Lecture 18
Optimization approaches to Sparse Regularized
Regression



Least Squares Linear Regression
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Lasso

Primal-Dual pair of problems

1
min || Az —b][* + Azl

1
min §xTATAw

st. ||JA"(Az — b) oo < A



Optimality Conditions

(i) x; <0, and (A" (Ax —b)); = ),
(ii) z; > 0, and (A" (Ax —b)); = =\,
(iii) ; =0, and -\ < A" (Az —b); < A



An active set approach



Optimality Conditions

(i) z; <0, and (A" (Az —b)); = ),
(ii) z; >0, and (A" (Ax —b)); = =\,
(iii) z; =0, and —\ < A" (Ax —b); < X - relax.

Given any x we partition I ={1,...,n} into I,,, I,, and I :
o V) € ]p x; > 0.
o Vic I, x; <O.

o Viel, x; =0.



Active set approach

Given a partition (z,, z,,2,), , = 0.

. 1
min || Apz, + Anan — b||° + All(xp, zn) 11

Check ”AT (A(pm)il?(p,n) — b)HOO S )\



Active set approach

, 1
min §||Apa;p—|—Ana:n — b||? +)\in — A Z T;

iel, i€l

*

iy x’) by solving a system of linear equations

e Get a solution (z
e Check if x; > 0, and x;, <0, if yes, continue...

e If not, find

¥ — argmin{igﬂ%@ x;[(x; — ), ie[ir:liz:%>0 —x;[(x] —x;)}

e Move ¢* to I, update I, and I,

e Repeat the step



Checking optimality, choosing next nonzero element

Check HAT (A(pjn)ib‘(p’n) — b)HOO S )\

e Given solution (z,,x,,0) we know

(APT(Apxp + Apxn — b)) = A,
(An " (Apzp + Apzy — b)) = =,

e Check if
A< (A, (Apzy, + Az — 1) < A
if true, then optimal solution is reached, otherwise...

o Choose ¢* = argmax;¢; {—min(A, ' (Apzp + Apz, — b))
max (A, ' (Ayz, + Apz, — b))}

e Move ¢* into I, or I, according to the sign of
(A, " (Apz, + Apzy — b))+, update I,.



Least angle regression




Least angle regression

\

Choose I, and I,, compute z(, ,) from

(i) i € I,, and (A" (Apzp + Apzy — 1)) =

(ii) i € I,, and (A" (Apzp + Apzy — b));




Least angle regression

'\

Choose index 7 with
> the largest ‘AT (A(p’n)a?(pm) - b)‘z
(A(p.nX(p.n)P)

_

1 € I,, check —\ < (AT(A(pjn)a?(pjn) — b))z < A



AT

Least angle regression

TN

(Ap,nX(p,nP)=r

residual

-

_/

Choose index 7 with
the largest |(AT(A(p,n)x(p7n) — b)),

The largest |A; ' r| is given by the column of of A
which makes the least angle with r or with —r -
the largest positive or negative correlation.

If all angles are “big” (defined by \) or r is small then we are done!
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Lasso Cr:}efhuent Path
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Computing regularization path

Let us start with a very large A and I, = {1,...,n}, |(ATb);| < A

e Reduce \ until for some i* € I, A = |(A"b)

i+ OCCUTS.

e Move ¢* into I, or I,, according to the sign of
(AZT(Apa:p + A, x, —b));+, update I,.

o Keep reducing A until either A = |(A'b)
(xp, x,,) which satisfies

i+ for some ¢* € I. or for solution

(ApT(Ap:cp + Az, — b)) =\, i €1,
(An " (Apzy, + Apzy — b)) = =\, I €1,

one of the components hits zero.

e Update I, I, and I,, and proceed reducing .



Per iteration cost

Given a partition (z,,xy,0), |I, U I,| =k,

, 1
min §||A(p’n)£13(p,n) — b”2 + A Z L; — A Z X;

iel, iel,

Update factorization of A, \\TA
Memory — O(k?)

Check HAT (A(pm):l?(p,n) — b)HOO <\

(v.n) At each step - O(mk)

Compute AT(A, 1 X(p.n): O(nm) (improved by “sifting”)

Can be too costly to compute and to store.



Coordinate descent



Coordinate descent

Choose one variable x; and column A;.
Let x and A correspond to the fixed part

1 _
miny, §||AZ£C@ + Az — b||” 4+ A|z;]

Soft-thresholding operator

1 (Cr— X ifr> A
min§(xi—r)2+)\]:v|%azi:< 0 if —A<r<A
v r+ A ifr<—=X\

\

r=—AT(Az = B)/[JAl[2, A = M4



1

flz) =3

Voflz)=ax—7r—\
Vef(lx) =2z —7r4+ A\

(z —7)% + Alz|

it x <0

it x >0

r—+ A




Given the scaled gradient

. Tr; = AZT(AQ_Z — b)/HAsz
Can choose coordinate to update by:

*Simply cycle through all coordinates

*Update all at once

*Choose the one with largest gradient component
*Choose the one with largest obj. function improvement

*Choose coordinate at random
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Coordinate Descent

e Solve the lasso problem by coordinate descent: optimize each
parameter separately, holding all the others fixed. Updates are

trivial. Cycle around till coefficients stabilize.

e Do this on a grid of A values, from A4, down to Anin

(uniform on log scale), using warms starts.

e Can do this with a variety of loss functions and additive

penalties.

Coordinate descent achieves dramatic speedups over all

competitors, by factors of 10, 100 and more.
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Coellicents
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LARS and GLMNET
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First order methods



First-order proximal gradient methods

« Consider: min f ()
Vf(z) =V (y)| < Lz -yl

« Linear lower approximation
f(y) = f(z) + V(@) (y - )

« Quadratic upper approximation

F(y) < f(2) + Vi) (y— ) + iuy )P = Q)

1) T f())

) < f(z) + iux V@) =yl = Q)



First-order proximal gradient method

min f(x)

X

 Minimize quadratic upper approximation on each iteration

R argminny,u(a:k, Y)

11

oFH = o V(o)

* If u< 1/L then

) < ) + %Hx‘“ V()T = P2 = Qp (e, 2R )



Accelerated first-order method

Nesterov, * 83, ‘00s,
Beck&Teboulle ‘09 min f(x)

X

Minimize upper approximation at an intermediate point.

eF =y — uV f(y"¥)

yk-|—1 _ xk_|_z_;%[xk_$k—1]
+ If u< 1/L then
0  ,.%
)~ sty < M2



Complexity of accelerated first-order method

Nesterov, * 83, ‘00s,
Beck&Teboulle ‘09 min f(x)

T

Minimize upper approximation at an intermediate point.

eF =y — uV f(y"¥)

P %[xk — k]

If u< 1/L thenin O(/“~“'l) iterations finds solution

Z: f(Z) < f(z") +e

This method is optimal if only gradient information is used.




Prox method with nonsmooth term

e Consider: [minfF(z)=f(z)+g(z)

x

Vi(z) = VIl < Ll —y

W) G f(a)

* Quadratic upper approximation

F)+oly) < f(2) + V@) (y— ) + iuy 2P 4o(y) = Qpulasy)

Py) < f(x) + iux V@) — P o) = Qraley)

Assume that g(y) is such that the above
function is easy to optimize over y




First-order method for nonsmooth functions | ee

min F'(z) = f(z) + g(z)

X

e Minimize quadratic upper relaxation on each iteration

| 1
¥ = argmin, Q¢ (2", y) = f(2") + |l2" = uVF(=") " =yl +a(y)

o If u<1/L then in O(1/¢) iterations finds solution

7: F(F) < F(z*) + ¢

Beck&Teboulle, Tseng,
Auslender&Teboulle, 2008



Fast-first order methods -4

min F'(z) = f(z) + g(z)

x

e Minimize a upper approximation at an intermediate point.

k+1

2" = argmin, Q (y", y)

kE—1
k+1 _ k k+1  _k
—|——k_|_2(x )

o Ifu<1/LtheninO(1/./¢) iterations finds solution

T: F(Z) < F(a")+e

Beck&Teboulle, Tseng, 2008



g(y) in sparse regression




Example 1 (Lasso)

min f(z) + ||z

e Minimize upper approximation function Q4x,y) on each iteration

. 1
miny, f(2") + - [la* =tV (2*) " = yll” + |yl

, 1
meyi [2_t(yz — 1) + |yz|]
i Closed form
solution!
ﬁ O(n) effort
L=
1 ( r, —t ifr; >t
mi.ni(yi—ri)2+t]yi|%yf:< 0 if —A<r; <t
vi i+t i <t




Gradient method for Lasso
Vi(z)=A"(Az —b)

. 1
Rt = m;n(Axk —b) Az —y) + Q—tka — | + Ayl

1
2"t = min —||(z® — tA" (Az® — b)) — y||? + A||y|x

y 2t
|

2 matrix/vector multiplications + shrinkage operator per iteration
O(1/e) iteration bound



Sparse logistic regression

f(w, ) = Zlog 1+ exp(—yi(w' z; + B)))

1=1

min,, g f(w, B) + Al|lw||1

|
w*t = min —||(w* — pV f(WF, B) = v||? + A||v|1

v 20
| |

A gradient computation + shrinkage operator per iteration
O(1/e) iteration bound



Example 2 (Group Lasso) 1
mmf —FZHZC@H zr; € R™
e Very similar to the previous case, but with ||.|| instead of |.]
: 1 9
> minyerns | 5 (v —7i)” + lyil

ﬁ Closed form

solution!

O(n) effort

y; =

max (0, [|7;[] — 4)
|73



SIMPLIFIED ACTIVE SET
(EXTRA SLIDES)



Optimality Conditions
(i) x; <0, and (A" (Az —b)); = A,

(i) x; > 0, and (A" (Ax —b)); = =)\,
(iii) ; =0, and —\ < A' (Ax —b); < X - relax.
Given any x we partition I = {1,...,n} into B and N:

o Vi e N x; =0.



Active set approach

Given a partition (zg,zn), zny = 0.

, 1
min §\|AB:1:B —b||* + Mzl

Check [|[A" (Axr — b)[loc < A




Least angle regression

AT




Least angle regression )
_ b
AT -

\ /

Choose B and compute zp from
(1) x; < 0, and (AT(ABSCB — b))z — )\,
(11) x; > 0, and (AT(AB.CCB — b))z = —\.



Least angle regression

AT I

(Agxs-b)

(i) #; <0, and (A" (Apxp —b));
(11) x; > 0, and (AT<AB£EB — b))z

TN

Choose index 7 with

> the largest |A' (Apxp — b)|;

_/

A,

—\,

(111) L, — O, and — A\ S AT(ABZUB — b)z S A - relax.



Least angle regression

residual

TN

-

_/

Choose index 7 with
the largest |A' (Apxp —b)l;

The largest |A; ' r| is given by the column of A
which makes the least angle with r or with —r -
the largest positive or negative correlation.



Per iteration cost L
Given a partition (zg,zyN), zny = 0.

, 1
min - ||Apzp — b|* + Allz sl
Update factorization of AgTAg: O(mk) if Age RMxk

Check [|AT(Apzp — )|l < A

Compute AT(Agxg): O(nm) (can be improved in practice)

Can be too costly to compute and to store. We'll now see
how to avoid any matrix factorizations



