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Constrained stochastic optimization

Consider

min f(z) =E[F(z,w)]

s.t. cg(z) =0
cz(z) <0

where f:R" xR, F: R" x Q@ - R, cg : R — R™¢ and ¢z : R — R™Z
» w has probability space (2, F, P)
> E[] with respect to P
> Classical applications with objective uncertainty, constrained DNNs, etc.
>

Very few algorithms so far (mostly penalty methods)
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Contributions

Consider equality constrained stochastic optimization:

min f(z) = E[F(z,w)

st.c(z) =0

Adaptive SQP method for deterministic setting
Stochastic SQP method for stochastic setting
Convergence in expection (comparable to SG for unconstrained setting)

Numerical experiments are very promising

vy vV VvV VY

Various open questions!
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Stochastic gradient (not descent)
Suppose Vf : R™ — R" is Lipschitz continuous with constant L.

znel]iRI}l f(z) = E[F(z,w)]

Algorithm invented by Herbert Robbins and Sutton Monro (1951):

Algorithm SG : Stochastic Gradient
1: choose an initial point zg € R™ and stepsizes {ay} > 0
2: for k€ {0,1,2,...} do
3: set Tp11 ¢ T — gk, where Eglgx] = Vf(zg)
4: end for
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Stochastic gradient (not descent)

Suppose Vf : R™ — R" is Lipschitz continuous with constant L.

znel]iRr}l f(z) = E[F(z,w)]

Algorithm invented by Herbert Robbins and Sutton Monro (1951):

Algorithm SG : Stochastic Gradient

1: choose an initial point zg € R™ and stepsizes {ay} > 0
2: for k€ {0,1,2,...} do

3: set Tp11 ¢ T — gk, where Eglgx] = Vf(zg)
4: end for
Not a descent method! ...but eventual descent in expectation:

Ff@eg1) — fl@e) < V@) @rg1 — 2x) + 3 L1zeg1 — 23
=—a, V(o) gk + SaiLlgel3
= Eilf(zrt1)] — f(zr) < —apl[VF(zp)l3 + 20i LEx[||gxl3]-
Markov process: x4 depends only on xj and random choice at iteration k.

I I
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SG theory

Theorem SG
I Exlllgr — V£ (zx)|3] < M, then:

_ 1 lzk:nw(z 2| <o)
I R Dz | <
1 1 u
w=0(3) = B\ S alviEl| »o.
(Ej:1 aj) i=1
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SG illustration

Figure: SG with fixed stepsize (left) vs. diminishing stepsizes (right)
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Sequential quadratic optimization (SQP)

Consider

min f(z)

TE€RN
s.t. c(z) =0

with ¢ = Vf, J = Ve, and H (positive definite on Null(J)), two viewpoints:

min f(z) + g(z)Td + %dTHd
or zER™

[g<x> Zi)(w)Ty} —0

s.t. c(z) + J(z)d =0

both leading to the same “Newton-SQP system”:

e ][ -2

I I
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SQP

> Algorithm guided by merit function, with adaptive parameter 7, defined by
Pz, 7) = 7f(x) + [lc(@) 1
a model of which is defined as
a(z,7,d) = 7(f(2) + g(2)" d + § max{d" Hd,0}) + ||e(z) + J (z)d|}1
» For a given d € R™ satisfying c(z) + J(z)d = 0, the reduction in this model is
Aq(z,m,d) = —7(g(2)"d + 3 max{d" Hd,0}) + [lc(2)]|1,
and it is easily shown that

¢,(x7 T, d) S —Aq((ﬂ, T, d)

I I
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SQP with backtracking line search

Algorithm SQP-B
1: choose g € R™, 71 € Ry, 0 € (0,1), n € (0,1)

2: for k€ {0,1,2,...} do
[ JO}[ ] [ ]
Jk Yk Ck

3: Compute step: solve
4: Update parameter: set 7 to ensure Aq(zk, 7k, dy) > 0, offered by

< (1= 0o)llexllx
= gF dy + max{d] Hydy,0}

if gFdy, + max{df Hydy,0} >0

5: Line search: backtracking line search to ensure x4 < = + apdy yields
A(@rr1,Tk) < O(@ks Th) — Nk Aq(Tk, Th, di)

6: end for

I I
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Convergence theory

Assumption
> f, ¢, g, and J bounded and Lipschitz
> singular values of J bounded below (i.e., the LICQ)
» T Hyu > ¢||ul|3 for all w € Null(Jy) for allk € N

Theorem SQP-B

> {ar} > amin for some amin > 0
> {7} > Tmin for some Tmin > 0

> Aq(xk, Tk, di) — 0 implies

ldill2 =0, llexllz =0, llgr + Ji yxll2 — 0

I I
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Toward stochastic SQP

v

In a stochastic setting, line searches are (likely) intractable

v

However, for Vf and Ve, may have Lipschitz constants (or estimates)
Step #1: Design an adaptive SQP method with

v

stepsizes determined by Lipschitz constant estimates

v

Step #2: Design a stochastic SQP method on this approach

I I
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Primary challenge: Nonsmoothness

In SQP-B, stepsize is chosen based on reducing the merit function.
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Primary challenge: Nonsmoothness
In SQP-B, stepsize is chosen based on reducing the merit function.

The merit function is nonsmooth! An upper bound is

d(xg + apdy, Tk) — Tk, )
< apmrgi di + 11— agllleklls = lleelly + & (e Lk + Tz ldill3

where Ly and T'y, are Lipschitz constant estimates for f and ||c||1 at =k

2 2 2
a a a
- - -

Figure: Three cases for upper bound of ¢
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SQP with adaptive stepsizes

Algorithm SQP-A
1: choose g € R™, 7_1 € Ry, 0 € (0,1), n € (0,1)

2: for k € {0,1,2,...} do
5 -
Ik 0| ¥k Ck

3: Compute step: solve
4: Update parameter: set 73 to ensure Aq(xyg, 7k, dg) > 0, offered by

(1 = o)llegllr
- g;{dk + max{dngdk, 0}

The if grdy + max{dj Hydy,0} >0

5: Compute stepsize: set

2(1 = n)Aq(zk, Tk, di)
(e Ly +Tp)lld I3

~ ~ 4llckll

(T Lk + Tr)lldi I3

if ap <1< ay
ap ifa, >1

ap ifap <1
ap +— 1

7 set 1 < x} + apdy and continue or update Ly and/or I'y, and return to step 5
8: end for

Approzimately the same theory and similar empirical performance as SQP-B
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Stochastic SQP
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Stochastic setting

Consider the stochastic problem:

mmin f(z) = E[F(z,w)]

s.t. ¢(z) =0

Let us assume only the following:

Assumption

For all k € N, one can compute g, with

Ex[gr] = gx = Vf(zx)
Exlllg, — gxll3] < M

Search directions computed by:

e ] -1

Important: Given zy, the values (cg, Ji, Hi) are deterministic

I I
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Stochastic SQP with adaptive stepsizes

(For simplicity, assume Lipschitz constants L and I" are known.)

Algorithm : Stochastic SQP

1: choose zg € R™, 71 € Ry, 0 € (0,1), {Bx} € (0,1]
2: for k € {0,1,2,...} do

3:

7:
8:

Compute step: solve

i ) =-[2
Ik 0] Uk Ck
Update parameter: set 75, to ensure Ag(xy, 7, d) > 0, offered by
1—o0)lc - — —
7 < ( ekl if g dj + max{d} Hydy,0} >0

- §£Ek + max{gngEk, 0}
Compute stepsize: set _
BrAg(zy, Tk, di)
(TR L + 1)l dg I3
= = 4llckll1

Ek<—

«@ — « _—
RS STEATH
set _ _
a ifap <1
ap +— <1 if &, <1< ay
& ifap >1

set T4 T + @kak
end for
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Stepsize control

The sequence {8} allows us to consider, like for SG,
> a fixed stepsize
> diminishing stepsizes (e.g., O(1/k))
Unfortunately, additional control on the stepsize is needed
> too small: insufficient progress
> too large: ruins progress toward feasibility / optimality

We never know when the stepsize is too small or too large!

I
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Stepsize control

The sequence {8} allows us to consider, like for SG,
> a fixed stepsize
> diminishing stepsizes (e.g., O(1/k))
Unfortunately, additional control on the stepsize is needed
> too small: insufficient progress
> too large: ruins progress toward feasibility / optimality

We never know when the stepsize is too small or too large!

Idea: Project &y and &y onto

Bk T Bk Tk

0 2
%kL+F’%kL+F+ B

where 6 € R is a user-defined parameter

I I
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Fundamental lemma

Lemma,
For all k € N, for any realization of g, one finds
p(zk + ardy, 7o) — $(Tk, Tk)
< —arAq(ar, T, di) + SaRBrA(k, T, di) + G Tegl (di — di)
|

O(Bg), “deterministic” O(Bg),stachustic/noise due to adaptive ay
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Good merit parameter behavior

Lemma,

If {71} eventually remains fized at sufficiently small Tmin > 0, then for large k

ExlarTegr (de — di)] = BirminO(VM)

Theorem
If {71} eventually remains fized at sufficiently small Trmin > 0, then for large k
Br=0(1) = ak::& — E

1
TminL + T k

k
j=

1

k
B=0(;) — E (Z:k—l)Zﬁ’j(llgj+J]Tyj||2+||0j||2) -0
J

j=1 J=1

(lgi + TS yillz + llesllz) | < OM)
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Poor merit parameter behavior

{7k} N0

» cannot occur if ||§, — gkl||2 is bounded uniformly

> occurs with small probability if distribution of g, has fast decay(?)
{7k} remains too large:

> can only occur if realization of {g,} is one-sided for all k

> if there exists p € (0, 1] such that, for all k in infinite K,

Py [g{ak + max{&fHkElk, 0} > ggdk + max{dekdk,O}] >p

then occurs with probability zero

Neither occurred in our experiments

I I
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Numerical results

CUTE problems with noise added to gradients with different noise levels
» Stochastic SQP: 102 iterations

» Stochastic Subgradient: 10% iterations and tuned over 11 values of T

104 10*
I Stochastic SQP Stochastic SQP
* I Stochastic Subgradient + Stochastic Subgradient
10° . R . 10? . . .
o o o L ; ; H
o * Iy * * * ) [=] = =
0 3 3 s 1o 1T { S < :
5 s I
£ i _i_ 2 n 0 ; '
o2 Yooel > '
z E 107 & '
5 + + +
7 : £ M
310 : i B0t ! !
+
. H 1 '
0% T 10 1 ' '
i j Ij I ! I
' 1 ' ' ' 1 '
08— L j. 1 n 1 10 1 1 L
10 10 102 107 10 10 102 107
Noise Level Noise Level

Figure: Box plots for feasibility errors (left) and optimality errors (right).
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Summary

Consider equality constrained stochastic optimization:

mmin f(z) = E[F(z,w)]

st. cg(x) =0

Adaptive SQP method for deterministic setting
Stochastic SQP method for stochastic setting

Convergence in expection (comparable to SG for unconstrained setting)

vV vV VvV VY

Numerical experiments are very promising
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