ṼD | ≥ θ|ṼP0 ∪ ṼD
|.

Observe that procedure (13) yields αI ≥ 0 and βA ≥ 0, from which it follows that
0
|ṼP ∪ ṼD | ≤ |ṼP0 ∪ ṼD
|. This justifies the restriction that θ ∈ (0, 1].
3.2. Algorithms with dynamic subproblem tolerances. We are now prepared to present our second and third inexact PDAS algorithms. For a given partition
(A, I), the main idea underlying our first method—i.e., Algorithm 2 presented in section 3.1—was to use properties of inexact subspace solutions and their corresponding
residuals in order to construct explicit subsets of the violated sets VP and VD corresponding to the exact subspace solution, all without having to explicitly compute
this exact solution. Unfortunately, however, the procedure that we proposed required
−1
an explicit upper bound for a norm of RII
, which may be expensive to compute in
certain situations, especially when a tight bound is needed to identify elements of
the violated sets. By contrast, the algorithms that we propose in this section do not
require explicit upper bounds of this type; instead, they involve dynamic parameters
either to estimate such an upper bound or to control inexactness directly.
Our second algorithm, stated as Algorithm 3 below, employs a dynamic parameter
−1
that plays a role similar to the upper bound for a norm of RII
as employed in
Algorithm 2 (via procedure (13)). In the worst case, this dynamic parameter will
−1
increase large enough such that it is, in fact, an upper bound for a norm of RII
for
any I; indeed, the convergence guarantees that we present are based on this feature.
However, we have designed the update for this dynamic parameter such that we rarely
see such behavior in practice. Indeed, in practice, we often observe that the algorithm
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Algorithm 3. PDAS framework with inexact subspace solutions (dynamic).
1: Input an initial partition (A, I), optimality tolerance εopt > 0, dynamic parameter
γ > 0, update factor δγ > 1, optimality tolerance history length j ∈ N, and
sufficient reduction factor κ ∈ (0, 1).
2: Initialize a partition update counter j ← 0 and KKTj ← ∞ for j ∈ {−1, . . . , −j}.
3: loop
4:
Compute an inexact subspace solution (x̃, ỹ, z̃) with residual (r̃, t̃) by (4).
5:
if kKKT(x̃, ỹ, z̃)k ≤ εopt then
6:
Terminate and return (x̃, ỹ, z̃).
−1
7:
Compute αI and βA by procedure (13) (even if γ < kRII
kp ).
8:
Set ṼP and ṼD by (9) (even if ṼP 6⊆ VP or ṼD 6⊆ VD ).
9:
if ṼP ∪ ṼD 6= ∅ then
10:
Choose CP ⊆ ṼP and CD ⊆ ṼD such that CP ∪ CD 6= ∅.
11:
Set A ← (A\CD ) ∪ CP and I ← (I\CP ) ∪ CD .
12:
Set KKTj ← kKKT(x̃, ỹ, z̃)k.
13:
if KKTj ≥ κ max{KKTj−1 , . . . , KKTj−j } then
14:
Set γ ← δγ γ.
15:
Set j ← j + 1.
Note. If an iteration of the loop ends with ṼP ∪ ṼD = ∅, then it is assumed that
the inexact subspace solution subsequently computed in step 4 is improved such that
the conditions of Theorem 8 hold.

terminates for relatively small values of this dynamic parameter. As in Algorithm 2,
the norm used in the optimality test in Algorithm 3 (step 5) can be any vector norm;
we also add that, in this context, it is natural to use the same norm in step 12. On
the other hand, the norm to which we refer in step 7 should be the norm k · kp with
p ≥ 1 employed in procedure (13) for computing the values αI and βA .
The purpose of the sequence {KKTj } computed in Algorithm 3 is to monitor
progress in reducing the KKT error over the sequence of iterations in which the
partition is modified. Specifically, if a KKT error computed in step 12 is not less
than the most recent j̄ such computed KKT errors, then the dynamic parameter γ
is increased. As can be seen in procedure (13), this has the effect of yielding larger
values for αI and βA , which in turn has the effect of producing more conservative
estimates (i.e., ṼP and ṼD ) of the violated sets (i.e., VP and VD ).
We have the following theorem related to convergence properties of Algorithm 3.
Theorem 8. Suppose that the conditions of Theorem 3 hold for the partitions
generated by Algorithm 3. Then, the following hold:
(i) If, for any partition, repeated executions of step 4 yield (r̃, t̃) → 0, then, with
εopt > 0, Algorithm 3 terminates after a finite number of partition updates.
(ii) If there exists a positive integer J such that, for any partition, at most J executions of step 4 yields (r̃, t̃) = 0, then, with εopt ≥ 0, Algorithm 3 terminates
in a finite number of iterations. In particular, if εopt = 0, then Algorithm 3
terminates in a finite number of iterations with a KKT point for (QP).
Proof. If the algorithm encounters an optimal partition, then the conditions in (i)
or (ii) ensure that a finite number of executions of step 4 will lead to satisfaction of the
termination condition in step 5. On the other hand, given any suboptimal partition,
it follows by the conditions in either (i) or (ii) that after a finite number of executions

PRIMAL-DUAL ACTIVE-SET METHODS WITH INEXACT SOLVES

2273

of step 4, the sets ṼP and ṼD defined by (9) satisfy ṼP ∪ ṼD 6= ∅ (even if ṼP 6⊆ VP
or ṼD 6⊆ VD ). Consequently, given any suboptimal partition, either Algorithm 3
will eventually terminate or a partition update will be performed. If the algorithm
terminates finitely, then there is nothing left to prove. Hence, in order to derive a
contradiction, suppose that an infinite number of partition updates are performed. If
{KKTj } → 0, then, under the conditions in either (i) or (ii), the condition in step 5
eventually will be satisfied; this would cause the algorithm to terminate finitely, a
contradiction to our supposition that an infinite number of partition updates are
performed. Thus, we may assume that {KKTj } is bounded below by a positive
constant, which, by the condition in step 13, implies that γ → ∞. However, once
−1
γ ≥ γ̄ := max kRII
kp ,

(17)

I⊆B

it follows that we will always have ṼP ⊆ VP and ṼD ⊆ VD , implying that convergence
can be guaranteed in the same manner as in the proof of Theorem 5. Since this contradicts our supposition that an infinite number of partition updates are performed,
we have that the algorithm will terminate finitely, as desired.
One important observation about Algorithm 3 is that it is nontrivial to choose
an initial value for the dynamic parameter γ such that all iterations performed in
the algorithm may be identical to those that would be performed by Algorithm 2.
For example, assuming that it may be computed efficiently, one may consider an
initial value of γ ← kR−1 k1 (independent of any partition), but this value does not
necessarily satisfy (17). To see this, consider the following example.
Example 9. Let

R=

7
6
1
6
29
12

One can verify that kR−1 k1 =

31
4

1
6
1
6
5
12



29
12
5 
12 
143
24

and I = {1, 2}.

−1
< 8 = kRII
k1 .

Our third inexact PDAS algorithm, presented as Algorithm 4 below, employs
the straightforward heuristic of defining a dynamic tolerance for the residuals in the
(reduced) linear system solves that decreases as the optimization process proceeds.
In this algorithm, it is reasonable to choose the norm in step 7 as the same norm
used in the KKT errors in steps 5 and 11. (We also note that a relative residual
test—rather than an absolute residual test—could be employed instead, as we do in
our implementation and numerical experiments.)
We have the following convergence result for Algorithm 4.
Theorem 10. Suppose that the conditions of Theorem 3 hold for the partitions
generated by Algorithm 4 and that ζ = 0. If, for any partition, a finite number of
executions of step 4 lead to the condition in step 7 being satisfied, then, with εopt ≥ 0,
Algorithm 4 terminates in a finite number of iterations. If εopt = 0, then Algorithm 4
terminates in a finite number of iterations with a KKT point for (QP).
Proof. Under the conditions of the theorem, it follows that after a finite number of partition updates the algorithm behaves as if (exact) subspace solutions were
computed via (2). Hence, the result follows as that for Theorem 3.
Despite the fact that Algorithm 4 employs a straightforward heuristic for controlling inexactness and has the advantage that one need never execute procedure (13), it

2274

FRANK E. CURTIS AND ZHENG HAN

Algorithm 4. PDAS framework with inexact subspace solutions (dynamic).
1: Input an initial partition (A, I), optimality tolerance εopt > 0, dynamic parameter
ζ ≥ 0, update factor δζ > 1, optimality tolerance history length j ∈ N, and
sufficient reduction factor κ ∈ (0, 1).
2: Initialize a partition update counter j ← 0 and KKTj ← ∞ for j ∈ {−1, . . . , −j}.
3: loop
4:
Compute an inexact subspace solution (x̃, ỹ, z̃) with residual (r̃, t̃) by (4).
5:
if kKKT(x̃, ỹ, z̃)k ≤ εopt then
6:
Terminate and return (x̃, ỹ, z̃).
7:
if k(r̃, t̃)k ≤ ζ then
0
0
8:
Set ṼP0 and ṼD
by (15) (even if ṼP0 6⊆ VP or ṼD
6⊆ VD ).
0
0
9:
Choose CP ⊆ ṼP and CD ⊆ ṼD such that CP ∪ CD 6= ∅.
10:
Set A ← (A\CD ) ∪ CP and I ← (I\CP ) ∪ CD .
11:
Set KKTj ← kKKT(x̃, ỹ, z̃)k.
12:
if KKTj ≥ κ max{KKTj−1 , . . . , KKTj−j } then
13:
Set ζ ← ζ/δζ .
14:
Set j ← j + 1.
Note. If an iteration of the loop ends with k(r̃, t̃)k > ζ, then it is assumed that the
inexact subspace solution subsequently computed in step 4 is improved such that the
norm of the corresponding residual vector is sufficiently less than that corresponding
to the previous inexact subspace solution. Further, to guarantee convergence, the
stronger assumptions in Theorem 10 (that require ζ = 0) must hold.

has two key disadvantages vis-à-vis Algorithms 2 and 3. First, as a practical matter,
our experience suggests that it is much more difficult to choose values for ζ and δζ
that lead to good performance on a wide range of problems. Second, our convergence
guarantee for Algorithm 4 is significantly weaker than those for Algorithms 2 and 3.
The following example illustrates why it is not possible to obtain the same convergence guarantees in Theorem 10 as we have stated in Theorems 5 and 8. In particular,
0
0
the example shows that in order to ensure that ṼP0 ⊆ VP , ṼD
⊆ VD , and ṼP0 ∪ ṼD
6= ∅,
one may need a linear system residual that is exactly zero.
Example 11. Let

2
m = 0, H = 0
0

0
2
−1


 
 
0
1
1
−1 , c = −1 , and u = 1 .
2
−1
1

With (A, I) = ({1, 2}, {3}), it follows from (2) that the subspace solution is
 
 
1
−3
x = 1 and z =  0  ,
1
0
from which it follows that VP = ∅ and VD = {1}. In particular, (A, I) is suboptimal.
Moreover, from (4), any inexact subspace solution (x̃, z̃) satisfies


 
  
2 0
0
0
z̃1 − z1
0
0 2 −1  0  + z̃2 − z2  =  0  ,
0 −1 2
x̃3 − x3
0
r̃3
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which implies that (z̃1 − z1 ) = 0 and r̃3 = 2(x̃3 − x3 ) = 2(z̃2 − z2 ). Hence, in order to
0
0
have ṼP0 ⊆ VP , ṼD
⊆ VD , and ṼP0 ∪ ṼD
6= ∅, one must have
x̃3 = x3 + 21 r̃3 = 1 + 12 r̃3 ≤ 1
and z̃2 = z2 + 21 r̃2 = 0 + 12 r̃3 ≥ 0,
i.e., one must have r̃3 = 0. (On the other hand, one can verify that with γ = 1 ≥
−1
kH33
k1 , Algorithms 2 and 3 obtain ṼP = ∅ = VP and ṼD = {1} = VD for |r̃3 | < 3.)
4. An implementation. We have written implementations of Algorithms 1, 2,
3, and 4 along with the subroutines described as procedures (12) and (13). Also, for
comparison purposes, we have written an implementation of the semismooth Newton
method with inexact subproblem solves (call it Algorithm SSN) from [30]. We discuss
common and distinguishing details of the implementations in this section.
All algorithms are implemented in a single piece of software in Python 2.7.3. The
software uses the infrastructure in cvxopt for matrix storage and manipulation, as
well as the implementation of MINRES [45] provided in Scipy for (approximately)
solving the linear systems (2b) and (4b). For Algorithms 2 and 3, the matrix AEF
is factored at the start of each run using cvxopt’s interface to LAPACK, the factors of
−T
which are employed to compute products with A−1
EF and AEF as they are needed.
In all algorithms, the initial point provided to MINRES in the first PDAS iteration is a randomly generated vector, whereas in subsequent PDAS iterations, the
initial point is set by extracting the appropriate elements of the primal-dual solution
corresponding to the previous PDAS iterate. For Algorithm 1 in which “exact” solutions are required, each run of MINRES terminates once the 2-norm of the residual
for the linear system (2b) is reduced below a prescribed tolerance ¯num > 0. Similarly, for Algorithm 4, MINRES terminates once either (14) holds or the 2-norm of
the residual for the linear system (4b) is reduced below num > ¯num . Finally, for
Algorithms 2 and 3, MINRES terminates either once (14) and (16) both hold or the
2-norm of the residual for the linear system (4b) is reduced below num . (The only
0
exceptions occur when k(r̃, t̃)k2 ≤ num , but |ṼP ∪ ṼD | = |ṼP0 ∪ ṼD
| = 0 and the
algorithm’s termination criterion is not satisfied, in which case MINRES is forced to
continue.) The termination criterion in our tests were problem-specific; see section 5.
For Algorithms 2 and 3, the evaluation of vectors in (13) requires products with
−T
A−1
EF and AEF (i.e., solves with the factors of AEF ), meaning that it is not economical to compute these quantities after every MINRES iteration. Hence, our software
performs 10 MINRES iterations in step 3 (resp., 4) of Algorithm 2 (resp., 3).
For Algorithm 3, we implemented an additional strategy for updating γ that
utilizes intermediate vectors computed by MINRES. The purpose of this strategy is
to use problem information to quickly adjust γ if the initial value is set too low for
a given run of the algorithm. In particular, with an intermediate solution x̃I and
product RII x̃I , both provided at no extra cost by MINRES, we set


kx̃I k1
.
γ ← max γ,
kRII x̃I k1
This update is motivated by the fact that
−1
kRII
k1 = max kRII xk−1
1 .
kxk1 =1

We remark that our use of MINRES as the iterative solver for (2b) and (4b) is
not required; any iterative method for solving symmetric indefinite systems could be
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employed. We also note that while preconditioning would be a critical aspect of any
efficient implementation of any of our algorithms, we did not implement a preconditioner in our software. This is reasonable as the purpose of our numerical experiments
is merely to illustrate the convergence behavior of our algorithms despite inexactness
in the subspace solutions; thus, the absolute numbers of MINRES iterations required
to obtain the (inexact) subspace solutions in our software is not a focus of our experiments. More important are the relative numbers of iterations required by our
methods in comparison to those required by Algorithms 1 and SSN.
5. Numerical results. In this section, we report on the performance of our
implementations of Algorithms 1, 2, 3, 4, and SSN when they were employed to solve
instances of two optimal control problems. (Hereafter, Algorithm 1 refers to the
variant of that algorithm in which the choice CP ← VP and CD ← VD is made during
every iteration.) The problems are the same as those in [28]. We first report on
the performance of the algorithms for straightforward instances of the problems, then
report on their performance on instances that were intentionally degenerate.
For consistency with notation common in optimal control, let the state variable be
y and the control variable be u, and let x = (x1 , x2 ) denote the coordinate axes in R2 .
(The reader should be aware that the pair (x, y) here should not be confused with the
primal-dual variable pair (x, y) in previous sections.) Then, given a domain Ω ∈ R2 ,
reference functions y ∈ L2 (Ω) and u ∈ {L2 (Ω), L2 (∂Ω)}, upper bound function ψ ∈
L2 (Ω), and regularization parameter β > 0, we consider the test problems

(18)

min 12 ky − yk2L2 (Ω) + β2 ku − uk2L2 (Ω)
y,u


 −∆y = u in Ω,
y = 0 on ∂Ω,
s.t.


u ≤ ψ in Ω,

and, with n denoting the unit outer normal to Ω along ∂Ω,

(19)

min 12 ky − yk2L2 (Ω) + β2 ku − uk2L2 (∂Ω)
y,u


 −∆y + y = 0 in Ω,
∂y
s.t.
on ∂Ω,
∂n = u


u ≤ ψ on ∂Ω.

In particular, we consider instances with Ω = (0, 1)2 , β = 10−5 , and ψ = 0. As for
the reference functions y and u, we consider values as stated in the subsections below.
In order to illustrate the performance of the implementations on instances of
various sizes, we generated discretized versions of problems (18) and (19) at various
levels of discretization. In particular, we generated instances of both problems with
the numbers of grid points along each dimension in the set {4, 8, 16, 32, 64}. A fivepoint-star discretization of ∆ was used and the functions y, u, y, u, and ψ were
discretized by means of grid functions at the nodal points. It is easily verified that
all of the resulting problem instances have the form (QP) satisfying Assumption 1.
Table 1 contains the sizes of each problem instance in terms of the numbers of grid
points per dimension (g), variables (n), and equality constraints (m).
To avoid mesh-dependent performance, the termination criterion for each problem
was chosen based on condensed first-order optimality conditions [27, 31]. Letting p
represent adjoint variables and letting {ph , uh , ψh } represent the adjoint, control, and
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Table 1
Problem sizes.

g
4
8
16
32
64

Problem (18)
n
m
32
16
128
64
512
256
2048
1024
8192
4096

Problem (19)
n
m
48
32
128
96
384
320
1280
1152
4608
4352

Table 2
Input parameters for our implementations of Algorithms 1, 2, 3, 4, and SSN.
Parameter

Value

Algorithm(s)

opt

5 × 10−5 /h for (18)
√
5 × 10−5 / h for (19)

1, 2, 3, 4, SSN

¯num

1 × 10−5 /(2h) for (18)
√
1 × 10−5 /(2 h) for (19)

1

num
res

10−5 /(2h)

5×
for (18)
√
5 × 10−5 /(2 h) for (19)
10−2

2, 3, 4

10−1

2, 3
4, SSN

θ

0.8

2, 3

γ, δγ

102 , 1.2

3

ζ, δζ

res , 1.2

4

j

5

3, 4

κ

0.9

3, 4

bound vectors corresponding to the mesh size parameters h ∈ {2−4 , . . . , 2−64 }, for
problem (18) these conditions become
hkph − βuh − max{ph − βψh , 0}k2 ≤ opt ,
while for problem (19) they become
√
hk( ph |Γ ) − ( βuh |Γ ) − max{( ph |Γ ) − βψh , 0}k2 ≤ opt .
For the input parameters, we used the values in Table 2. We experimented with
various values for these parameters and the ones employed here are merely ones that
worked well in our experiments. Of course, to obtain the best performance, it would
be ideal to tune these parameters for individual applications.
Finally, it is important to note that for each instance of each problem, all algorithms were initialized with the same initial partition.
5.1. Results for basic formulations. We first present results for instances
where, as in [28], the reference functions were set as
(20)

y(x1 , x2 ) = sin(5x1 ) + cos(4x2 ) and u = 0.

All algorithms were initialized with all control variables being active at their bounds.
The performance of the algorithms in solving problem (18) is reported in Table 3
and their performance in solving problem (19) is reported in Table 4. In each table,
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Table 3
Results when solving problem (18) with (y, u) from (20).

g
4
8
16
32
64

Algorithm 1
Iter.
Kry.
2
87
3
454
3
1686
3
6181
4
29911

Algorithm 2
Iter.
Kry.
2
68
3
367
3
1370
3
4694
3
16269

Algorithm 3
Iter.
Kry.
2
68
3
367
3
1370
3
4702
3
16261

Algorithm 4
Iter.
Kry.
2
61
4
449
4
1577
4
5963
4
20227

Algorithm SSN
Iter.
Kry.
2
68
3
367
3
1370
3
4832
3
16308

Table 4
Results when solving problem (19) with (y, u) from (20).

g
4
8
16
32
64

Algorithm 1
Iter.
Kry.
5
525
7
2729
8
10226
9
36659
9
121853

Algorithm 2
Iter.
Kry.
5
481
7
2493
8
9564
8
30867
8
103507

Algorithm 3
Iter.
Kry.
5
481
7
2493
8
9564
8
31098
8
104660

Algorithm 4
Iter.
Kry.
5
423
7
2303
8
9032
8
30371
8
103604

Algorithm SSN
Iter.
Kry.
5
476
7
2523
8
9774
8
31746
8
106147

we report the numbers of grid points per dimension, PDAS iterations required before termination (Iter.), and total Krylov (i.e., MINRES) iterations required before
termination (Kry.). (It should be noted that, due to diagonal dominance of the matrices involved, all runs of Algorithm 2 required only one Krylov iteration per PDAS
−1
iteration to compute the upper bound on kRII
k1 via procedure (12). Hence, the computational expense of this subroutine for all instances was negligible.) While we do
not explicitly report the CPU time required by each solver to terminate when solving
each problem instance, we remark that, as should be expected in general, the relative
CPU times required by all solvers was proportional to the relative Krylov iterations
required. Hence, in these results, one should compare solvers primarily based on the
numbers of Krylov iterations required.
The results in Tables 3 and 4 show that all algorithms were competitive in terms
of iterations required in this experiment. This is a credit to PDAS and semismooth
Newton frameworks, which, as exhibited in this experiment, can converge in very few
iterations regardless of problem size. That being said, the results do provide evidence
for the benefits of allowing inexactness in the subspace solutions. In particular, when
applied to solve these test instances, Algorithms 2, 3, and 4 consistently require many
fewer Krylov iterations. Algorithm SSN is also competitive.
5.2. Results for degenerate formulations. We now present results for degenerate instances of (18) and (19). In particular, following a similar strategy as
in [4], we construct degenerate instances by ensuring (u∗ )h = ψh with half of the optimal dual variables associated with these bounds being zero and the other half being
randomly generated positive numbers. The state variable (y∗ )h is then set so as to
satisfy the affine equality constraints and the reference function values are chosen so
that the optimality conditions are satisfied at this primal-dual optimal solution. For
both problems, all algorithms were initialized to have half of the bounds active.
Using the same headings as the tables in the previous subsection, the performance
of the algorithms in solving problem (18) is reported in Table 5 and their performance
in solving problem (19) is reported in Table 6.
As in the previous section, the results in Tables 5 and 6 show that while all
algorithms are competitive in terms of numbers of iterations, the algorithms that allow
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Table 5
Results when solving degenerate instances of problem (18).

g
4
8
16
32
64

Algorithm 1
Iter.
Kry.
3
137
4
641
4
2154
6
9586
5
16797

Algorithm 2
Iter.
Kry.
3
77
3
240
3
802
3
3273
3
10101

Algorithm 3
Iter.
Kry.
3
77
3
240
3
802
3
3174
3
8414

Algorithm 4
Iter.
Kry.
2
26
2
177
3
649
2
2130
3
7512

Algorithm SSN
Iter.
Kry.
2
40
3
289
3
951
3
4152
3
11958

Table 6
Results when solving degenerate instances of problem (19).

g
4
8
16
32
64

Algorithm 1
Iter.
Kry.
2
334
3
1593
5
7503
5
21062
5
62470

Algorithm 2
Iter.
Kry.
2
309
3
1588
3
4884
3
12823
3
35152

Algorithm 3
Iter.
Kry.
3
420
2
1214
3
5184
3
14328
3
39934

Algorithm 4
Iter.
Kry.
4
447
4
1392
3
3524
5
16046
4
37778

Algorithm SSN
Iter.
Kry.
3
422
4
1905
3
5258
3
14969
3
43288

inexact subspace solutions yield benefits in terms of reduced overall Krylov iterations
required, a good proxy for CPU time in general. All other algorithms required many
fewer Krylov iterations than Algorithm 1, with slightly improved performance seen
for Algorithms 2, 3, and 4 when compared to Algorithm SSN.
6. Conclusion. In this paper, we have proposed a set of primal-dual active-set
algorithms for solving certain structured quadratic optimization problems. The distinguishing feature of the algorithms is that they attain global convergence guarantees
while allowing inexactness in the (reduced) linear system solves in each iteration. In
each iteration, the first algorithm sets a requirement for the accuracy in the linear
system solve through the use of subroutines for computing an upper bound for the
inverse of a particular submatrix, whereas the second and third make use of dynamic
algorithmic parameters for controlling the level of inexactness in each iteration. We
have implemented our algorithms and have provided the results of numerical experiments on a pair of optimal control test problems, illustrating that our algorithms can
converge in a similar number of PDAS iterations as an algorithm that employs “exact”
linear system solves, but with lower per-iteration computational costs. We also compared our implementations against that of a semismooth Newton method that allows
inexact linear system solves [30]. This approach was also competitive in our experiments, though we believe that the manner in which our methods impose inexactness
criteria that guarantee productivity in each active-set update can be advantageous.
Appendix A. Convergence of Algorithm 1. In this appendix, we prove
Theorem 3 by proving two theorems, the first corresponding to condition (a) of the
theorem and the second corresponding to condition (b). These theorems can be seen
as generalizations of [28, Theorem 3.3] and [28, Theorem 3.4], respectively, so that
the conclusions can be shown to apply when solving problem (QP) with Algorithm 1.
(By contrast, the algorithm and results in [28] were stated in terms of solving BQPs
only, and the algorithm in [28] is stated such that all elements of the violated sets
change index set membership in each iteration, which is not required in Algorithm 1.)
Theorem 12. Suppose Assumption 1 holds, R is a P -matrix, and, corresponding
−1
−1
to any partition (A, I), we have that k[RII
RIA ]+ k1 < 1 and eT RII
w ≥ 0 for any
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−1
w ≥ 0, where the latter inequality holds strictly, i.e., eT RII
w > 0, whenever w 6= 0.
Then, with εopt ≥ 0 and any initial partition, Algorithm 1 terminates in a finite
number of iterations. In particular, if εopt = 0, then Algorithm 1 terminates in a
finite number of iterations with a KKT point for (QP).

Proof. It suffices to prove the result for εopt = 0. Thus, in the proof, we show
that Algorithm 1 yields a KKT point in a finite number of iterations.
In order to derive a contradiction, suppose that Algorithm 1 generates an infinite
number of partitions. For a given partition (A, I) considered in the algorithm, let
(A+ , I + ) be the subsequent partition in the algorithm. Furthermore, let (x, y, z) and
(x+ , y + , z + ), respectively, be the subspace solutions corresponding to these partitions.
For any index i ∈ A+ , we have by step 8 of Algorithm 1 that either
i ∈ A =⇒ xi = ui = x+
i
or i ∈ I =⇒ xi > ui = x+
i .
Hence, it follows that [x+ − x]A+ ≤ 0. Similarly, for any index i ∈ I + , we have by
step 8 of Algorithm 1 that either
i ∈ I =⇒ zi = 0 = zi+
or i ∈ A =⇒ zi < 0 = zi+ .
Hence, it follows that [z + −z]I + ≥ 0. Now, since (x, y, z) and (x+ , y + , z + ) are subspace
solutions, it follows from (2) that
R[x+ − x]B + [z + − z] = 0,

(21)
which implies that

+
[x+ − x]I + = −RI−1
− x]A+ + [z + − z]I + ).
+ I + (RI + A+ [x

Moreover, from nonsingularity of the matrix R, it follows that if [x+ − x]A+ and
[z + − z]I + are both zero, then [x+ − x]I + and [z + − z]A+ are both zero. By the
partition update rule in step 8 of Algorithm 1, this occurs if and only if the violated
sets VP and VD corresponding to (x, y, z) satisfy VP ∪VD , which, by Theorem 2, occurs
if and only if (x, y, z) is a KKT point for (QP), i.e., KKT(x, y, z) = 0. However, in
such a case, the algorithm would have terminated with (x, y, z), contradicting the
supposition that an infinite number of partitions are generated. Hence, it follows that
[x+ − x]A+ and [z + − z]I + cannot both be zero.
For brevity, we now define ∆x := x+ − x and ∆z := z + − z. From the discussion
above and letting e ∈ Rn denote a vector of ones, we have
eT ∆xB
= eTA+ [∆x]A+ + eTI + [∆x]I +
−1
T
= eTA+ [∆x]A+ − eTI + RI−1
+ I + RI + A+ [∆x]A+ − eI + RI + I + [∆z]I +
−1
T
≤ − (1 − k[RI−1
+ I + RI + A+ ]+ k1 )k[∆x]A+ k1 − eI + RI + I + [∆z]I + < 0,

where, by the conditions of the theorem, the last inequality is strict since [∆x]A+
and [∆z]I + cannot both be zero. Thus, the quantity eT xB strictly decreases in each
iteration of Algorithm 1. However, this is a contradiction to the supposition that
an infinite number of iterates are generated since x is uniquely determined by the
partition and there are only a finite number of partitions of B. Consequently, we have
proved that Algorithm 1 must terminate finitely with a KKT point.
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Theorem 13. Suppose Assumption 1 holds and R satisfies R = M + E, where
M is an M -matrix and kEk1 is sufficiently small. Then, with εopt ≥ 0 and any initial
partition, Algorithm 1 terminates in a finite number of iterations. In particular, if
εopt = 0, then Algorithm 1 terminates in a finite number of iterations with a KKT
point for (QP).
Proof. As in the proof of Theorem 12, it suffices to prove the result for εopt = 0.
Furthermore, again as in the proof of Theorem 12, we suppose—in order to derive a
contradiction—that Algorithm 1 generates an infinite number of partitions. Borrowing notation and conclusions from the proof of Theorem 12, we have [∆x]A+ ≤ 0 and
[∆z]I + ≥ 0. Moreover, for sufficiently small kEk1 , the matrix R is nonsingular,
−1
−1
−1
RI−1
+ I + RI + A+ = MI + I + MI + A+ + O(kEk1 ) and RI + I + = MI + I + + O(kEk1 ).
−1
Since M is an M -matrix, we have MI−1
+ I + MI + A+ ≤ 0 and MI + I + ≥ 0. Hence, since
[∆x]A+ and [∆z]I + cannot both be zero, we have for sufficiently small kEk1 that

eT ∆xB
= eTA+ [∆x]A+ + eTI + [∆x]I +
−1
T
= eTA+ [∆x]A+ − eTI + RI−1
+ I + RI + A+ [∆x]A+ − eI + RI + I + [∆z]I +
−1
T
= eTA+ [∆x]A+ − eTI + MI−1
+ I + MI + A+ [∆x]A+ − eI + MI + I + [∆z]I + + O(kEk1 ) < 0.

The remainder of the proof follows in the same manner as that of Theorem 12.
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