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Abstract We propose a trust region algorithm for solving nonconvex smooth opti-
mization problems. For any ε ∈ (0,∞), the algorithm requires at most O(ε−3/2)

iterations, function evaluations, and derivative evaluations to drive the norm of the
gradient of the objective function below any ε ∈ (0, ε]. This improves upon the
O(ε−2) bound known to hold for some other trust region algorithms and matches the
O(ε−3/2) bound for the recently proposed Adaptive Regularisation framework using
Cubics, also known as the arc algorithm. Our algorithm, entitled trace, follows a
trust region framework, but employs modified step acceptance criteria and a novel
trust region update mechanism that allow the algorithm to achieve such a worst-case
global complexity bound. Importantly, we prove that our algorithm also attains global
and fast local convergence guarantees under similar assumptions as for other trust
region algorithms. We also prove a worst-case upper bound on the number of itera-
tions, function evaluations, and derivative evaluations that the algorithm requires to
obtain an approximate second-order stationary point.
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1 Introduction

For decades, the primary aim for many researchers working on solving nonconvex
smooth optimization problems has been to design numerical methods that attain global
and fast local convergence guarantees. Indeed, a wide variety of such methods have
been proposed, many of which can be characterized as being built upon steepest
descent, Newton, or quasi-Newtonmethodologies, generally falling into the categories
of line search and trust regionmethods. For an extensive background on such ideas, one
need only refer to numerous textbooks that have beenwritten on nonlinear optimization
theory and algorithms; e.g., see [1,2,7,10,14,15].

Worst-case complexity bounds, on the other hand, have typically been overlooked
when analyzing nonconvex optimization algorithms. That is, given an objective func-
tion f : Rn → R and a sequence of iterates {xk} computed for solving

min
x∈Rn

f (x), (1.1)

one may ask for an upper bound on the total cost required to satisfy

‖∇ f (xk)‖2 ≤ ε, (1.2)

where∇ f : Rn → R
n is the gradient function of f and ε > 0 is a prescribed constant.

One may also go further, as we do in this paper, and ask for an upper bound on the total
cost required to satisfy a second-order stationarity condition. Such complexity bounds
are typical in the theory of convex optimization algorithms, and are often considered
seriously when evaluating such methods.

To be explicit, we refer to the total cost required to achieve approximate first-
and second-order stationarity in terms of the total number of iterations required by
an algorithm to achieve such conditions. One might argue that function or derivative
evaluations represent better measures. However, our focus on iterations is reasonable
since, while not necessarily the case for all nonconvex optimization algorithms, the
methods that we discuss involve atmost one function, gradient, andHessian evaluation
per iteration, meaning that a worst-case iteration complexity bound also holds for the
numbers of function and derivative evaluations.

The focus on complexity bounds in the field of nonconvex optimization started to
change with recent studies on cubic regularization methods. Originally proposed in a
technical report by Griewank [9], the foundation for worst-case iteration complexity
bounds for second-ordermethods using cubic regularizationwas first established in the
seminal work by Nesterov and Polyak [12]. (See also [16] for another early article on
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such methods.) More recently, the Adaptive Regularisation framework using Cubics,
also known as the arc algorithm [4,5], was developed with an eye towards practical
implementations. In this work as in [12], Cartis, Gould, and Toint propose an algorithm
inwhich the trial steps are computed byminimizing a local cubicmodel of the objective
function at each iterate. The expense of this computation is similar to that of solving
a subproblem arising in a typical trust region method, and their overall algorithm—
which has essentially the same flavor as a trust region method—is able to attain global
and fast local convergence guarantees. However, the distinguishing feature of arc
and other cubic algorithms is that, under reasonable assumptions, they ensure that
the stationarity measure tolerance (1.2) is guaranteed to hold after at most O(ε−3/2)

iterations. This is in contrast to a traditional trust region strategy, for which one can
only guarantee that such a tolerance is met after O(ε−2) iterations [6]. Furthermore,
the analysis in [6] shows that the complexity bound for arc is optimal with respect
to a particular class of second-order methods for minimizing a particular class of
sufficiently smooth objective functions in the optimization problem (1.1).

The purpose of this paper is to propose and analyze a trust region method that
ensures similar global and fast local convergence guarantees as a traditional trust region
method and the arc algorithm, but also attains, under comparable assumptions, the
same worst-case iteration complexity bounds proved to hold for arc. In particular, we
show that our algorithm, entitled trace, ensures that the tolerance (1.2) is met after at
most O(ε−3/2) iterations, and that a related tolerance for second-order stationarity is
met after at mostO(max{ε−3, ε−3/2}) iterations. (Both of these bounds have the same
order for the arc algorithm.) We show that these properties can be realized within the
context of a trust region strategy by employing (i) modified step acceptance criteria
and (ii) a novel updating mechanism for the trust region radius. Indeed, our acceptance
and updating mechanisms represent significant departures from those employed in a
traditional approach; e.g., there are situations in which our algorithm may reject a
step and expand the trust region, and there are situations in which our algorithm sets
a subsequent trust region radius implicitly via a quadratic regularization strategy. In
ways that will be revealed in our discussion and analysis, the effect of these changes
is that the accepted steps in our algorithm have properties that are similar to those that
are critical for ensuring the worst-case complexity bounds for the arc algorithm. That
being said, our algorithm allows for the computation and acceptance of steps that are
not regularized (i.e., Newton steps), which is worthwhile to note in contrast to arc in
which the cubic regularization strategy is never “off” [4,5].

For simplicity in our description and to highlight the salient features of it in our
analysis, our algorithm states that second-order derivatives be used and that each trial
step be computed as a globally optimal solution of a trust region subproblem. Admit-
tedly, these requirements are impractical in some large scale settings, which is why
algorithm variants that only require approximate second-order derivative information
and/or subproblem solutions that are only optimal with respect to Krylov subspaces
are common in the context of trust region methods; e.g., see [7]. We expect that such
variations of our algorithm can be designed that maintain our global convergence
guarantees and—with sufficiently accurate second-order derivative approximations
and subproblem solutions—our worst-case complexity bounds and local convergence
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guarantees. (Indeed, in [4,5], variants of the arc algorithm are discussed that are
suitable for large-scale problems.)

This paper is organized as follows. In Sect. 2, we propose our trust region algorithm,
highlighting the features that distinguish it from a traditional trust region approach as
well as those that allow it to obtain improved worst-case complexity properties. We
prove convergence guarantees for the algorithm in Sect. 3, illustrating that it converges
globally from remote starting points (see Sect. 3.1), achieves the first-order stationarity
tolerance (1.2) after at mostO(ε−3/2) iterations (see Sect. 3.2), yields an approximate
second-order stationary point after at most O(max{ε−3, ε−3/2}) iterations (see Sect.
3.3), and attains a Q-quadratic rate of local convergence under standard assumptions
for a trust region methods (see Sect. 3.4). In Sect. 4, we provide concluding remarks
about the contribution represented by our algorithm.

Notation Given an iterate xk in an algorithm for solving (1.1), henceforth we define
fk := f (xk), gk := g(xk) := ∇ f (xk), and Hk := H(xk) := ∇2 f (xk), where ∇ f :
R
n →R

n has already been defined as the gradient function of f and∇2 f : Rn →R
n×n

is its Hessian function. Similarly, we apply a subscript to other algorithmic quantities
whose definition depends on the iteration number k. We use R+ to denote the set of
nonnegative scalars, R++ to denote the set of positive scalars, N+ to denote the set
of nonnegative integers, and N++ to denote the set of positive integers. Given a real
symmetricmatrix A, wewrite A � 0 (respectively, A 	 0) to indicate that A is positive
semidefinite (respectively, positive definite). Given a pair of scalars (a, b) ∈ R × R,
we write a ⊥ b to indicate that ab = 0. Similarly, given such a pair, we denote their
maximum asmax{a, b}, their minimum asmin{a, b}, and, when (a, b) ∈ R++×R++,
we use the convention that min{a, b/0} = a. Finally, given a discrete set S, we denote
its cardinality by |S|.

Citations Our analysis makes extensive use of Taylor’s Theorem, the Mean Value
Theorem, the Cauchy–Schwarz inequality, and the Triangle Inequality. However, for
brevity, we do not cite these tools in each instance in which they are used.

2 Algorithm description

In this section, we formally propose our algorithm. Given an initial point x0 ∈ R
n , our

algorithm follows the typical trust region strategy of computing a sequence of iterates
{xk} ⊂ R

n , where at xk we compute a trial step by minimizing a local quadratic
model of f at xk within a trust region described by a positive trust region radius.
Distinguishing features of our algorithm are a set of step acceptance criteria and an
update mechanism for the trust region radius that are different than those employed in
a traditional trust region algorithm.

We make the following assumption about f throughout the paper.

Assumption 2.1 The objective function f is twice continuously differentiable onRn .

At an iterate xk , we define qk : Rn → R as a second-order Taylor series approxi-
mation of f about xk , i.e., we let qk be defined by
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qk(s) = fk + gTk s + 1
2 s

T Hks.

We also define, as dependent on a given iterate xk and trust region radius δk > 0, the
trust region subproblem

Qk : min
s∈Rn

qk(s) subject to ‖s‖2 ≤ δk .

As in a traditional trust region algorithm, the primary computational expense in iter-
ation k of our algorithm is incurred in solving a trust region subproblem of this form.
Given (xk, δk), it is well known [7, Corollary 7.2.2] that a globally optimal solution
ofQk exists and is given by any vector sk to which there corresponds a dual variable,
call it λk , such that the following conditions are satisfied:

gk + (Hk + λk I )sk = 0 (2.1a)

(Hk + λk I ) � 0 (2.1b)

0 ≤ λk ⊥ (δk − ‖sk‖2) ≥ 0. (2.1c)

(Strictly speaking, since the global minimizer ofQk may not be unique, the vector sk
is not uniquely determined in this manner; for our purposes, however, it suffices to let
sk denote any global minimizer ofQk .) For future reference, we also remark that, for
a given scalar λ ≥ 0 that is strictly larger than the negative of the leftmost eigenvalue
of Hk , (2.1) implies that the solution s ∈ R

n of the subproblem

Qk(λ) : min
s∈Rn

fk + gTk s + 1
2 s

T (Hk + λI )s,

or, equivalently, the solution of the linear system

gk + (Hk + λI )s = 0, (2.2)

corresponds to a globally optimal solution of a trust region subproblem with trust
region radius δ = ‖s‖2. That is, by perturbingQk through the addition of a quadratic
regularization term with coefficient λ to obtainQk(λ), we obtain the solution of a trust
region subproblem for an implicitly defined trust region radius.

2.1 Motivation for TRACE

We motivate the design of trace by first recalling the procedures of a traditional
trust region algorithm. In such a method, after the trial step sk is computed via Qk

according to the trust region radius δk > 0, the remainder of iteration k involves one of
two possible outcomes: either the trial step is accepted—in which case the next iterate
is set as xk+1 ← xk + sk and one may choose δk+1 ≥ δk—or rejected—in which case
the next iterate is set as xk+1 ← xk and one must choose δk+1 < δk . The typical step
acceptance criterion employed to determine which of these outcomes is to be realized
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involves the ratio of the actual-to-predicted reduction in the objective yielded by the
trial step, i.e.,

fk − f (xk + sk)

fk − qk(sk)
. (2.3)

If this ratio is larger than a prescribed constant in (0, 1), then the step is accepted,
and otherwise it is rejected. (In the latter case, the contraction of the trust region
radius may continue iteratively until an acceptable step is computed.) Overall, in such
an approach, each iteration can be characterized as one in which either a trial step is
accepted or the trust region is contracted. Furthermore, the typical strategy of updating
the trust region radius involves multiplying the previous radius by a constant factor;
such an approach implies, e.g., that if the trust region radius is being reduced, then it
is done so at a linear rate.

When it comes to deriving worst-case iteration complexity bounds for a traditional
trust regionmethod, an acceptance criterion based on the ratio (2.3)may yield accepted
steps that do not yield the level of decrease in the objective that is required to yield
complexity properties that are competitivewith those of arc.Moreover, such accepted
steps may not be sufficiently large in norm in order to guarantee a sufficient decrease
in the norm of the gradient of the objective, which is critical for driving this quantity
to zero at a fast rate. Overall, by observing the analysis for arc in [5], one finds
that the algorithm computes a positive sequence of cubic regularization coefficients
{σk} ⊂ [σmin, σmax ] for some user-specified σmin ∈ (0,∞) and unknown problem-
dependent constant σmax ∈ [σmin,∞) that satisfy the following two critical properties
for any accepted step:

fk − fk+1 ≥ c1σk‖sk‖32 and ‖sk‖2 ≥
(

c2
σmax + c3

)1/2

‖gk+1‖1/22 , (2.4)

where {c1, c2, c3} ⊂ R++ are constants. (Specifically, these inequalities can be seen in
[5, Lemma 4.2, Lemma 5.1, Lemma 5.2]. By combining the inequalities, one obtains
the power of 3/2 that appears in the complexity bound for arc in terms of finding
an approximate first-order stationary point. Moreover, the first inequality leads to the
power of 3 that appears in the complexity bound for attaining approximate second-
order stationarity.) In a traditional trust region algorithm, inequalities of this type are
not guaranteed [6].

2.2 A detailed description of TRACE

Motivated by the discussion in the previous subsection, we designed step acceptance
criteria and an updating mechanism for the trust region radius in trace that guarantee
that all accepted steps possess properties that are similar to those in (2.4). We ensure
these critical properties by modifying a traditional trust region framework in three key
ways, as described in the following bullets. (A formal statement of trace is presented
as Algorithm 1 later on and should be referenced as needed for additional context
while reading the remainder of this subsection.)
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– Our simplest modification is that we measure sufficient decrease in the objective
function byobserving a ratio inspired by the former inequality in (2.4). Specifically,
for all k ∈ N+, we define [as opposed to (2.3)] the ratio

ρk := fk − f (xk + sk)

‖sk‖32
. (2.5)

For a prescribed scalar η ∈ (0, 1), a trial step may only be considered acceptable
if ρk ≥ η; however, not all steps satisfying this condition will be accepted. (We
provide further motivation for this condition in Sect. 2.4.)

– In a traditional trust region algorithm, it is entirely possible that—due to a small
magnitude of the trust region radius—a trial step may yield a relatively large
decrease in the objective (e.g., ρk ≥ η), but not satisfy a condition such as the
latter inequality in (2.4). That is, the step may yield a relatively large objective
reduction, but may not be sufficiently large in norm, fromwhich it may follow that
a sequence of such steps may not drive the gradient of the objective to zero at a
fast rate. In trace, we avoid such a possibility by incorporating a novel strategy
of potentially rejecting a trial step in conjunction with an expansion of the trust
region. The conditions under which we may make such a decision relate to the
magnitude of the dual variable λk for the trust region constraint corresponding to
the subproblem solution sk .

– Our third modification relates to the manner in which the trust region radius is
decreased after a trial step is rejected. As previously mentioned, in a traditional
strategy, a contraction of the trust region involves a linear rate of decrease of the
radius. In certain cases, such a rate of decrease may have a detrimental effect
on the worst-case iteration complexity of the method; specifically, after a single
decrease, the radius may jump from a value for which ρk < η to a value for
which the resulting trial step is not sufficiently large in norm (as described in the
second bullet above). In our algorithm, we confront this issue by designing a trust
region updating mechanism that may, in certain cases, lead to a sublinear rate
of decrease in the trust region radius. In particular, in any situation in which the
trust region radius is to decrease, we compare the radius that would be obtained
via a traditional updating scheme to the norm of the trial step obtained from
Qk(λ) for a carefully chosen λ > 0. If the norm of the step resulting from this
procedure falls into a suitable range, then we employ it as the trust region radius
in the subsequent iteration, as opposed to updating the radius in a more traditional
manner. (We remark that if a sequence of consecutive trial steps are rejected in the
arc algorithm, then one finds that the norms of the trial steps converge to zero
sublinearly. We believe this feature is critical in its ability to provide an improved
worst-case complexity bound as compared to a traditional trust region method.)

Given this overview, we now state that our step acceptance criteria and trust region
updatingmechanismmake use of three sequences in addition to the standard sequences
{xk}, {δk}, and {ρk}. Our first such sequence is the sequence of dual variables {λk}. We
observe these values to avoid the acceptance of a step that yields a large decrease in the
objective function (relative to ‖sk‖2), but for which ‖sk‖2 is deemed too small. (Recall
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the second bullet above.) Note that, as a dual variable for the trust region constraint, a
large value for λk as compared to ‖sk‖2 suggests that an even larger reduction in the
objective function may be achieved by expanding the trust region. In certain cases, our
algorithm deems such an increase to be necessary in order to compute an acceptable
step with desirable properties.

Our second auxiliary sequence is a positive parameter sequence that is set dynam-
ically within the algorithm. This sequence, which we denote as {σk}, plays a similar
theoretical role as the sequence of cubic regularization coefficients in the arc algo-
rithm. In particular, we use this sequence to estimate an upper bound for the ratio
λk/‖sk‖2 that the algorithm should allow for an acceptable step. When, during itera-
tion k ∈ N+, a pair (sk, λk) is computed that both yields a sufficiently large reduction
in the objective function (relative to ‖sk‖2) and yields λk/‖sk‖2 ≤ σk , then we set
σk+1 ← σk . Indeed, we only potentially set σk+1 > σk when there is reason to believe
that such an increase is necessary in order to accept a step yielding a sufficiently large
reduction in the objective function. (It is worthwhile to note that, despite the similar
theoretical role of our sequence {σk} vis-à-vis the sequence of cubic regularization
coefficients in the arc algorithm, our sequence plays a decidedly different practical
role. In particular, no element of this sequence is involved in the definition of the trust
region subproblemQk ; the sequence {σk} only appears in our step acceptance criteria.)

The third auxiliary sequence employed in our algorithm, denoted by {Δk}, is a
monotonically nondecreasing sequence of upper bounds for the trust region radii.
trace sets Δk+1 > Δk whenever sk is accepted and ‖sk‖2 is sufficiently large com-
pared toΔk . The role of this sequence is to cap the magnitude of the trust region radius
when it is increased, which is needed in our analysis.

Since our method involves contractions of the trust region in addition to a novel
expansion procedure, we have chosen the name trace as an acronym for Trust Region
Algorithm with Contractions and Expansions. In many ways, our approach follows
the same strategy of a traditional trust region algorithm, except as far as the contract
subroutine and expansion of the trust region in Step 17 are concerned. To explain the
design of these procedures and motivate further the step acceptance criteria in trace,
we provide the remarks in the following subsections.

2.3 Further discussion on contractions and expansions in TRACE

The contract subroutine determines an appropriate new trust region radius after a
computed step does not yield a sufficient reduction in the objective. To ensure global
and fast local convergence, as well as our desired complexity bounds, the radius
resulting in iteration k ∈ N+ at least needs to be sufficiently smaller than δk and
ensure that the ratio λk+1/‖sk+1‖2 falls within an appropriate interval. In fact, there
are two cases to consider. If λk < σ‖sk‖2 for the constant σ ∈ R++ given in the
algorithm, then the procedure needs to ensure

(i) for some constant σ ∈ R++ that σ ≤ λk+1/‖sk+1‖2 ≤ σ ;

(ii) for some constant ζ ∈ R++ that λk+1 ≥ ζ‖gk‖1/22 ; and
(iii) if {‖gk‖2} remains bounded away from zero, then {‖sk‖2}k∈C remains bounded

away from zero where C represents the iterations in which contract is called.
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Algorithm 1 Trust Region Algorithm with Contractions and Expansions (trace)

Require: an acceptance constant η ∈ R++ with 0 < η < 1
Require: update constants {γc, γe, γλ} ⊂ R++ with 0 < γc < 1 < γe and γλ > 1
Require: ratio bound constants {σ, σ } ⊂ R++ with 0 < σ ≤ σ

1: procedure trace
2: choose x0 ∈ R

n , {δ0, Δ0} ⊂ R++ with δ0 ≤ Δ0, and σ0 ∈ R++ with σ0 ≥ σ

3: compute (s0, λ0) by solving Q0, then set ρ0 as in (2.5)
4: for k = 0, 1, 2, . . . do
5: if ρk ≥ η and either λk ≤ σk‖sk‖2 or ‖sk‖2 = Δk then [accept step]
6: set xk+1 ← xk + sk
7: set Δk+1 ← max{Δk , γe‖sk‖2}
8: set δk+1 ← min{Δk+1,max{δk , γe‖sk‖2}}
9: set σk+1 ← max{σk , λk/‖sk‖2}
10: else if ρk < η then [contract trust region]
11: set xk+1 ← xk
12: set Δk+1 ← Δk
13: set δk+1 ← contract(xk , δk , σk , sk , λk )
14: else (i.e., if ρk ≥ η, λk > σk‖sk‖2, and ‖sk‖2 < Δk ) [expand trust region]
15: set xk+1 ← xk
16: set Δk+1 ← Δk
17: set δk+1 ← min{Δk+1, λk/σk }
18: set σk+1 ← σk

19: compute (sk+1, λk+1) by solvingQk+1, then set ρk+1 as in (2.5)
20: if ρk < η then
21: set σk+1 ← max{σk , λk+1/‖sk+1‖2}
22: procedure contract(xk , δk , σk , sk , λk )
23: if λk < σ‖sk‖2 then
24: set λ̂ ← λk + (σ‖gk‖2)1/2
25: set λ ← λ̂

26: set s as the solution ofQk (λ) [σ ≤ λ/‖s‖2 holds; see Lemma 3.17]
27: if λ/‖s‖2 ≤ σ then
28: return δk+1 ← ‖s‖2
29: else
30: compute λ ∈ (λk , λ̂) so the solution s ofQk (λ) yields σ ≤ λ/‖s‖2 ≤ σ

31: return δk+1 ← ‖s‖2
32: else (i.e., if λk ≥ σ‖sk‖2)
33: set λ ← γλλk
34: set s as the solution ofQk (λ)

35: if ‖s‖2 ≥ γc‖sk‖2 then
36: return δk+1 ← ‖s‖2
37: else
38: return δk+1 ← γc‖sk‖2

Otherwise, if λk ≥ σ‖sk‖2, then the procedure needs to ensure that δk+1 is chosen
so that the ratio λk+1/‖sk+1‖2 is sufficiently larger, but not too much larger, than
λk/‖sk‖2. (See Lemmas 3.17 and 3.23.) Rather than state and analyze an algorithm
based on such abstract conditions, we have chosen to present and analyze trace in its
present form, which states a specific procedure that attains these goals and is closer to
how the algorithm would be implemented.
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There are also practical reasons for using our contract subroutine.

– Any call to the contract subroutine is followed by Step 19 in which a trust region
subproblem is solved. However, in many cases, the solution of this trust region
subproblem has already been computed within the contract subroutine. Cer-
tainly, an efficient implementation of trace would avoid re-solving a trust region
subproblem in such cases; we have merely written the algorithm in this manner
to illustrate its structure as a trust region method and so that our analysis may be
more simply presented.We also note that while the contract subroutine involves
the solution of a linear system involving a symmetric positive definite matrix, this
should not be considered as an additional computational expense in our method.
Indeed, the solutions of such systems are required in certain implementations of
second-order trust region algorithms. In the Appendix, we address this issue in
further detail, showing that our algorithm can be implemented in such a way that
each iteration is at most as expensive as that of a traditional trust region algorithm
or arc.

– The procedure in contract—specifically, the values for λ in Steps 25 and 33,
as well as the order of operations and conditional statements for setting δk+1—
has been designed in such a way that, corresponding to the newly computed trust
region radius δk+1, the primal-dual solution (sk+1, λk+1) of Qk+1 satisfies

λk+1 ≥ σ‖sk+1‖2.

Moreover, under the assumptions used in our complexity analysis, we show that
the procedure in contract ensures that the sequence {λk+1/‖sk+1‖2}—and, con-
sequently, the sequence {σk}—will be bounded above. (See Lemma 3.18.)

– Perhaps the most intriguing aspect of our algorithm is the calculation stated in
Step 30; indeed, in this step, the algorithm requests the solution of a trust region
subproblem for which neither the trust region radius nor a quadratic regularization
coefficient has been explicitly specified. We claim, however, that this calculation
can actually be less expensive than the solution of an explicit subproblem that
would arise in either a traditional trust region algorithm or arc. Indeed, one may
view this step as requesting the solution of an arc subproblem for any cubic reg-
ularization coefficient in the range [σ, σ ]. We discuss a practical implementation
of this step in the Appendix.

Finally, with respect to expansions in trace, we have the following remark.

– The update for the trust region radius in Step 17 is designed so δk+1 > δk . In fact,
we prove in our analysis that, as a result of such an expansion, the subsequent
iteration will either involve an accepted step or a contraction of the trust region,
and that another expansion cannot occur until another step has been accepted. (See
Lemma 3.7.) Overall, an expansion of the trust region aids in avoiding steps that
are too small in norm, and our particular formula for an expansion guarantees that
at most one expansion can occur between accepted steps, which is critical in our
complexity analysis.
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2.4 Further discussion on step acceptance in TRACE

We close this section with further motivation for the acceptance condition ρk ≥ η

[which clearly emulates the former condition in (2.4)]. As is known in the theory of
trust region algorithms (and can be seen in the proof of Lemma 3.31 in Sect. 3.4),
one can show in a neighborhood of a strict local minimizer x∗ with H(x∗) 	 0
that the decrease of the objective function yielded by a Newton step is expected to
be ξ∗‖sk‖22 where ξ∗ is a constant related to the condition number and norm of the
inverse Hessian of f at x∗. Correspondingly, a reasonable step acceptance criterion
is one that requires objective function decrease of this order. One way in which to
design such a criterion is to employ the ratio (2.3) in the traditional manner of a
trust region algorithm. Alternatively, one may be more explicit in such a ratio and
replace the denominator with a quantity such as ξ‖sk‖22 for some ξ > 0. However,
an issue with this approach is that, unless one knows a priori how to choose ξ ∈
(0, ξ∗], such a step acceptance criterion may reject Newton steps in a neighborhood
of x∗, which may impede fast local convergence. Our approach is to require that
any accepted step yields a reduction in the objective function that is proportional to
‖sk‖32, which is reasonablewhen {sk} → 0. These observations offer intuitive evidence
for our claim (proved in Sect. 3.4) that, if {xk} converges to a local minimizer of f
satisfying certain properties, then our algorithmwill compute and accept Newton steps
asymptotically.

On the other hand, one needs to consider the implications of our step acceptance
criteria when not in a neighborhood of a strict local minimizer. Indeed, while perhaps
ensuring the acceptance of Newton steps that are (relatively) small in norm, such a
criterion may reject those that are large in norm. We believe that the appropriateness
of the criterion can still be justified given that, when far from a stationary point, one
cannot always guarantee the acceptance (under any reasonable criteria) of full Newton
steps. In fact, often, full Newton steps may not even be feasible for the trust region
subproblem. Therefore, while our step acceptance criterion may reject large Newton
steps, the added benefits—as shown in this paper—are improved worst-case iteration
complexity bounds.

As a side note, we remark that the arc algorithm only achieves its worst-case
complexity bounds by imposing a uniform lower bound on the cubic regularization
coefficient, which implies that the arc algorithm never computes Newton steps, even
in a neighborhood of a strict local minimizer. (Nonetheless, quadratic convergence of
arc has still been established.) Our algorithm clearly differs in this regard as our step
acceptance criteria may allow a full Newton step as long as it yields a sufficiently large
reduction in the objective function.

3 Convergence and worst-case iteration complexity analyses

In this section, we analyze the convergence and worst-case iteration complexity prop-
erties of trace. In addition to Assumption 2.1, we make a few additional assumptions
related to the objective function and the sequence of computed iterates. These assump-
tions will be introduced at the beginning of each subsection in this section, as they are
needed. For brevity, we do not remind the reader of each standing assumption that is
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needed in the statement of each lemma, but, for clarity, we do state the assumptions
that are needed in each theorem.

Throughout the analysis of our algorithm, we distinguish between different types
of iterations by partitioning the set of iteration numbers into what we refer to as the
sets of accepted (A), contraction (C), and expansion (E) steps:

A := {k ∈ N+ : ρk ≥ η and either λk ≤ σk‖sk‖2 or ‖sk‖2 = Δk},
C := {k ∈ N+ : ρk < η}, and

E := {k ∈ N+ : k /∈ A ∪ C}.
We also partition the set of accepted steps into two disjoint subsets:

AΔ := {k ∈ A : ‖sk‖2 = Δk} and Aσ := {k ∈ A : k /∈ AΔ}.

3.1 Global convergence to first-order stationarity

Our goal in this subsection is to prove that the sequence of objective function gradients
vanishes. As such, and since a practical implementation of tracemay terminate if the
norm of a gradient of the objective is below a prescribed positive threshold, we assume
without loss of generality that, at each iterate, the corresponding gradient is nonzero.
Throughout this subsection, in addition to Assumption 2.1, we make the following
assumption that is standard for global convergence theory for a trust region method.

Assumption 3.1 Theobjective function f is boundedbelowonRn bya scalar constant
fmin ∈ R and the gradient function g is Lipschitz continuous with a scalar Lipschitz
constant gLip > 0 in an open convex set containing the sequences {xk} and {xk + sk}.
Furthermore, the gradient sequence {gk} has gk �= 0 for all k ∈ N+ and is bounded in
that there exists a scalar constant gmax ∈ R++ such that ‖gk‖2 ≤ gmax for all k ∈ N+.
It follows from Assumption 2.1, Lipschitz continuity of g, and [13, Lemma 1.2.2] that
the Hessian sequence {Hk} is bounded in norm in that there exists a scalar constant
Hmax ∈ R++ such that ‖Hk‖2 ≤ Hmax for all k ∈ N+.

One of our main goals in this subsection is to prove that the set A has infinite
cardinality. Toward this goal, our first result establishes a generic lower bound on the
norm of any subproblem solution computed in Step 3 or 19.

Lemma 3.2 For any k ∈ N+, the trial step sk satisfies

‖sk‖2 ≥ min

{
δk,

‖gk‖2
‖Hk‖2

}
> 0. (3.1)

Proof If ‖Hk‖2 = 0, then, by (2.1a), gk + λksk = 0, which, since gk �= 0, means
that λk �= 0 and ‖sk‖2 �= 0. In fact, along with (2.1c), we have that ‖sk‖2 = δk > 0,
in which case (3.1) follows. Now suppose ‖Hk‖2 �= 0. If ‖sk‖2 = δk > 0, then
(3.1) again follows, but otherwise, by (2.1), we have Hksk = −gk . This implies
‖sk‖2 ≥ ‖gk‖2/‖Hk‖2, so that (3.1) again holds. ��
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We now state useful relationships related to the reduction of the model of the
objective function yielded by such subproblem solutions.

Lemma 3.3 For any k ∈ N+, the trial step sk and dual variable λk satisfy

fk − qk(sk) = 1
2 s

T
k (Hk + λk I )sk + 1

2λk‖sk‖22 > 0. (3.2)

In addition, for any k ∈ N+, the trial step sk satisfies

fk − qk(sk) ≥ 1
2‖gk‖2 min

{
δk,

‖gk‖2
‖Hk‖2

}
> 0. (3.3)

Proof The equation in (3.2) follows in a straightforward manner from (2.1a). Further-
more, it follows from Lemma 3.2 that sk �= 0. Therefore, if λk > 0, then the strict
inequality in (3.2) holds since, by (2.1b), we have Hk +λk I � 0. On the other hand, if
λk = 0, then we have from (2.1a) that Hksk = −gk �= 0 and from (2.1b) that Hk � 0.
Combining these facts, we have sTk Hksk > 0, which shows that the strict inequality
in (3.2) holds. As for the latter part of the lemma, we remark that the first inequality
in (3.3) is standard in the theory of trust region algorithms for sk being a solution of a
trust region subproblem that yields a reduction in a quadratic model of the objective
function that is at least as large as that yielded by the so-called Cauchy step; e.g., see
[7, Theorem 6.3.1] or [14, Theorem 4.4]. The strict inequality in (3.3) then follows
since gk �= 0 and δk > 0. ��

Our next result reveals that the contract subroutine is guaranteed to yield a
decrease in the trust region radius and nondecrease in the dual variable.

Lemma 3.4 For any k ∈ N+, if k ∈ C, then δk+1 < δk and λk+1 ≥ λk .

Proof Suppose that k ∈ C, in which case δk+1 is set in Step 13 and λk+1 is set in
Step 19. We prove the result by considering the various cases that may occur within
the contract subroutine. If Step 28, 31, or 36 is reached, then δk+1 ← ‖s‖2 where
s solves Qk(λ) for λ > λk . In such cases, it follows by the fact that λ > λk and
standard trust region theory on the relationship between subproblem solutions and
their corresponding dual variables [7, Chap. 7] that we have

δk+1 ← ‖s‖2 < ‖sk‖2 ≤ δk and λk+1 = λ > λk .

The other possibility is that Step 38 is reached, in which case δk+1 ← γc‖sk‖2 < δk ,
from which it follows under the same reasoning that λk+1 ≥ λk . ��

Using the previous lemma, we now prove important relationships between the
sequences {δk} and {Δk} computed in the algorithm.

Lemma 3.5 For any k ∈ N+, there holds δk ≤ Δk ≤ Δk+1.
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Proof First, that δk ≤ Δk for all k ∈ N+ follows by induction: the inequality holds
for k = 0 by the initialization of quantities in Step 2 and, assuming that it holds in
iteration k ∈ N+, the fact that it holds in iteration k+1 follows from the computations
in Steps 7, 8, 12, 13, 16, and 17 and the result of Lemma 3.4 (i.e., for k ∈ C, we have
δk+1 ≤ δk ≤ Δk = Δk+1). Second, the fact that Δk ≤ Δk+1 for all k ∈ N+ follows
from the computations in Steps 7, 12, and 16. ��

We may now prove the following complement to Lemma 3.4.

Lemma 3.6 For any k ∈ N+, if k ∈ A ∪ E , then δk+1 ≥ δk .

Proof Suppose that k ∈ A, in which case δk+1 is set in Step 8. By Step 7 and
Lemma 3.5, it follows that Δk+1 ← max{Δk, γe‖sk‖2} ≥ Δk ≥ δk , from which
it follows that δk+1 ← min{Δk+1,max{δk, γe‖sk‖2}} ≥ δk , as desired. Now sup-
pose that k ∈ E , in which case δk+1 is set in Step 17. By the conditions indicated in
Step 14, we have λk > σk‖sk‖2 ≥ 0, from which it follows by (2.1c) that ‖sk‖2 = δk .
We then have by Step 16, Lemma 3.5, and the conditions indicated in Step 14 that
δk+1 ← min{Δk+1, λk/σk} ≥ min{δk, ‖sk‖2} = δk , as desired. ��

We next prove a result that is a simple consequence of the manner in which we
update the trust region radius and update the sequences {σk} and {Δk}.
Lemma 3.7 For any k ∈ N+, if k ∈ C ∪ E , then (k + 1) /∈ E .

Proof Observe that if λk+1 = 0, then the conditions in Steps 5 and 10 ensure that
(k + 1) /∈ E . Thus, by (2.1c), we may proceed under the assumption that the trial step
and dual variable in iteration k + 1 satisfy ‖sk+1‖2 = δk+1 and λk+1 > 0.

Suppose that k ∈ C, which implies that ρk < η, and, in turn, that the algorithm sets
(in Step 21) σk+1 ≥ λk+1/‖sk+1‖2. If ρk+1 ≥ η, then it follows that (k + 1) ∈ A.
Otherwise, ρk+1 < η, which implies that (k + 1) ∈ C.

Now suppose that k ∈ E , from which it follows that

λk > σk‖sk‖2, δk+1 ← min{Δk, λk/σk} and σk+1 ← σk . (3.4)

In particular, λk > 0, which implies by (2.1c) that ‖sk‖2 = δk . Consider two cases.

1. Suppose Δk ≥ λk/σk . It then follows from (3.4) that

δk+1 ← λk/σk > ‖sk‖2 = δk, (3.5)

from which it follows (by standard theory on the relationship between trust region
subproblem solutions and their corresponding dual variables [7, Chap. 7]) that
λk+1 ≤ λk . This, along with (3.4) and (3.5), implies that

λk+1 ≤ λk = σkδk+1 = σk+1‖sk+1‖2,

from which it follows that (k + 1) /∈ E .
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2. Suppose Δk < λk/σk . It then follows from (3.4) and Step 16 that

‖sk+1‖2 = δk+1 ← Δk = Δk+1.

If ρk+1 ≥ η, then it follows that (k + 1) ∈ AΔ ⊆ A. Otherwise, ρk+1 < η, from
which it follows that (k + 1) ∈ C. Hence, in either case (k + 1) /∈ E .

Overall, we have shown that if k ∈ C ∪ E , then (k + 1) /∈ E , as desired. ��
Next, we prove that if the dual variable for the trust region constraint is sufficiently

large, then the constraint is active and the corresponding trial step yields a reduction
in the objective function that is large relative to the trial step norm.

Lemma 3.8 For any k ∈ N+, if the trial step sk and dual variable λk satisfy

λk ≥ 2gLip + Hmax + 2η‖sk‖2, (3.6)

then ‖sk‖2 = δk and ρk ≥ η.

Proof By the definition of the objective functionmodel qk , there exists a point xk ∈ R
n

on the line segment [xk, xk + sk] such that
qk(sk) − f (xk + sk) = (gk − g(xk))

T sk + 1
2 s

T
k Hksk

≥ −‖gk − g(xk)‖2‖sk‖2 − 1
2‖Hk‖2‖sk‖22. (3.7)

Hence, from Lemma 3.3, (2.1b), (3.7), and the fact that (3.6) and (2.1c) imply that
‖sk‖2 = δk > 0, it follows that

fk − f (xk + sk) = fk − qk(sk) + qk(sk) − f (xk + sk)

≥ 1
2λk‖sk‖22 − ‖gk − g(xk)‖2‖sk‖2 − 1

2‖Hk‖2‖sk‖22
≥ ( 1

2λk − gLip − 1
2Hmax

) ‖sk‖22
≥ η‖sk‖32,

as desired. ��
We may now combine previous results to show that if the algorithm were only to

compute contraction steps from some iteration onward, then the sequences of trust
region radii and dual variables would converge to zero and infinity, respectively.

Lemma 3.9 If k ∈ C for all sufficiently large k ∈ N+, then {δk} → 0 and {λk} → ∞.

Proof Assume, without loss of generality, that k ∈ C for all k ∈ N+. It then follows
from Lemma 3.4 that {δk} is monotonically strictly decreasing and {λk} is monoton-
ically nondecreasing. Combining this former fact with the fact that {δk} is bounded
below by zero, we have that {δk} converges.

We may now observe that if Step 38 is reached infinitely often, then, clearly,
{δk} → 0, from which it follows by standard trust region theory [7, Chap. 7] that
{λk} → ∞. Therefore, to complete the proof, let us assume that this update does not
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occur infinitely often, i.e., that there exists kC ∈ N+ such that Step 28, 31, or 36 is
reached for all k ≥ kC . In fact, we claim that wemay assumewithout loss of generality
that Step 28or 36 is reached for all k ≥ kC .Weprove this claim in the followingmanner.
Suppose that, for some k ≥ kC , Step 31 is reached and the algorithm sets δk+1 ← ‖s‖2
where (λ, s) is computed by Step 30. Then, it follows that λk+1 ← λ and sk+1 ← s
where λk+1 ≥ σ‖sk+1‖2. Therefore, during iteration (k + 1) ∈ C, it follows that the
condition in Step 23 will test false, implying that the algorithm will set λk+2 > λk+1
in Step 33. Since {δk} is monotonically strictly decreasing and {λk} is monotonically
nondecreasing, it follows that {λk/‖sk‖2} is monotonically strictly increasing, imply-
ing that the condition in Step 23 will test false in all subsequent iterations, i.e., Step 31
will not be reached in any subsequent iteration. Overall, this analysis proves that we
may assume without loss of generality that Step 28 or 36 is reached for all k ≥ kC .

Consider iteration kC . If λkC = 0, then the condition in Step 23 tests true, in which
case Step 25 will set λ > 0 and Step 28 will be reached so that λkC+1 = λ > 0. On the
other hand, λkC > 0 implies from Steps 25 and 33 that the algorithm will set λ > 0,
which, since either Step 28 or 36 will be reached, implies that λkC+1 = λ > 0. In
either case, we have shown that λkC+1 > 0, meaning that

λk+1 ≥ min{λk + (σ‖gk‖2)1/2, γλλk} > λk for all k ≥ kC + 1.

Moreover, since k ∈ C for all k ≥ kC , we have xk = xkC (and so gk = gkC ) for all
k ≥ kC , which implies that, in fact, {λk} → ∞. It now follows by standard trust region
theory [7, Chap. 7] that ‖sk‖2 = δk > 0 for all k > kC , and, in addition, that {δk} → 0,
as desired. ��

We now prove that the set of accepted steps is infinite.

Lemma 3.10 The set A has infinite cardinality.

Proof To derive a contradiction, suppose that |A| < ∞. We claim that this implies
|C| = ∞. Indeed, if |C| < ∞, then there exists some kE ∈ N+ such that k ∈ E for
all k ≥ kE , which contradicts Lemma 3.7. Thus, |C| = ∞. Combining this with the
result of Lemma 3.7, we conclude that there exists some kC ∈ N+ such that k ∈ C
for all k ≥ kC . From here, it follows from Steps 10 and 11 that xk = xkC and ρk < η

for all k ≥ kC , and from Lemma 3.9 that {‖sk‖2} ≤ {δk} → 0 and {λk} → ∞. In
combination with Lemma 3.8, we conclude that there exists some k ≥ kC such that
ρk ≥ η, which contradicts the fact that k ∈ C for all k ≥ kC . Having arrived at a
contradiction under the supposition that |A| < ∞, the result follows. ��

We now prove that the elements of the sequence {Δk} are equal for all sufficiently
large k ∈ N+, the setAΔ has finite cardinality, and there exists a uniform upper bound
on the norms of the trial steps.

Lemma 3.11 There exists a scalar constant Δ ∈ R++ such that Δk = Δ for all
sufficiently large k ∈ N+, the set AΔ has finite cardinality, and there exists a scalar
constant smax ∈ R++ such that ‖sk‖2 ≤ smax for all k ∈ N+.

Proof For all k ∈ A, we have ρk ≥ η, which implies by Step 6 that

f (xk) − f (xk+1) ≥ η‖sk‖32.
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Combining this with Lemma 3.10 and the facts that the sequence { fk} is monotonically
decreasing and f is bounded below, it follows that {sk}k∈A → 0; in particular, there
exists kA ∈ N+ such that, for all k ∈ A with k ≥ kA, we have

γe‖sk‖2 ≤ Δ0 ≤ Δk, (3.8)

where the latter inequality follows from Lemma 3.5. It now follows from (3.8) and the
updates in Steps 7, 12, and 16 that Δk+1 ← Δk for all k ≥ kA, which proves the first
part of the lemma. Next, we may observe that (3.8) also implies that ‖sk‖2 < Δk for
all k ∈ A with k ≥ kA, from which it follows that k /∈ AΔ. This proves the second
part of the lemma. Finally, the last part of the lemma follows from the first part and the
fact that Lemma 3.5 ensures ‖sk‖2 ≤ δk ≤ Δk = Δ for all sufficiently large k ∈ N+.

��
Our next result ensures a lower bound on the trust region radii if the gradient

sequence is asymptotically bounded away from zero.

Lemma 3.12 If there exists a scalar constant gmin > 0 such that

‖gk‖2 ≥ gmin for all k ∈ N+, (3.9)

then there exists a scalar constant δmin > 0 such that δk ≥ δmin for all k ∈ N+.

Proof If |C| < ∞, then the result follows as a consequence of Lemma 3.6. Therefore,
we may proceed under the assumption that |C| = ∞.

We claim that there exists δthresh > 0 such that, if k ∈ C, then δk ≥ δthresh . Indeed,
as in the proof of Lemma 3.8 and by Lemma 3.3, we have for all k ∈ N+ that there
exists some xk on the line segment [xk, xk + sk] such that

fk − f (xk + sk)

= fk − qk(sk) + qk(sk) − f (xk + sk)

≥ 1
2‖gk‖2 min

{
δk,

‖gk‖2
‖Hk‖2

}
− ‖gk − g(xk)‖2‖sk‖2 − 1

2‖Hk‖2‖sk‖22. (3.10)

Consequently, we have ρk ≥ η if δk ∈ (0, gmin/Hmax ] is sufficiently small such that

1
2gminδk − (

gLip + 1
2Hmax

)
δ2k ≥ ηδ3k ≥ η‖sk‖32.

This fact implies the existence of a positive threshold δthresh ∈ (0, gmin/Hmax ] such
that, for any k ∈ N+ with δk ∈ (0, δthresh), we have ρk ≥ η. Hence, as desired, we
have proved that if k ∈ C, then δk ≥ δthresh .

Now suppose that k ∈ C and consider the update for δk+1 in Step 13, which calls
the contract subroutine. If Step 28 is reached, then it follows that

δk+1 ← ‖s‖2 ≥ λ

σ
= λk + (σ‖gk‖2)1/2

σ
≥ (σ gmin)

1/2

σ
,
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while if Step 36 or 38 is reached, then it follows that

δk+1 ≥ γc‖sk‖2 = γcδk ≥ γcδthresh,

wherewe have used the fact thatλk > 0 (see Step 32) implies by (2.1c) that ‖sk‖2 = δk .
In all of these cases, we have proved a constant lower bound for δk+1. All that remains
is to consider the value for δk+1 obtained if Step 31 is reached. For this case, let
us use (λ, s) to denote the values obtained in Step 30 while we use ŝ to denote the
solution that was obtained in Step 26. Since λ ∈ (λk, λ̂), we have that ‖s‖2 ≥ ‖ŝ‖2.
Now let Hk = Vk�kV T

k where Vk is an orthonormal matrix of eigenvectors and
�k = diag(ξk,1, . . . , ξk,n) with ξk,1 ≤ · · · ≤ ξk,n is a diagonal matrix of eigenvalues
of Hk . Since λ̂ > λk , the matrix Hk + λ̂I is invertible and

‖ŝ‖22 = ‖Vk(�k + λ̂I )−1V T
k gk‖22 = gTk Vk(�k + λ̂I )−2V T

k gk,

which implies from the orthonormality of Vk , Step 23, and Lemma 3.11 that

‖ŝ‖22
‖gk‖22

= gTk Vk(�k + λ̂I )−2V T
k gk

‖V T
k gk‖22

≥
(
ξk,n + λk + (σ‖gk‖2)1/2

)−2

≥
(
ξk,n + σ‖sk‖2 + (σ‖gk‖2)1/2

)−2

≥
(
Hmax + σ smax + (σ gmax )

1/2
)−2

.

Hence, under the conditions of the lemma, there exists a constant smin > 0 such that,
for all such k ∈ C, we have δk+1 ← ‖s‖2 ≥ ‖ŝ‖2 ≥ smin . Combining all of the cases
in the above analysis, we have shown that, for all k ∈ C, we have

δk+1 ≥ min

{
(σ gmin)

1/2

σ
, γcδthresh, smin

}
> 0.

Overall, the result follows by combining the constant positive lower bound for δk+1
for k ∈ C provided by the previous paragraph with the fact that Lemma 3.6 ensures
that δk+1 ≥ δk for all k ∈ A ∪ E . ��

We now prove a standard result for trust region algorithms showing that the limit
inferior of the norms of the gradients of the objective is equal to zero.

Lemma 3.13 There holds

lim inf
k∈N+,k→∞

‖gk‖2 = 0.

Proof Suppose that there exists a scalar constant gmin > 0 such that (3.9) holds. Then,
by Lemma 3.12, there exists a scalar constant δmin > 0 where δk ≥ δmin > 0 for all
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k ∈ N+. This fact, along with (3.1), (3.9), and boundedness of {‖Hk‖2}, implies that
there exists a scalar constant smin > 0 such that ‖sk‖2 ≥ smin for all k ∈ N+. On the
other hand, for all k ∈ A we have ρk ≥ η, which implies that fk − fk+1 ≥ η‖sk‖32.
Since f is bounded below on Rn and Lemma 3.10 ensures that |A| = ∞, this implies
that {sk}k∈A → 0, contradicting the existence of smin > 0. Overall, there cannot exist
gmin > 0 such that (3.9) holds, so the result follows. ��

We close with our main global convergence result of this subsection.

Theorem 3.14 Under Assumptions 2.1 and 3.1, it holds that

lim
k∈N+,k→∞

‖gk‖2 = 0. (3.11)

Proof To reach a contradiction, suppose that (3.11) does not hold. Combining thiswith
the results of Lemmas 3.10 and 3.13, it follows that there exists an infinite subsequence
{ti } ⊆ A (indexed over i ∈ N+) such that, for some ε > 0 and all i ∈ N+, we have
‖gti ‖2 ≥ 2ε > 0. Additionally, Lemmas 3.10 and 3.13 imply that there exists an
infinite subsequence {i } ⊆ A (indexed over i ∈ N+) such that, for all i ∈ N+ and
k ∈ N+ with ti ≤ k < i , we have

‖gk‖2 ≥ ε and ‖gi ‖2 < ε. (3.12)

We now restrict our attention to indices in the infinite index set

K := {k ∈ A : ti ≤ k < i for some i ∈ N+}.

Observe from (3.12) that, for all k ∈ K, we have ‖gk‖2 ≥ ε. Hence, by Lemma 3.2,
we have for all k ∈ K ⊆ A that

fk − fk+1 ≥ η‖sk‖32 ≥ η

(
min

{
δk,

ε

Hmax

})3

. (3.13)

Since { fk} is monotonically decreasing and bounded below, we know that fk → f
for some f ∈ R, which when combined with (3.13) shows that

lim
k∈K,k→∞

δk = 0. (3.14)

Using this fact and (3.10), we have for all sufficiently large k ∈ K that

fk − fk+1 ≥ 1
2‖gk‖2 min

{
δk,

‖gk‖2
‖Hk‖2

}
− (

gLip + 1
2Hmax

) ‖sk‖22

≥ 1
2ε min

{
δk,

ε

Hmax

}
− (

gLip + 1
2Hmax

) ‖sk‖22
≥ 1

2εδk − (
gLip + 1

2Hmax
)
δ2k .
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From this inequality and (3.14), it follows that fk − fk+1 ≥ εδk/4 for all sufficiently
large k ∈ K. Consequently, we have for all sufficiently large i ∈ N+ that

‖xti − xi ‖2 ≤
i−1∑

k∈K,k=ti

‖xk − xk+1‖2

≤
i−1∑

k∈K,k=ti

δk ≤
i−1∑

k∈K,k=ti

4
ε
( fk − fk+1) = 4

ε
( fti − fi ).

Since { fti − fi } → 0, this implies that {‖xti − xi ‖2} → 0, which, in turn, implies
that {‖gti − gi ‖2} → 0. However, this is a contradiction since, for any i ∈ N+, we
have ‖gti − gi ‖2 ≥ ε by the definitions of {ti } and {i }. Overall, we conclude that our
initial supposition must be false, implying that (3.11) holds. ��

3.2 Worst-case iteration complexity to approximate first-order stationarity

Our goal in this subsection is to prove a worst-case upper bound on the number of
iterations required for trace to reduce the norm of the gradient of the objective below
a prescribed positive threshold. For this purpose, in addition to Assumptions 2.1 and
3.1, we add the following assumption about the objective function and the sequences
of iterates and computed trial steps.

Assumption 3.15 The Hessian function H is Lipschitz continuous on a path defined
by the sequence of iterates and trial steps; in particular, it is Lipschitz continuous with
a scalar Lipschitz constant HLip > 0 on the set {xk + τ sk : k ∈ N+, τ ∈ [0, 1]}.

We begin our analysis in this subsection by providing a refinement of Lemma 3.8
under the additional assumption made in this subsection.

Lemma 3.16 For any k ∈ N+, if the trial step sk and dual variable λk satisfy

λk ≥ (HLip + 2η)‖sk‖2, (3.15)

then ‖sk‖2 = δk and ρk ≥ η.

Proof For all k ∈ N+, there exists xk on the line segment [xk, xk + sk] such that

qk(sk) − f (xk + sk) = 1
2 s

T
k (Hk − H(xk))sk ≥ − 1

2HLip‖sk‖32. (3.16)

Hence, Lemma 3.3, (3.16), and (2.1b) imply that, for any k ∈ N+,

fk − f (xk + sk) = fk − qk(sk) + qk(sk) − f (xk + sk)

≥ 1
2λk‖sk‖22 − 1

2HLip‖sk‖32.
This and (3.15) imply ρk ≥ η, whereas (3.15) and (2.1c) imply ‖sk‖2 = δk . ��

We now prove bounds for a critical ratio that hold after any contraction.
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Lemma 3.17 For any k ∈ N+, if k ∈ C, then

σ ≤ λk+1

‖sk+1‖2 ≤ max

{
σ ,

(
γλ

γc

)
λk

‖sk‖2
}

.

Proof Let k ∈ C and consider the four cases that may occur within contract. The
first two correspond to situations in which the condition in Step 23 tests true.

1. Suppose that Step 28 is reached so that δk+1 ← ‖s‖2 where (λ, s) is computed
in Steps 25–26. It follows that Step 19 will then produce the primal-dual pair
(sk+1, λk+1) solving Qk+1 such that sk+1 = s and λk+1 = λ > 0. Since the
condition in Step 27 tested true, this implies that

λk+1

‖sk+1‖2 = λ

‖s‖2 ≤ σ .

On the other hand, a lower bound for this ratio can be found using a similar
technique as in the proof of Lemma 3.12; in particular, as in that proof (where
(λ, s) from Steps 25–26 temporarily appeared as (ŝ, λ̂)), we have

‖s‖22
‖gk‖22

= gTk Vk(�k + λI )−2V T
k gk

‖V T
k gk‖22

≤
(
ξk,1 + λk + (σ‖gk‖2)1/2

)−2
.

Hence, since λk ≥ max{0,−ξk,1}, we have that

λk+1

‖sk+1‖2 = λ

‖s‖2 ≥ (λk + (σ‖gk‖2)1/2)(ξk,1 + λk + (σ‖gk‖2)1/2)
‖gk‖2 ≥ σ .

2. Suppose that Step 31 is reached so that δk+1 ← ‖s‖2 where (λ, s) is computed
in Step 30. Similarly to the previous case, it follows that Step 19 will produce the
primal-dual pair (sk+1, λk+1) solvingQk+1 such that sk+1 = s and λk+1 = λ > 0.
Since Step 30 was reached, this implies that

λk+1

‖sk+1‖2 = λ

‖s‖2 where σ ≤ λ

‖s‖2 ≤ σ .

The other two cases that may occur within contract correspond to situations in
which the condition in Step 23 tests false, in which case λk > 0 and the pair (λ, s) is
computed in Step 33–34. This means, in particular, that

σ ≤ λk

‖sk‖2 ≤ λ

‖s‖2 , (3.17)

where the latter inequality follows since λ = γλλk > λk , which, in turn, implies by
standard trust region theory [7, Chap. 7] that ‖s‖2 < ‖sk‖2. We now consider the two
cases that may occur under this scenario.
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3. Suppose that Step 36 is reached so that δk+1 ← ‖s‖2. It follows that Step 19 will
produce the primal-dual pair (sk+1, λk+1) solving Qk+1 such that sk+1 = s and
λk+1 = λ. In conjunction with (3.17), we may then observe that

σ ≤ λk+1

‖sk+1‖2 = λ

‖s‖2 = γλλk

‖s‖2 ≤ γλλk

γc‖sk‖2 .

4. Suppose that Step 38 is reached so that δk+1 ← γc‖sk‖2. It follows that Step 19
will produce the primal-dual pair (sk+1, λk+1) solving Qk+1 such that λk+1 > 0
since ‖sk+1‖2 = δk+1 = γc‖sk‖2. Also, since the condition in Step 35 tested false,
we conclude by Lemma 3.4 that λk ≤ λk+1 ≤ λ = γλλk . Hence, with (3.17),

σ <
σ

γc
≤ λk

γc‖sk‖2 ≤ λk+1

‖sk+1‖2 ≤ γλλk

γc‖sk‖2 .

The result follows since we have obtained the desired inequalities in all cases. ��
The results of the two preceding lemmas can be combined to prove that the sequence

{σk} is bounded above.

Lemma 3.18 There exists a scalar constant σmax > 0 such that, for all k ∈ N+,

σk ≤ σmax .

Proof Observe by Steps 9, 18, and 21 that {σk} is monotonically nondecreasing.More-
over, Lemma 3.11 ensures the existence of kA ∈ N+ such that, if k ∈ A with k ≥ kA,
then k ∈ Aσ . We now consider three cases for any k ∈ N+ with k ≥ kA.

1. If k ∈ Aσ ⊆ A, then λk ≤ σk‖sk‖2, which implies by Step 9 that σk+1 ← σk .
2. If k ∈ C, then ρk < η, which implies by Lemma 3.16 that

λk < (HLip + 2η)‖sk‖2.

Hence, by Step 9 and Lemma 3.17, it follows that

σk+1 ← max

{
σk,

λk+1

‖sk+1‖2
}

≤ max

{
σk, σ ,

(
γλ

γc

)
(HLip + 2η)

}
.

3. If k ∈ E , then Step 18 implies that σk+1 ← σk .

Combining the results of these three cases, the desired result follows. ��
We now establish a lower bound on the norm of any accepted step in Aσ .

Lemma 3.19 For all k ∈ Aσ , the accepted step sk satisfies

‖sk‖2 ≥ (
HLip + σmax

)−1/2 ‖gk+1‖1/22 .
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Proof For all k ∈ Aσ , there exists xk on the line segment [xk, xk + sk] such that

‖gk+1‖2 = ‖g(xk + sk) − gk − (Hk + λk I )sk‖2
= ‖(H(xk) − Hk)sk − λksk‖2
≤ HLip‖sk‖22 + λk‖sk‖2
= HLip‖sk‖22 +

(
λk

‖sk‖2
)

‖sk‖22
≤ HLip‖sk‖22 + σk‖sk‖22,

where the first equation follows from (2.1a) and the last inequality follows since
λk ≤ σk‖sk‖2 for all k ∈ Aσ . This, along with Lemma 3.18, implies the result. ��

We are now prepared to prove a worst-case upper bound on the total number of
certain accepted steps that may occur in iterations in which the norm of the gradient
of the objective is above a prescribed positive threshold.

Lemma 3.20 For a scalar ε ∈ (0,∞), the total number of elements in the index set

Kε := {k ∈ N+ : k ≥ 1, (k − 1) ∈ Aσ , ‖gk‖2 > ε}

is at most ⌊(
f0 − fmin

η(HLip + σmax )−3/2

)
ε−3/2

⌋
=: Kσ (ε) ≥ 0. (3.18)

Proof By Lemma 3.19, we have for all k ∈ Kε that

fk−1 − fk ≥ η‖sk−1‖32
≥ η(HLip + σmax )

−3/2‖gk‖3/22

≥ η(HLip + σmax )
−3/2ε3/2.

In addition, we have by Theorem 3.14 that |Kε | < ∞. Hence, the reduction in f
obtained up to the largest index in Kε , call it kε , satisfies

f0 − fkε
=

kε∑
k=1

( fk−1 − fk)

≥
∑
k∈Kε

( fk−1 − fk)

≥ |Kε |η(HLip + σmax )
−3/2ε3/2.

Rearranging this inequality to yield an upper bound for |Kε | and using the fact that
f0 − fmin ≥ f0 − fkε

, we obtain the desired result. ��
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In order to prove a result similar to Lemma 3.20 for the total number of iterations
with ‖gk‖2 > ε, we require an upper bound on the cardinality of the setAΔ, as well as
an upper bound on the total number of contraction and expansion iterations that may
occur until the next accepted step. We obtain the first such bound with the following
refinement for the second part of the result of Lemma 3.11.

Lemma 3.21 The cardinality of the set AΔ is bounded above by

⌊
f0 − fmin

ηΔ3
0

⌋
=: KΔ ≥ 0. (3.19)

Proof For all k ∈ AΔ, it follows along with Lemma 3.5 that

fk − fk+1 ≥ η‖sk‖32 = ηΔ3
k ≥ ηΔ3

0.

Hence, we have that

f0 − fmin ≥
∞∑
k=0

( fk − fk+1) ≥
∑
k∈AΔ

( fk − fk+1) ≥ |AΔ|ηΔ3
0,

from which the desired result follows. ��
Now, for the purpose of deriving an upper bound on the numbers of contraction

and expansion iterations that may occur until the next accepted step, let us define, for
a given k̂ ∈ A ∪ {0}, the iteration number and corresponding set

kA(k̂) := min{k ∈ A : k > k̂}
and I(k̂) := {k ∈ N+ : k̂ < k < kA(k̂)},

i.e, we let kA(k̂) be the smallest of all iteration numbers in A that is strictly larger
than k̂, and we let I(k̂) be the set of intermediate iteration numbers between k̂ and
kA(k̂). Using this notation, the following result shows that the number of expansion
iterations between the first iteration and the first accepted step, or between consecutive
accepted steps, is never greater than one. Moreover, when such an expansion iteration
occurs, it must take place immediately.

Lemma 3.22 For any k̂ ∈ N+, if k̂ ∈ A ∪ {0}, then E ∩ I(k̂) ⊆ {k̂ + 1}.

Proof By the definition of kA(k̂), we have under the conditions of the lemma that
I(k̂) ∩A = ∅, which means that I(k̂) ⊆ C ∪ E . It then follows from Lemma 3.7 that
(k + 1) /∈ E for all k ∈ I(k̂), so that E ∩ I(k̂) ⊆ {k̂ + 1}, as desired. ��

We now turn our attention to contraction steps that may occur between consecutive
accepted steps. We first show that, when a critical ratio is bounded below by σ , then
it must increase by a constant factor during a contraction.
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Lemma 3.23 For any k ∈ N+, if k ∈ C and λk ≥ σ‖sk‖2, then

λk+1

‖sk+1‖2 ≥ min

{
γλ,

1

γc

} (
λk

‖sk‖2
)

.

Proof Since k ∈ C and λk ≥ σ‖sk‖2 > 0, it follows that the condition in Step 23 tests
false. Hence, (λ, s) is computed in Steps 33–34 where λ = γλλk > λk and s solves
Qk(λ). We now consider the two cases that may occur in contract.

1. Suppose that Step 36 is reached, meaning that ‖s‖2 ≥ γc‖sk‖2. It follows that
Step 19 will produce the primal-dual pair (sk+1, λk+1) solving Qk+1 such that
(recall Lemma 3.4) ‖sk+1‖2 = δk+1 < δk = ‖sk‖2 and λk+1 = γλλk , i.e.,

λk+1

‖sk+1‖2 >
γλλk

‖sk‖2 . (3.20)

2. Suppose that Step 38 is reached, meaning that ‖s‖2 < γc‖sk‖2. It follows that
Step 19 will produce the primal-dual pair (sk+1, λk+1) solving Qk+1 such that
‖sk+1‖2 = δk+1 = γc‖sk‖2 and (recall Lemma 3.4) λk+1 ≥ λk . Consequently,

λk+1

‖sk+1‖2 ≥ λk

γc‖sk‖2 . (3.21)

The result now follows from (3.20) and (3.21). ��
Our next result shows that the number of contraction steps between the first iteration

and the first accepted step, or between consecutive accepted steps, is bounded above
by a scalar constant.

Lemma 3.24 For any k̂ ∈ N+, if k̂ ∈ A ∪ {0}, then

|C ∩ I(k̂)| ≤ 1 +
⌊

1

log(min{γλ, γ
−1
c }) log

(
σmax

σ

)⌋
=: KC ≥ 0.

Proof The result holds trivially if |C∩I(k̂)| = 0. Thus, wemay assume |C∩I(k̂)| ≥ 1
and, by Lemma 3.22, may define the iteration number kC(k̂) ∈ {k̂ + 1, k̂ + 2} as the
smallest element of C ∩ I(k̂). It follows along with Lemmas 3.4 and 3.5 that, for all
k ∈ N+ with kC(k̂) + 1 ≤ k ≤ kA(k̂), we have

‖sk‖2 ≤ δk ≤ δkC(k̂)+1 < δkC(k̂) ≤ ΔkC(k̂) ≤ ΔkA(k̂).

In particular, for k = kA(k̂), this shows that kA(k̂) ∈ Aσ . Now, from Lemma 3.17,

λkC(k̂)+1

‖skC(k̂)+1‖2
≥ σ ,
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which, by the fact that kA(k̂) ∈ Aσ and Lemmas 3.18 and 3.23, implies that

σmax ≥ λkA(k̂)

‖skA(k̂)‖2
≥ σ

(
min

{
γλ,

1

γc

})kA(k̂)−kC(k̂)−1

,

from which it follows that

kA(k̂) − kC(k̂) ≤ 1 + 1

log(min{γλ, γ
−1
c }) log

(
σmax

σ

)
.

The desired result follows from this inequality since |C ∩ I(k̂)| = kA(k̂) − kC(k̂). ��
We are now prepared to prove our main complexity result of this subsection.

Theorem 3.25 Under Assumptions 2.1, 3.1, and 3.15, for a scalar ε ∈ (0,∞), the
total number of elements in the index set

{k ∈ N+ : ‖gk‖2 > ε}

is at most
K (ε) := 1 + (Kσ (ε) + KΔ)(1 + KC), (3.22)

where Kσ (ε), KΔ, and KC are defined in Lemmas 3.20, 3.21, and 3.24, respectively.
Consequently, for any ε ∈ (0,∞), we have K (ε) = O(ε−3/2) for all ε ∈ (0, ε].
Proof Without loss of generality, we may assume that at least one iteration is per-
formed. Lemmas 3.20 and 3.21 guarantee that the total number of elements in the
index set {k ∈ A : k ≥ 1, ‖gk‖2 > ε} is at most Kσ (ε) + KΔ, where, immediately
prior to each of the corresponding accepted steps, Lemmas 3.22 and 3.24 guarantee
that at most 1 + KC expansion and contraction steps are performed. Also accounting
for the first iteration, the desired result follows. ��

3.3 Convergence and complexity to (approximate) second-order stationarity

We have established by Theorem 3.14 that any limit point of {xk} is a first-order sta-
tionary point for f , i.e., the gradient of f must be zero at any such point. Moreover,
we have established by Theorem 3.25 that, in the worst case, the number of iterations
required to compute an ε-stationary point (i.e., an iterate at which the norm of the
gradient of f is less than a prescribed tolerance ε ∈ (0,∞)) isO(ε−3/2). Building on
these results, our goal in this subsection is to analyze the global convergence properties
and worst-case iteration complexity of trace toward (approximate) second-order sta-
tionary points. For our purposes in this section, we continue to make Assumptions 2.1,
3.1, and 3.15. In addition, we continue to use the notation introduced in Lemma 3.12,
where, for all k ∈ N+, we let Hk = Vk�kV T

k where Vk is an orthonormal matrix
of eigenvectors and �k = diag(ξk,1, . . . , ξk,n) with ξk,1 ≤ · · · ≤ ξk,n is a diagonal
matrix of eigenvalues of Hk .
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Along with Theorem 3.14, the following theorem establishes that the iterates of
trace are driven toward second-order stationarity.

Theorem 3.26 Under Assumptions 2.1, 3.1, and 3.15, it holds that

lim inf
k∈N+,k→∞

ξk,1 ≥ 0.

Proof For all k ∈ Aσ , we have fk − fk+1 ≥ η‖sk‖32. Hence, since { fk} is monoton-
ically decreasing and bounded below, Lemma 3.10 yields {‖sk‖2}k∈Aσ

→ 0. This,
along with the fact that by Lemma 3.18 we have λk ≤ σk‖sk‖2 ≤ σmax‖sk‖2 for all
k ∈ Aσ , implies that {λk}k∈Aσ

→ 0.Wemay now recall from (2.1b) that ξk,1+λk ≥ 0
for all k ∈ N+, which, along with the fact that {λk}k∈Aσ

→ 0, yields

lim inf
k∈Aσ ,k→∞

ξk,1 ≥ 0.

The result now follows from the above lower bound, the fact that Lemma 3.11 provides
that AΔ has finite cardinality, and since Hk+1 = Hk for all k /∈ A. ��

We now provide an upper bound on the number of accepted steps that occur when
the leftmost eigenvalue of the Hessian matrix is below a negative threshold.

Lemma 3.27 For a scalar ε ∈ (0,∞), the total number of elements in the index set

Kε,2 := {k ∈ Aσ : ξk,1 < −ε}

is at most
⌊(

f0 − fmin

ησ−3
max

)
ε−3

⌋
=: Kσ,2(ε) ≥ 0.

Proof For all k ∈ Kε,2, we have by (2.1b) that λk ≥ −ξk,1 > ε, which along with
Steps 5–6 and Lemma 3.18 implies

fk − fk+1 ≥ η‖sk‖32 ≥ ηλ3kσ
−3
k ≥ ηε3σ−3

max .

In addition, we have by Theorem 3.26 that |Kε,2| < ∞. Hence, the reduction in f
obtained immediately after the largest index in Kε,2, call it kε,2, satisfies

f0 − fkε,2+1 =
kε,2∑
k=0

( fk − fk+1) ≥
∑

k∈Kε,2

( fk − fk+1) ≥ |Kε,2|ηε3σ−3
max .

Rearranging this inequality to yield an upper bound for |Kε,2| and using the fact that
f0 − fmin ≥ f0 − fkε,2+1, we obtain the desired result. ��
We now present our main complexity result of this subsection.

123



F. E. Curtis et al.

Theorem 3.28 Under Assumptions 2.1, 3.1, and 3.15, for a scalar ε ∈ (0,∞), the
total number of elements in the index set

{k ∈ N+ : ‖gk‖2 > ε or ξk,1 < −ε}

is at most
K2(ε) := 1 + (Kσ (ε) + Kσ,2(ε) + KΔ)(1 + KC), (3.23)

where Kσ (ε), KΔ, KC , and Kσ,2(ε) are defined in Lemmas 3.20, 3.21, 3.24,
and 3.27, respectively. Consequently, for any ε ∈ (0,∞), we have K2(ε) =
O(max{ε−3, ε−3/2}) for all ε ∈ (0, ε].
Proof The proof follows in a similar manner as that of Theorem 3.25, except that we
must now account for additional accepted steps—an upper bound forwhich is provided
by Lemma 3.27—that may occur until the leftmost eigenvalue of the Hessian matrix
is above the desired threshold. ��

We remark that the specific upper bound in (3.23) may be reduced by observing
that the terms Kσ (ε) + Kσ,2(ε) might double-count certain accepted steps. However,
we have presented the result in the above manner for simplicity.

3.4 Local convergence to a strict local minimizer

Our goal in this subsection is to prove that if there exists a limit point of {xk} at
which the second-order sufficient condition for optimality is satisfied, then, in fact,
the entire sequence of iterates converges to this point, and the asymptotic rate of
convergence is Q-quadratic. For this purpose, in addition to Assumptions 2.1 and 3.1,
we make the following assumption. (Note that our analysis in this subsection does not
require Assumption 3.15; instead, the following assumption only involves the looser
requirement that the Hessian function of f is locally Lipschitz in a neighborhood
about a particular limit point of the iterate sequence.)

Assumption 3.29 For some infinite S ⊆ N+, the subsequence of iterates {xk}k∈S
converges to x∗ ∈ R

n at which the Hessian of f is positive definite, i.e., H(x∗) 	 0.
Furthermore, there exists a nonempty open convex set about x∗ in which the Hessian
function H is locally Lipschitz continuous with a scalar Lipschitz constant HLoc > 0.

Our first result, the proof of which follows as for a traditional trust region algorithm,
states that the entire iterate sequence converges.

Lemma 3.30 The sequence {xk} converges to x∗ and g(x∗) = 0.

Proof ByTheorem 3.14, it follows that g(x∗) = 0. The remainder of the result follows
similarly to that of [7, Theorem 6.5.2]. ��

The next lemma reveals asymptotic properties of the computed trial steps.
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Lemma 3.31 There exists an iteration number kA ∈ N+ such that, for all k ∈ N+ with
k ≥ kA, the trial step, dual variable, and iteration number satisfy sk = −H−1

k gk ,
λk = 0, and k ∈ A, respectively. That is, eventually, all computed trial steps are
Newton steps that are accepted by the algorithm.

Proof By Lemma 3.30, continuity of the Hessian function implies that H(xk) 	 0 for
all sufficiently large k ∈ N+. Hence, for all such k, we either have sk = −H−1

k gk or
the Newton step −H−1

k gk lies outside the trust region, i.e., in either case,

‖sk‖2 ≤ ‖H−1
k gk‖2 ≤ ‖H−1

k ‖2‖gk‖2 �⇒ ‖gk‖2 ≥ ‖sk‖2/‖H−1
k ‖2. (3.24)

Along with Lemma 3.3 [specifically, (3.3)], this implies that

fk − qk(sk) ≥ 1
2‖gk‖2 min

{
δk,

‖gk‖2
‖Hk‖2

}

≥ 1
2

‖sk‖2
‖H−1

k ‖2
min

{
‖sk‖2, ‖sk‖2

‖Hk‖2‖H−1
k ‖2

}

≥ 1
2

‖sk‖22
‖Hk‖2‖H−1

k ‖22
.

Thus, with ξ∗ := 1/(4‖H(x∗)‖2‖H(x∗)−1‖22), we have for sufficiently large k ∈ N+

fk − qk(sk) ≥ ξ∗‖sk‖22.

Furthermore, since {xk} → x∗ implies {H−1
k gk} → 0, it follows from (3.24) that

{sk} → 0. Combining these facts with the above displayed inequality, we have, as in
the proof of Lemma 3.16, that, for sufficiently large k ∈ N+,

fk − f (xk + sk) = fk − qk(sk) + qk(sk) − f (xk + sk)

≥ ξ∗‖sk‖22 − 1
2HLoc‖sk‖32 ≥ η‖sk‖32,

meaning that for all sufficiently large k ∈ N+ we have ρk ≥ η so that k ∈ A ∪ E .
By the result of the previous paragraph and Lemma 3.6, it follows that there exists

a scalar constant δmin > 0 such that δk ≥ δmin for all sufficiently large k ∈ N+. More-
over, continuity of the gradient and Hessian functions imply that for some sufficiently
small τ ∈ R++ we have

‖H−1
k gk‖2 < δmin whenever ‖xk − x∗‖2 ≤ τ.

Hence, for sufficiently large k ∈ N+, we have Hk 	 0 and the Newton step lies in the
trust region, which implies that sk = −H−1

k gk and λk = 0 for all sufficiently large
k ∈ N+. Since we have shown that k ∈ A ∪ E for all sufficiently large k ∈ N+, this
implies that, in fact, k ∈ A for all sufficiently large k ∈ N+, as desired. ��

We now provide our main local convergence rate result.
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Theorem 3.32 Under Assumptions 2.1, 3.1, and 3.29, it holds that

‖gk+1‖2 = O(‖gk‖22) and ‖xk+1 − x∗‖2 = O(‖xk − x∗‖22) (3.25)

i.e., the sequences {gk} and {xk} Q-quadratically converge to 0 and x∗, respectively.

Proof With the conclusions of Lemmas 3.30 and 3.31, the result follows from standard
theory of Newton’s method for unconstrained optimization; e.g., see [8]. ��

4 Conclusion

Wehave proposed a trust region algorithm for solving nonconvex smooth optimization
problems. The important features of the algorithm are that it maintains the global
and fast local convergence guarantees of a traditional trust region algorithm, but also
ensures that, for any ε ∈ (0,∞), at most O(ε−3/2) iterations, function evaluations,
and gradient evaluations are required to drive the norm of the gradient below any
ε ∈ (0, ε]. This improves upon the worst-case complexity bound for a traditional trust
region algorithm, and matches that of the recently proposed arc algorithm, which is
optimal under certain conditions [6]. We have also proved for our algorithm a worst-
case complexity bound for achieving approximate second-order stationarity which
matches that proved for the arc algorithm.

For simplicity in revealing the salient features of our algorithm and its theoretical
properties, we have assumed that the algorithm uses exact first- and second-order
derivative information, and that each iteration involves computing a globally optimal
solution of a trust region subproblem. These requirements must often be relaxed when
solving large-scale problems.We expect that such variants can be designed that, under
certain conditions, maintain the convergence and worst-case complexity guarantees
of the algorithm in this paper, at least as long as such a variant employs similar step
acceptance criteria and a trust region radius update mechanism as those proposed in
our algorithm in this paper. A complete investigation of these ideas is the subject of
current research.

We close with the observation that the worst-case complexity bound that we have
quoted for arc for achieving approximate first-order stationarity is known to be
sharp [3]. We expect that this is also the case for our algorithm, but this has not
yet been confirmed. The difficulty in confirming it lies in the facts that our algorithm
might allowNewton steps and, when steps are rejected, it decides dynamicallywhether
to shrink the step by contracting the trust region radius or increasing a quadratic regu-
larization parameter. (This means, e.g., that one cannot easily coax the algorithm into
following the same steps as arc for the problem instance in [3].) Still, based on the
similarities between arc and our algorithm in terms of their theoretical properties, we
expect that the bound is sharp.
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Appendix: Subproblem solver

The trace algorithm follows the framework of a trust region algorithm in which, in
each iteration, a subproblem with a quadratic objective and a trust region constraint
is solved to optimality and all other steps are explicit computations involving the
iterate and related sequences. The only exception is Step 13 in which a new trust
region radius is computed via the contract subroutine. In this appendix, we outline
a practical procedure entailing the main computational components of contract,
revealing that it can be implemented in such a way that each iteration of trace need
not be more computationally expensive than similar implementations of those in a
traditional trust region algorithm or arc.

Suppose that Steps 3 and 19 are implemented using a traditional approach of apply-
ing Newton’s method to solve a secular equation of the form φk(λ) = 0, where, for
a given λ ≥ max{0,−ξk,1} (where, as in the proof of Lemma 3.12, we define ξk,1 as
the leftmost eigenvalue of Hk), the vector sk(λ) is defined as a solution of the linear
system (2.2) and

φk(λ) = ‖sk(λ)‖−1
2 − δ−1

k . (A.1)

A practical implementation of such an approach involves the initialization and update
of an interval of uncertainty, say [λ, λ], in which the dual variable λk corresponding
to a solution sk = sk(λk) ofQk is known to lie [11]. In particular, for a given estimate
λ ∈ [λ, λ], a factorization of (Hk + λI ) is computed (or at least attempted), yielding
a trial solution sk(λ) and a corresponding derivative of φk for the application of a
(safeguarded) Newton iteration.

In the context of such a strategy for the implementation of Steps 3 and 19, most
of the computations involved in the contract subroutine can be considered as part
of the initialization process for such a Newton iteration, if not a replacement for the
entire Newton iteration. For example, if Step 33 is reached, then the computation of
(λ, s) in Steps 33–34 are exactly those that would be performed in such a Newton
iteration with an initial solution estimate of λ ← γλλk . If Step 36 is reached, then the
solution (sk+1, λk+1) ofQk+1 in Step 19 is yielded by this computation and a Newton
solve of a secular equation is not required; otherwise, if Step 38 is reached, then one
could employ λ ← λ in the Newton iteration for solving Qk+1 in Step 19. Overall, if
Step 33 is reached, then the computations in contract combined with Step 19 are
no more expensive than the subproblem solve in a traditional trust region algorithm,
and may be significantly cheaper in cases when Step 36 is reached.

The situation is similar when Step 25 is reached. In particular, if the pair (λ, s)
computed in Steps 25–26 result in Step 28 being reached, then the pair (sk+1, λk+1)

required in Step 19 is available without having to run an expensive Newton iteration to
solve a secular equation, meaning that computational expense is saved in our mecha-
nism for setting δk+1 implicitly via our choice of the dual variable λk+1. On the other
hand, if Step 30 is reached, then the algorithm requests a value λ ∈ (λk, λ̂) such that
σ ≤ λ/‖sk(λ)‖2 ≤ σ . A variety of techniques could be employed for finding such a
λ, but perhaps the most direct is to consider a technique such as [4, Algorithm 6.1]
in which a cubic regularization subproblem is solved using a (safeguarded) Newton
iteration applied to solve a secular equation similar to (A.1). It should be noted, how-
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ever, that while [4, Algorithm 6.1] attempts to solve λ/‖sk(λ)‖2 = σ for some given
σ > 0, the computation in Step 30 merely requires σ ≤ λ/‖sk(λ)‖2 ≤ σ , meaning
that one could, say, choose σ = (σ +σ)/2, but terminate the Newton iteration as soon
as λ/‖sk(λ)‖2 is computed in the (potentially very large) interval [σ , σ ]. Clearly, such
a computation is no more expensive than [4, Algorithm 6.1].

Finally, it is worthwhile to note that since the contract subroutine desires the
computation of a trust region radius such that the new corresponding dual variable
satisfies λk+1 > λk ≥ max{0,−ξk,1}, it follows that, after a contraction, the sub-
problem Qk+1 will not involve the well known “hard case” in the context of solving
a trust region subproblem. (We remark that this avoidance of the “hard case” does
not necessarily occur if one were to perform a contraction merely by setting the trust
region radius as a fraction of the norm of the trial step, as is typically done in other
trust region methods.)
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