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Nonlinear program with equality constraints

in f
xne]lﬁr’]" (X)

stt. ¢(x) =0
Sequential Quadratic Programming (SQP)

min fi +gld+idTWid
e n

s.t. ¢k +Ad =0
Step can be obtained via primal-dual system

Wk AZ— dk _ gk+AZ—)\k
Ak 0 5k - Ck
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Line Search SQP Method
» Apply an iterative solver to the primal-dual system
Wi AL [de] _ _ [gk+ Al 4|
Ak 0 | |dk Ck Ik
until a stopping condition is satisfied®
(Byrd, Curtis, Nocedal, 2007) or <@ =, «=» T 9ac
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Line Search SQP Method

» Apply an iterative solver to the primal-dual system
Wi AL [de] _ _ [gk+ Al 4|
Ak 0 Ok Ck 3
until a stopping condition is satisfied®

» Set the penalty parameter 7 to ensure descent on the penalty function

¢ (x) = £(x) + (x|l

(Byrd, Curtis, Nocedal, 2007) or <@ =, «=» T 9ac
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Line Search SQP Method

» Apply an iterative solver to the primal-dual system
Wi AL [de] _ _ [gk+ Al 4|
Ak 0 Ok Ck 3
until a stopping condition is satisfied®

» Set the penalty parameter 7 to ensure descent on the penalty function

P (x) = f(x) + mllc(x)]l
condition

» Perform a backtracking line search to find ay satisfying the Armijo

O (Xk + ardi) < Gnp (x) + N D, (di)

!(Byrd, Curtis, Nocedal, 2007)

Negative Curvature and Equality Constrained Optimization

(=]

=

A
University of Colorado and Northwestern University



Inexact SQP Method
[elele] )
000000
:

Algorithm Review
;

Unconstrained Optimization
000
00

Constrained Optimization
000

Stopping Conditions

Conclusion

Inexactness determined by reductions in ¢

mred.(d) = —g/ d — w(d)

5 d" Wid + ([l — lIrell)
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Inexactness determined by reductions in ¢,

w(d
mred-(d) = ~g7'd ~ D aTWid + 7(leil 1)
An accepted step (dk, dx) must satisfy

mredr, (di) > ome max{|lckl[, [ rill}
for a given constant 0 < o < 1 and appropriate 7,
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Stopping Conditions

Inexactness determined by reductions in ¢,

w(d
mred.(d) = —g d — %dTWkd + ([ exll = [l rxll)

An accepted step (dk, dx) must satisfy

mredr, (d) = ome max{ e, [} (1)

for a given constant 0 < o < 1 and appropriate 7,

» Stopping Condition I: (1) satisfied for mx = mx_1

» Stopping Condition Il: ||ry|| < €|lck|| for 0 < € < 1 and
ngdk + %dkTWkdk
(L —=o)(llell = NIl
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Assumptions for Global Convergence

Global convergence is guaranteed if
ZI Wiz = 0

where Z is a basis for the null space of Ay (i.e., AxZx = 0),

o 5 = = £ DA
;

:
Negative Curvature and Equality Constrained Optimization University of Colorado and Northwestern University

00




Inexact SQP Method Unconstrained Optimization Constrained Optimization Conclusion
0000 000 000
000000 00 000

Negative Curvature Case

Assumptions for Global Convergence

Global convergence is guaranteed if
ZI Wi Zi = 0

where Z is a basis for the null space of Ay (i.e., AxZx = 0),
which is known to hold if the primal-dual matrix

W, AT
Ay 0

has n positive and m negative eigenvalues
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Step Decomposition

Step can be decomposed into a tangential step ug, lying in the null
space of Ay, and a normal step vy, lying in the range space of AkT

dk = uk + vk, where [|di]|* = fue]l? + [[vi|?
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:
Step Decomposition

Step can be decomposed into a tangential step ug, lying in the null

space of Ay, and a normal step vy, lying in the range space of A[

di = ux + vk, where [|d||* = [lukl® + [[vil®
We claim that if Stopping Condition | or Il is satisfied
» ... and

Olluell? < [lvil®
then step is acceptable
» ... and

2 T
9” Uk“ S dk Wkdk
then step is acceptable
:
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Negative Curvature Case

Observing a Bounded Tangential Step

Observe
[viell = [[Akvicll /[ Ax]l
= [[Axdk|l/l| Akl
and so
0lldk||* < || Adill® /|| Axl?
implies

Olluk | < v l?
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Observing Negative Curvature

Observe
ol = N> = [[viell?
< il = [ Awdil/ | All?
and so
0 (ldkll® = [|Axdicll®/|Akl?) < dif Widk
implies

Ollui|* < d Widk
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Preliminary Algorithm
Apply an iterative solver to the primal-dual system
T T
Wi Ak di _ 8k + Ak Ak
Ak 0 5;( Ck
If

|2

rk
and 0 (|ldkl|* — | Axdk ]I /I1AK[I?) > dif Widi
then set Wy «— W such that

Olldill® > || Axdill®/ | All?
and continue the iteration

0 (ldkl® — 1 Akdil*/ | Ak?) < dif Wicdi
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Unconstrained nonlinear optimization

in f
Xngllg" (X)
SQP subproblem

minn fi + g,;rd + %dTde
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:
Problem Formulation
Unconstrained nonlinear optimization

in f
Xngllg" (X)
SQP subproblem

minn fi + g,;rd + %dTde

Step can be computed via Newton system

Hidik = —gx
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Applying an iterative solver

Inexact step satisfies

Hydk = —gk + px
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:
Applying an iterative solver

Inexact step satisfies

Hidk = —gk + pk
Line search method converges if the angle condition

T
8k dy >0
gl I il

is satisfied, which can be verified directly
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Hypothetical situation

Conclusion

Suppose we cannot verify an angle condition directly

g dk < —0|1gxlllldk|l
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:
Hypothetical situation
Suppose we cannot verify an angle condition directly

8¢ dic < 0 gl dk |
» Verified indirectly if

d Wicdi > 0||di||> and ||| < 6]gxll
» Verified indirectly if

T 2
8k di < —0[|dk[[* and |[|dk|[ = 0l[gx|
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:
Hypothetical situation
Suppose we cannot verify an angle condition directly

8¢ dic < 0 gl dk |
» Verified indirectly if

di Wicdi > 0| di[* and |pk]| < 0 gxll
(W — W, in a line search method)
» Verified indirectly if

8¢ di < =0||di[[* and dil > 0]g]
(A reduced in a trust region method)
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Recall step computation

Wi Al [dk _ gk + Al Ak 4 |PK
A 0 Ok (o rk
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Inexact SQP Framework

Recall step computation

Wi Al [dk _ gk + Al Ak 4 |PK
Ak 0 5/( Ck ri
Step quality ensured by Stopping Conditions | and Il
» SC I: descent for ¢, for current =

» SC II: descent for ¢, for increased 7
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Inexact SQP Framework

Recall step computation

Wk AZ— dk _ gk—i-AZ—)\k
Ac 0| [6k|

|-[2]
Ck rk
Step quality ensured by Stopping Conditions | and Il

» SC I: descent for ¢, for current =

» SC II: descent for ¢, for increased 7

Step length ensured by problem characteristics
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Inexact SQP Framework
Recall step computation

Wk AZ— dk _ gk—i-AZ—)\k
Ac 0| [6k|

|-[2]
Ck rk
Step quality ensured by Stopping Conditions | and Il

» SC I: descent for ¢, for current =

» SC II: descent for ¢, for increased 7

Step length ensured by problem characteristics

» ... but properties are lost for indefinite ZkT Wi Zy
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| Angle Condition
“Angle Test” for Constrained Optimization

An inexact SQP step is acceptable if it satisfies an “angle test” for
the penalty function ¢,
» Taylor expansion yields

Dx(dx) < g« di — m(llekll = lI7«ll)

» What is the steepest descent direction? (7 not fixed)
“Angle test” cannot be verified directly
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Verifying the Angle Condition

Sufficient Descent

Step satisfying Stopping Condition | or Il is acceptable if
Dor(di) < —6ldi|
and Dor(dk) < 0 (|[uxl|* + llxll)

which hold if

Dor(dk) < —0|/di|?
and Dor(di) < —0 ([|di|l® — || Akdk] /|| Akl® + llek]l)

where 7 is current (SC 1) or increased (bounded) value (SC II)

o 5 = = £ DA
;
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Verifying the Angle Condition
:
Proposed Algorithm

Conclusion

» Accept step if

Apply an iterative solver to the primal-dual system until SC | or Il is satisfied
> ... tangential step is bounded

Olldill < || Axdkll? /1| Acl1?
> or curvature is sufficiently positive
>

0 (ldkl* — [|Axdi|*/ | Ac|?) < df Wicdi
or direction is of sufficient descent

Dr(d) < —0]|d]?
and Dor(d) < —0 (||dil* — [|Akd ]|/ Akl® + llexll)
> 1 0||di||> > ||Axdi]|?/||Ac]|?, then set Wi — W to satisfy

e dk
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Conclusion

We have

> ...

observed that an inexact line search SQP algorithm may
fail if negative curvature is present

» ... proposed a method for modifying W) during the
application of the iterative solver to ensure global convergence

» ... proposed techniques for avoiding modifications of W)

Negative Curvature and Equality Constrained Optimization

(=]

=

A
University of Colorado and Northwestern University




Conclusion

Inexact SQP Method Unconstrained Optimization Constrained Optimization
0000 000 000
000000 00 000
:
:
Final Note on Modifying W

The Hessian of the Lagrangian has the form

Wi = VEF(x) + > N'Vic'(x)

i=1
so we may consider modifications of the form

Wi = Vaf(x) + > NVac'(x) + G
i=1
where G, = 0, or

Wi = fof(x) + Z /\inXci(x)
ieT
if V2f(x) = 0is known and Z C {1,...,m}
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