Lecture 20 — Matrix optimization in ML



Principal component analysis

Let us take three points in R*:

L1 = (2, 1) °
Lo = (4, 2 . °
L3 = (6,3)




Principal component analysis

Find direction of largest variance

Let us take three points in R*:
y1 =(2,1) +(0(¢),0(¢))

y2 = (4,2) + (0(¢), O(¢))
ys = (6,3) + (O(e), O(e))
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Sparse principal component analysis

Find a sparse direction of largest variance

Let us take three points in R?:

y1 = (2,1)+(0(e),0(¢))
y2 = (4,2) +(0(e),0(¢))
ys = (6,3) +(O(e),0(¢))
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Introduction

Clustering of gene expression data in PCA versus sparse PCA, on 500 genes.

PCA Sparse PCA
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The PCA factors f; on the left are dense and each use all 500 genes.
The sparse factors g1, g2 and g3 on the right involve 6, 4 and 4 genes respectively.

A, d'Aspremont, L. El Ghaoui, M. Jordan, G. Lanckriet SIAM Optimization conference, May 2008. 3



Sparse PCA

Given a set Y € R™*"™ compute
empirical covariance matrix A = %YTY

Principal component analysis max xTAw
Maximize the variance explained by factor x zeR™

S.t |x]|2 =1
Sparse principal component maX,cRn Q;TA$
analysis
Maximize the variance explained by a S't ‘ CCLT‘d(ZC) — k

factor x with bounded cardinality

|lzfl2 = 1



Semidefinite relaxation

Start from: maximize z! Ax
subject to |[[z|[s =1
Card(z) < k,

where = € R". Let X = 227 and write everything in terms of the matrix X:

maximize Tr(AX)

subject to Tr(X)=1
Card(X) < k?
X = z2T,

Replace X = zz7 by the equivalent X = 0, Rank(X) = 1:
maximize Tr(AX)
subject to Tr(X)=1
Card(X) < k?
X =0, Rank(X) =1,

again, this is the same problem.

A d’Aspremont, L. El Ghaoui, M. Jordan, G. Lanckriet SIAM Optimization conference, May 2008.
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Semidefinite relaxation

We have made some progress:

e The objective Tr(AX ) is now linear in X

e [he (non-convex) constraint ||z||s = 1 became a linear constraint Tr(X ) = 1.
But this is still a hard problem:

e The Card(X) < k? is still non-convex.
e So is the constraint Rank(X ) = 1.

We still need to relax the two non-convex constraints above:
e If ue R”, Card(u) = ¢ implies ||ul[; < ,/q||u||2. So we can replace

Card(X) < k° by the weaker (but convex): 17| X1 < k.

e We simply drop the rank constraint

A d’Aspremont, L. El Ghaoui, M. Jordan, G. Lanckriet S51AM Optimization conference, May 2008. 11



Semidefinite Programming

Semidefinite relaxation:

naximize 2T Ax maximize Tr(AX)

. becomes subject to Tr(X) =1
subject to |[[z][a =1 ) 1T|{X |)1 <k
Card(z) < k, X0

e This is a semidefinite program in the variable X € S". ..
e Solve small problems (a few hundred variables) using IP solvers, etc.

e Dimensionality reduction apps: solve very large instances.

Solution: use first order algorithm. . .

A. d'Aspremont, L. El Ghaoui, M. Jordan, G. Lanckriet SIAM Optimization conference, May 2008.
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Sparse inverse covariance selection



Sparse inverse covariance selection %})
p random varibles :
x={x1,....,Tn} /

Vi
/
Multivariate Gaussian probability density function:

P(x) = (27)"% det(X) % exp (— (@ — w)TS " (@ — )

N

e X ¢ R™"*™ - covariance matrix
e Zeros in X! : conditional independence

e Sparsity of ¥7! : better interpretability



Multivariate Gaussian probability density function:

Sparse inverse covariance selection i %p

P(x) = (21)~ % det(X) "7 exp (— 1 (x —

e Given X - m realizations of x, (i = 0)

o maxy log(P(X)) = maxs § log(det(X71)) — 5Tr((XX )21

e Can compute ¥~! maximing log-likelihood



Optimizing log likelihood

o maxy log(P(X)) = maxy 2 log(det(X 1)) — 2Tr((XX T)271)

o Let A= 1XX'

o Y1 = arg max 2 (logdet C — Tr(AC))

e Solution ¥~! = A~! - typically not sparse.

e Need to enforce sparsity of ¥~ !: Penalize for nonzeros



Enforcing sparsity

 NP-hard formulation

1 = argmaxc (2 (logdet C — Tr(AC)) — ACard(C))
 Convex relaxation

>~ = argmaxc 2 (logdet C — Tr(AC)) — A||C|)1
I = >_45 1C351)

« Convex optimization problem with unique solution for each A



Primal-dual pair of problems

Primal problem
maxcso % (Indet(C) — T'r(AC)) — A||C||1

Reformulate using constraints

%[ln det(C" = C") = Tr(A(C" = C"))] = ATr(E(C" + C7)),

max
C’,C

. t. C'>0,C">0, C —C" =0

Lagrangian

L(C’,C”, U, V) =
i

> [Indet(C" = C) = Tr(A(C" = C"))] = NI (E(C' + C")) + U+ C' + V. x C”
U,V,C',C" >0



Deriving the dual

m

VOMOLﬂUN%:5W7—UT*—M—AE+U:0
U >0
Ve L(C',C", U, V) =

m

2

V>0 D
W = (C/ . C//)—l
—AE+V=%WAA=AE—U

Uuv >0
11

[—(C"=C") T+ Al - AE+V =0



Primal-dual pair of problems

Primal problem

maxcso 5 (Indet(C) — Tr(AC)) — N|C||1

Dual problem

maxyyyof ZIn(det(W)) — mp/2 : s.t. Z[|(W — A)||oo < A}

Interior point method — O(n®) operations/iter



Block coordinate ascent

Update one row and one column of the dual matrix W at each step

W:[WM ’w12]

W21 W22

maxw ol Hln(det(W)) —mp/2 : st. B||W — Al|oc < A}

IndetW = ll’l(det(Wll)(’LUzz — w12TW1_11w12))



Block coordinate ascent subproblem

Update one row and one column of the dual matrix W at each step

W:[WM ’w12]

W21 W22

MAXy g9  1N(W22 — w12TW1_11w12))

2 2
s.t. (w12 — a12]|cc < —A, |wag — age] < —A
m m
: _ 2
mm{wszWlllwlg . S.t. ||w12 — alQHoo S —)\,
w12 T



Subproblem reformulation

: _ 2
mm{wlTQWlelg . S.t. leg — alZHoo S —)\,
w12 ™m

W12 = Wllﬁ

: 2
méﬂ{ﬁTWnﬁ costb. [ Wi — a1zl < E)\}



Remember Lasso!

Primal-Dual pair of problems

1
min || Az —b][* + Azl

1
min §ZCTATAQT

st. ||A"(Az — b)|lec < A



Dual subproblem

: _ 2
mm{wlTQWlelg . S.t. leg — alZHoo S —)\,
w12 ™m

W12 = Wllﬁ

: 2
méﬂ{ﬁTWnﬁ cost. |[WiB — aiz2lee < EA}

. 1/2 —1/2 4
mind[|[W{* = Wiy Fan||® + — |5

The dual subproblem is the Lasso problem



Remember coordinate descent for Lasso

, 1
min,, o[ Az = b||* + |zl

Choose one variable x; and column A;.
Let £ and A correspond to the fixed part

1 _
min,, 5(14@33@ + AZ — b)* + |z

Soft-thresholding operator

1 (=X ifr>\
min§(wi—r)2—|—)\\a:\—>:ci:< 0 if —A<r<A
v r4+ X\ ifr< =\

\

r=—A; T (Az = b) /|| A2, A = N[44



Remember coordinate descent for Lasso

ming, u W28 — Wi Paia|? + MBI
| r—Ax 1r>A\
min ~(3; —r)* + Az| = B8 =<¢ 0 if —A<r<A
e PN i< A

—((W11): ' B — (a12):)/(Wi1)ii, A — X/ (Wi1)is

No need to compute W12



Multiple Kernel Learning

Modified from Gert Lanckriet’'s (UCSD)
slides



Support Vector Machines



Kernel SVM

Qi =wvyzi” z 1 Qi =iy o(ni) o) = yiy K(wi, ;)
Kernel operation: K(xi,z;) = ¢(xi)” ¢(z;)

Examples:
+
2 K (zi,@) = expl X xii*=2% I
2 i d O
K(zi,z;) = (i zj /a1 + ay) /

~ -
Y



Maximal margin classification

* Training: convex optimization problem (QP)
* Dual problem:

n 1 n n
mO?X ZO@ — 5 Z OéiOéjyiyjqb(QZ‘i)T¢(£Cj) S.t. Zaiyi = O, 0 < 87 < C
1=1

ij=1 i=1

1Kij = ¢(z;)" P(x;)

1
max a' e— §OzTDyE|DyOz S.t. ozTy =0, 0<agC

(67

» Optimality condition: [w = >, a;yid(x;)




Kernel-based learning

Embed data IMPLICITLY: Inner product measures similarity
) O
qb(%)@ o © » k 337,755] ¢($z)T¢($J)
| © ez |
@, J
Cg?@ ° »Kw = ¢(x:)" ¢(x;) l
O :

Property: Any symmetric positive definite
matrix specifies a kernel matrix & every kernel
matrix is symmetric positive definite




Optimizing over the kernel

* Primal problem:

—— 1 1 -
%é%mén 50 D%KDyoH—C;&
S.t. D)K|D,o +yB+s— & = —e,

e (Can we do this?



Optimizing over the kernel?

* Primal problem:

° q —l_
%é%mén 504 D%KDyoH—C;&

S.t. DJK|D,a +yB+ s — & = —e,
0<a;<C,620

 Consider K=yy' >0

K(zi,2;) = 1 if x;, x; in the same class
Yol T~ if oy, z; in different classes



Classification using the kernel

* Training:

1
max o' 1-— §ozTDyKDyoz st. a'y=0,0<a<C

87

« Classification rule: classify new data point x:
f(¢(z)) = sign (w' @(x)+b)
= sign (Z aiyip(z)’ ¢(x) +b)
1=1



Classification using the kernel

* Training:

87

1

max o' 1-— 5oﬁDyKDya

st. a'y=0,0<a<C

« Classification rule: classify new data point x:

fg(z))

sign (w' ¢(z) + b)

sign (Z Q5 Y;
i=1
n
sign (Z ;Y
i=1

o(z:)" ¢

\/

k(x;,x)

() [+ b)
; b)



Optimizing over the kernel?

* Primal problem:

: : T
%é%m(in 50 D%KDyoH—C;&

S.t. D)K|D,o +yB+s— & = —e,

 Need additional conditions on K



When the unlabeled data is given

* Primal problem:

] oo oD, awZ&

s.t. D, 7aDyoz—l—yﬁ—l—s—f——e,

0<a; <C, €20
Ktr Kts;tr

 Still need more conditions Kirjes Kis




Kernel methods with heterogeneous data

1 — First focus on every single source k of information
individually

— Extract relevant information from source j into K;

» Focus on kernel design for specific types of information

2 — Design algorithm that learns the optimal K, by

“mixing” any number of kernel matrices K;, for a
given learning problem

» Homogeneous, standardized input

=3 Flexibility

» Can ignore information irrelevant for learning task




Classification with multiple kernels

« Consider a convex sets of kernels

K = Z anj,tr
j=1

3=

j=1

Y nK;j =0, 7>0
j=1

Can reformulate this as an SOCP




Convex combination of kernels

Kt’r’ — Z anj,tr
j=1

Y=

j
K;>0,n>0

1
. T T
min max a e——o' D N K; | Dya s.t. 0<a<C



Convex combination of kernels

/N

min ( max al e——a (an ]) s.t. O

77j>ovzj nj=—c a,aTyzO

a<C>

Omit D, for simplicity

Because both problems are convex and have strictly feasible solutions

ozéC)

/N

-
(a,rqai a'e— max (an J> s.t. 0

0 77]>OZ 773_02

Optimum of the linear function is achieved at the corners

1
( max a'e— cmax “al (KJ> a S.t. 0<aL C’)
a,a ! y=0 j 2



Convex combination of kernels

1
( max ale— c max “al (KJ) a S.t. 0<aL C’)
a,a ' y=0 j 2

max o e —ct
t,«x
S.t t > —ozTKJoz



Convex combination of kernels

1
( max ale— c max “al (KJ) a S.t. 0<aL C’)
a,a ' y=0 j 2

IItlaX o e—ct
S.t t > —ozTKJoz
Ta=0 This is a QCQP



Convex combination of kernels

1
( max ale— c max “al (KJ) a S.t. 0<aL C’)
a,a ' y=0 j 2




Multiple kernels: primal problem
(o)== ()
b () \ wm

* Primal problem

_ 1
min,, p E(E wjl|2)? + C > ¢
J i

st yi(w'g@)+b)>1-¢, i=1,...,n
§Z>O7 i=1,...,n



Multiple kernels: dual problem

« Reformulation as an SOCP

2
.1 .
min- 3 (th) +CY & st Vi llwjlla <t
VA ,_7 ,L

» Constraint of type [llulla St

— Second-order cone (Lorentz cone, “ice-cream
cone’) A

N4

/

— Self-dual cone



Multiple kernels: dual problem

* Dual problem

1
moré:\x ole—E maonTKjoz S.t. ozTy =0,0<acC
J

« KKT conditions
— o is the solution of the SVM with K =Z; 1, K|

* mj's: from conic duality

 equivalent to previously obtained QCQP (for combining
kernels)

— “Support vectors”: x; for which o; > 0
— “Support kernels”: K; for which n; > 0

» SKM: Support kernel machine




