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Abstract
A proposal is presented for how to characterize the worst-case performance of algorithms for solving
smooth nonconvex optimization problems. Contemporary analyses characterize worst-case performance
by providing, under certain broad assumptions on the objective function, an upper bound on the number
of iterations (or function or derivative evaluations) required until a pth-order stationarity condition is
approximately satisfied. However, this arguably leads to characterizations based on anomalous objective
functions rather than on ones that are typically encountered in practice. By contrast, the proposal
in this paper recommends to characterize worst-case performance over distinct regions of the search
space. These regions are defined according to a partitioning of the search space based on whether or
not regularized pth-order derivative models of the objective function predict a decrease proportional to
an objective value error. This strategy can be adopted to characterize the behavior of algorithms when
minimizing different classes of objective functions.

1

Introduction

Users of optimization algorithms often choose to employ one algorithm instead of another based on its
theoretical properties. One such property of broad interest is worst-case complexity, wherein one measures
the resources that an algorithm will require, in the worst case, to (approximately) solve a given problem. In
the context of convex optimization [23], such worst-case complexity has for many years been stated in terms
of an upper bound on the number of iterations (or function or derivative evaluations) required until either
• the distance between an iterate and an element of the set of minimizers is less than x ∈ (0, ∞), or
• the difference between an iterate’s objective value and the optimal objective value is less than f ∈
(0, ∞).
In the context of nonconvex optimization, a similar strategy has been adopted. However, since one generally
cannot guarantee that a method for solving nonconvex optimization problems will produce iterates that
converge to a global minimizer, or at least have corresponding objective values that converge to the global
minimum, the common approach has been to determine a worst-case upper bound on the number of iterations
(or function or derivative evaluations) until a pth-order stationarity measure is satisfied with error below
p ∈ (0, ∞). For example, in a body of literature that has been growing in recent years (e.g., see [1, 2, 6, 8,
11, 12, 13, 14, 17, 24, 25]), the main measure of interest has been the number of iterations required until an
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algorithm is guaranteed to produce an iterate at which the norm of the gradient of the objective function—a
first-order stationarity measure—is below 1 ∈ (0, ∞).
Unfortunately, when it comes to minimizing nonconvex objectives satisfying broad assumptions—such
as Lipschitz continuity of some low-order derivatives—these types of worst-case complexity guarantees are
forced to take into account exceptional objectives on which algorithms experience behavior that might be
considered atypical. For example, in [4, 7], the authors show that the worst-case complexity guarantees for
various well-known methods are tight due to certain objective functions that one might argue are pedogogical
and distinct from those encountered in regular practice.
One might overcome the resulting discrepancy between theory and practice in various ways. Some argue
that it would be ideal to be able to characterize average case behavior of an algorithm rather than worst
case, such as has been studied for the simplex method for linear optimization; see [3, 26, 27]. However, it
seems difficult to set forth a useful, valid, and widely accepted definition of an average case when minimizing
nonconvex objectives. Alternatively, one might consider separately analyzing the behavior of algorithms when
they are employed to minimize functions in a particular class of interest; e.g., a common class of interest
is that of strongly convex functions with Lipschitz continuous first-order derivatives. This was a strategy
employed in [24] in which various interesting results for a cubic regularization method—e.g., applied to starconvex and gradient-dominated functions—are presented. However, this approach to worst-case performance
guarantees naturally limits itself to certain classes of objective functions. It also allows for the possibility
that analyses might be performed differently for different classes, which fails to establish a standard for how
to compare methods across multiple problem classes at the same time.
The purpose of this paper is to outline a strategy for characterizing the worst-case performance of
algorithms for solving nonconvex optimization problems. In particular, in order to offer a characterization
of algorithms both (i) within contexts seen in typical practice and (ii) without limiting attention to specific
problem classes, we propose that an algorithm should be characterized based on its behavior over specific
problem-dependent regions of the search space. We define these regions based on whether or not the reduction
in a regularized pth-order derivative model of the objective is proportional to an objective value error. By
partitioning the search space according to the lowest order model that offers such a proportional reduction,
one can provide a useful characterization of the worst-case behavior of an algorithm.
We believe that there are various benefits of our proposed strategy. For one thing, it leads to a characterization of algorithms wherein each measure is defined with respect to a reference reduction in the objective.
This naturally ties the characterization to what could be expected from an algorithm that employs derivative information to compute search directions, rather than on what can be proved for exceptional example
functions. Another benefit is that it facilitates the characterization of the behavior of an algorithm in certain
important cases. For example, questions that are often asked are: When one takes an algorithm for nonconvex optimization and employs it to minimize a strongly convex function, what is its worst-case behavior? Is
it the same as when it is employed to minimize a nonconvex function? Or is it better? The answers to these
questions are not readily apparent from contemporary analyses. However, in our approach, one can answer
them if one shows that, for a particular class of functions, the search space is represented by the union of a
subset of the regions that our strategy defines. The behavior of a method over the class of functions then
reduces to the proved behavior over this subset of regions. In this paper, we demonstrate how this is done
for a few classes that are of broad interest.
We mention at the outset that our approach might be viewed as offering something between contemporary global complexity and local convergence rate guarantees. Our approach does not merely offer a local
convergence rate guarantee since the problem-dependent regions that we define do not only include points
in the search space that are within small neighborhoods of local minimizers. Indeed, for certain classes of
functions of common interest, our regions include the entire search space. On the other hand, our approach
does not offer a global complexity bound in all cases since our partitioning strategy might leave out certain
subsets of the search space for some functions. All of this being said, we contend that our approach can be
very informative to users of optimization methods. Overall, to have a well-informed understanding of the behavior of an algorithm, one should analyze its global convergence properties, worst-case complexity, behavior
in the regions that we define in this paper, and its local convergence rate guarantees, when applicable.
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1.1

Organization

In §2, we present our strategy for partitioning a search space. In §3 and §4, we employ this partitioning
strategy to provide theoretical worst-case performance results for various algorithms, showing in particular
that the most interesting results are those for when a pth-order optimization method is employed in a region
in which a qth-order method (with q 6= p) offers a better predicted reduction. In §5, we prove various results
about our partitioning strategy for certain classes of functions, such as how for certain classes our strategy
leads to a partitioning containing only a subset of regions. Concluding remarks are provided in §6.

1.2

Notation

We use R to denote the set of real numbers (i.e., scalars), R≥0 (resp., R>0 ) to denote the set of nonnegative
(resp., positive) real numbers, Rn to denote the set of n-dimensional real vectors, and Rm×n to denote the
set of m-by-n-dimensional real matrices. The set of natural numbers is denoted as N := {0, 1, 2, . . . }. Given
two scalars a ∈ R≥0 and b ∈ R≥0 , we write a ⊥ b to indicate that ab = 0.
We append a natural number, often involving k ∈ N, as a subscript for a quantity to denote its value
during the kth iteration of an algorithm; e.g., xk ∈ Rn denotes the kth value of a variable x. We write λ(M )
to denote the left-most (with respect to the real line) eigenvalue of a real symmetric matrix M .

2

Partitioning the Search Space

In this section, we propose a strategy for partitioning the search space into distinct regions. Our strategy is
generic, but the resulting regions depend on properties of a given objective function and starting point. We do
not claim that our strategy is always exhaustive in the sense that, for a given objective function and starting
point, the union of the regions defined by our strategy recovers the entire search space. Consequently, we
must concede that, for a complete analysis, one needs to consider the performance of an algorithm over the
complement, with respect to the search space, of the union of the regions that our strategy defines. In this
manner, our strategy can be seen to be complementary to contemporary approaches that provide worst-case
upper bounds on the number of iterations until a pth-order stationarity condition is approximately satisfied.
For simplicity in our presentation, let us assume that one is interested in analyzing the worst-case behavior
of a descent algorithm, i.e., one for which, given an objective f : Rn → R and starting point x0 ∈ Rn , the
search space can be limited to
L := {x ∈ Rn : f (x) ≤ f (x0 )}.
This and various other quantities that we define depend on the objective function f and starting point x0 .
For simplicity in our presentation, we do not indicate this dependence explicitly, though it should remain
clear throughout that these quantities are problem- and starting-point-dependent.
Our strategy requires that the following assumption holds true. (One could extend our strategy to other
settings as well, in which case one might wish to replace this assumption with a looser alternative; see §6 for
further discussion.) We employ similar notation as used, e.g., in [1]; in particular, the pth-order derivative
of a function f at x is given by the pth-order tensor ∇p f (x), and the application of this tensor j ∈ N times
to a vector s ∈ Rn is written as ∇p f (x)[s]j .
Assumption 2.1. Over an open set L+ containing the sublevel set L and for some integer p ≥ 1, the
objective function f : Rn → R is p-times continuously differentiable and bounded below by a scalar finf :=
inf x∈Rn f (x) > −∞. In addition, for each integer p ∈ {1, . . . , p}, the pth-order derivative of f is Lipschitz
continuous with some minimum Lipschitz constant Lp ∈ R>0 in that
k∇p f (x) − ∇p f (x)k[p] ≤ (p − 1)!Lp kx − xk2 for all (x, x) ∈ Rn × Rn ,
where k·k[p] denotes the tensor norm recursively induced by the Euclidean norm k·k2 ; see [1, eq. (2.2)–(2.3)].
A consequence of Lipschitz continuity of these derivatives is that, for each p ∈ {1, . . . , p}, with the pth-order
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Taylor series approximation of f centered at x ∈ L+ , namely, the function tp (x, ·) : Rn → R defined by
p
X
1 j
tp (x, s) = f (x) +
∇ f (x)[s]j ,
j!
j=1

(2.1)

one has the property (see [1, eq. (2.6)]) that, for all s ∈ Rn ,
f (x + s) ≤ tp (x, s) +

Lp
kskp+1
.
2
p

(2.2)

Under this assumption, for each p ∈ {1, . . . , p}, let mp (x, ·) : Rn → R represent the sum of the pth-order
term of the Taylor series approximation of f centered at x ∈ L+ and a (p + 1)st-order regularization term
with constant rp ∈ R>0 , i.e.,
1
rp
.
kskp+1
mp (x, s) = ∇p f (x)[s]p +
2
p!
p+1
The specific value of rp , which depends on f and p but is independent of x, will be discussed later in this
section. For now, let us simply note that the model function mp (x, ·) is coercive, so it has a minimum norm
global minimizer smp (x) ∈ Rn with which we define the reduction function ∆mp : L+ → R defined by
∆mp (x) = mp (x, 0) − mp (x, smp (x)) ≥ 0.
For brevity, we refer to this quantity as the reduction in the pth-order term from x.
We now propose to partition the search space into regions based on which, if any, is the lowest order for
which the reduction in the pth-order term is proportional to an objective value error. Specifically, given a
scalar κ ∈ (0, 1) and a reference objective value fref ∈ [finf , f (x0 )], we define
R1 := {x ∈ L : ∆m1 (x) ≥ κ(f (x) − fref )}
and Rp := {x ∈ L : ∆mp (x) ≥ κ(f (x) − fref )} \

p−1
[

Rj for all p ∈ {2, . . . , p}.

j=1

For some functions and certain (κ, fref ), the union of these regions recovers the search space in that R1 ∪
· · · ∪ Rp = L; see §5. However, for others, one need also consider
R := L \

p
[

Rj ;

j=1

see Figure 1 for an illustration of these sets corresponding to a couple two-dimensional functions. The
particular value of κ employed in these definitions might vary from one analysis to the next depending on
the class of objective functions that is considered. For example, in §5.2, we show that a certain choice
naturally arises in, e.g., the context of strongly convex functions. Similarly, the value of fref that is employed
might vary as well. If one can ensure for a particular class of functions that the algorithm of interest will
converge to global optimality, then one can consider fref = finf ; otherwise, one might define it a posteriori as
the limiting value fref = limk→∞ f (xk ); see §6. Overall, while it is true that our partitioning strategy depends
on these exogenous constant values, we contend that as long as one employs the same values when analyzing
each of a set of algorithms, these definitions for regions establishes a consistent and useful framework for
comparing algorithm performance.
We also propose that each region above can be partitioned further into regions according to which order
term reduction is the largest. In particular, given a pair of integers (p, q) ∈ {1, . . . , p} × {p, . . . , p}, we define
Rpq := {x ∈ Rp : q is the smallest integer in {p, . . . , p}
such that ∆mq (x) ≥ ∆mr (x) for all r ∈ {p, . . . , p}} ⊆ Rp .
5

Figure 1: With p = 2, illustration of R1 (black), R2 (gray), and R (white) for the two-dimensional functions
f (x, y) = x2 − y 2 + 10 (left) and f (x) = x3 − y 3 + 22 (right).
Here, we restrict attention to q ≥ p since the definitions of our regions imply that
if p > q, then {x ∈ Rp : ∆mq (x) ≥ ∆mp (x)} = ∅.
For example, if p = 2, then the region R1 is partitioned into
R11 := {x ∈ R1 : ∆m1 (x) ≥ ∆m2 (x)}
and R12 := {x ∈ R1 : ∆m1 (x) < ∆m2 (x)}
whereas one finds R22 = R2 since the set {x ∈ R2 : ∆m1 (x) ≥ ∆m2 (x)} is empty by the definitions of the
sets R1 and R2 .
Based on this partitioning strategy, we propose that an algorithm for nonconvex optimization should be
characterized by upper bounds on the numbers of iterations that it could spend in each region. In terms of
the regions in the set {R1 , . . . , Rp }, this upper bound could be given as a function of f ∈ (0, ∞), where one
is interested in a (possibly infinite) upper bound for k ∈ N until one must have f (xk ) − fref ≤ f .
Let us now return to the value for rp in the definition of mp . Toward this end, let us first define the
function wp (x, ·) : Rn → R as the sum of the pth-order Taylor series approximation of f centered at x ∈ L+
(recall (2.1)) and a (p + 1)st-order regularization term with a specific constant lp , namely,
wp (x, s) = tp (x, s) +

lp
2(p + 1)Lp
kskp+1
, where lp :=
.
2
p+1
p

(2.3)

To motivate the value of lp in this definition, first consider the following lemma.
Lemma 2.1. For each x ∈ L+ and p ∈ {1, . . . , p}, it follows that
tp (x, 0) − tp (x, s) ≥

lp
kskp+1
for all s ∈ Rn such that wp (x, s) ≤ wp (x, 0).
2
p+1

Proof. The inequality follows as in [1, Lem. 2.1].
Next, defining swp (x) as a minimum norm global minimizer of the model wp (x, ·), notice that (2.2),
Lemma 2.1, and the value for lp as defined in (2.3) yield
f (x) − f (x + swp (x))
tp (x, swp (x)) − f (x + swp (x))
=
+1
tp (x, 0) − tp (x, swp (x))
tp (x, 0) − tp (x, swp (x))
≥−

Lp
p+1
p kswp (x)k2
lp
p+1
p+1 kswp (x)k2
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1
+1= .
2

(2.4)

This completes the motivation for the value of lp in the definition of wp (x, ·) in (2.3); in particular, it is with
this regularization value that one finds, in (2.4), that the reduction in the objective f obtained from x to
x + swp (x) is at least half of the reduction in the Taylor model tp (x, ·) obtained from 0 to swp (x).
We now define rp as a scalar greater than plp /2 such that, over all x ∈ L+ , the minimum norm global
minimizer of mp (x, s) (namely, smp (x)) has Euclidean norm less than or equal to that of the minimum norm
global minimizer of wp (x, s) (namely, swp (x)); i.e., under this assumption, for all x ∈ L+ , one has
ksmp (x)k2 ≤ kswp (x)k2 .

(2.5)

The important consequences of this choice, which motivate our interest in it, are captured as part of the
following lemma that will be used later on.
Lemma 2.2. For any x ∈ L+ , the reduction in the pth-order term from x is
∆mp (x) =

rp
ksmp (x)kp+1
.
2
p(p + 1)

(2.6)

In addition, since rp > plp /2 is defined to yield (2.5), it follows that, for any x ∈ L+ , the reduction in tp (x, ·)
yielded by swp (x) satisfies
tp (x, 0) − tp (x, swp (x)) ≥ ιp ∆mp (x), where ιp :=

plp
∈ (0, 2).
rp

(2.7)

Proof. First-order stationarity of smp (x) with respect to mp (x, ·) implies
0=

1
1
rp
sm (x)T ∇s mp (x, smp (x)) = ∇p f (x)[smp (x)]p + ksmp (x)kp+1
,
2
p p
p!
p

from which it follows that
∆mp (x) =

rp
rp
rp
ksmp (x)kp+1
−
ksmp (x)kp+1
=
ksmp (x)kp+1
,
2
2
2
p
p+1
p(p + 1)

as desired. This, Lemma 2.1, and (2.5) imply that
lp
kswp (x)kp+1
2
p+1
lp
plp
≥
ksmp (x)kp+1
=
∆mp (x) = ιp ∆mp (x),
2
p+1
rp

tp (x, 0) − tp (x, swp (x)) ≥

which is the second desired conclusion.
The previous lemma reveals that, with our definition of rp , we have guaranteed that the reduction in the
pth-order Taylor series model that one obtains with a conservative algorithm, namely, one that obtains a
step by minimizing a regularization of this model, is at least proportional to the reduction in the pth-order
term model used in the definitions of our regions that partition the search space.
For future reference, let us quantify ∆mp (x) for p ∈ {1, 2} in another manner.
Theorem 2.1. Under Assumption 2.1 for p ≥ 2, it follows that, for any x ∈ L+ ,
∆m1 (x) =

1
1
k∇f (x)k22 and ∆m2 (x) = 2 max{−λ(∇2 f (x)), 0}3 .
2r1
6r2

Proof. Let x ∈ L be arbitrary. Since m1 (x, s) = ∇f (x)T s + 12 r1 ksk22 , one finds that the global minimizer of
m1 (x, ·) is sm1 (x) = − r11 ∇f (x), meaning that
∆m1 (x) = m1 (x, 0) − m1 (x, sm1 (x))
1
r1
= −∇f (x)T sm1 (x) − ksm1 (x)k22 =
k∇f (x)k22 ,
2
2r1
7

as desired. Now consider m2 (x, s) = 12 sT ∇2 f (x)s + 13 r2 ksk32 . If ∇2 f (x)  0, then the minimum norm global
minimizer of m2 (x, ·) is sm2 (x) = 0. Otherwise, the global minimum of m2 (x, ·) is achieved at an eigenvector
sm2 (x) corresponding to the left-most eigenvalue of ∇2 f (x), scaled so that it satisfies the first-order necessary
condition
(∇2 f (x) + r2 ksm2 (x)k2 I)sm2 (x) = 0,
which in particular implies that ksm2 (x)k2 = −λ(∇2 f (x))/r2 . Thus,
∆m2 (x) = m2 (x, 0) − m2 (x, sm2 (x))
r2
1
= − sm2 (x)T ∇2 f (x)sm2 (x) − ksm2 (x)k32
2
3
1
r2
2
2
= − λ(∇ f (x))ksm2 (x)k2 − ksm2 (x)k32
2
3
1
1
1
2
3
= 2 |λ(∇ f (x))| − 2 |λ(∇2 f (x))|3 = 2 |λ(∇2 f (x))|3 .
2r2
3r2
6r2
Combining the results of the two cases yields the desired conclusion.
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Analyses of pth-order Regularization Methods

One can employ our proposed characterization strategy to analyze the worst-case behavior of any algorithm
for solving nonconvex optimization problems. To demonstrate this, in this section, we provide results on the
worst-case behavior of algorithms that, in a straightforward manner, compute steps based on minimizing
regularized pth-order Taylor series models of the objective, assuming the relevant constants in Assumption 2.1
are known. By contrast, in §4, we provide results on the worst-case behavior of some second-order trust
region methods, which do not fall into this class of regularization algorithms.
It is worthwhile to mention at the outset that, even though the regularization methods that we study
in this section were used to motivate the definitions of our regions that partition the search space, they are
not guaranteed to possess the best performance guarantees within our characterization strategy; see §3.4 for
a discussion on why this is the case. That said, these methods do establish a reasonable baseline against
which the worst-case behavior of other algorithms can be compared, as we do with the second-order trust
region methods studied in the next section.

3.1

Generic Results

An algorithm that computes steps based on minimizing the regularized pth-order Taylor series model wp (x, ·)
at any x ∈ L satisfies the conclusion of the following theorem. (It is worthwhile to note that we refer to an
algorithm that minimizes wp (x, ·), which involves the constant lp > Lp , rather than one with a regularization
term involving Lp . This is consistent with [1], in which it is shown that one always obtains an acceptable
step for a sufficiently large regularization constant, which in our setting is represented by lp .)
Theorem 3.1. Under Assumption 2.1, suppose that an iterate sequence {xk } is generated by an algorithm
defined by the iteration
xk+1 ← xk + swp (xk ).
(3.1)
Then, with ∆fref := f (x0 ) − fref , given any scalar f ∈ (0, ∆fref ), the number of iterations in the set
Rp ∩ {x ∈ Rn : f (x) − fref ≥ f } is at most
& 
 
−1 '
 

∆fref
1
∆fref
log
log
=
O
log
.
(3.2)
ι κ
f
f
1 − p2
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Proof. Under Assumption 2.1, it follows by the inequalities in (2.4) and (2.7) that, for all xk ∈ Rp ∩ {x ∈
Rn : f (x) − fref ≥ f }, one finds
1
(tp (xk , 0) − tp (xk , swp (xk )))
2
ιp
≥ ∆mp (xk )
2
ιp κ
(f (xk ) − fref ).
≥
2

f (xk ) − f (xk+1 ) ≥

(3.3)

Adding and subtracting fref on the left-hand side and rearranging yields

ιp κ 
(f (xk ) − fref ) ≥ f (xk+1 ) − fref .
1−
2
Applying this fact repeatedly, one finds that, for any {k1 , . . . , kj } ⊆ Rp , it holds that


1−

ιp κ  j
∆fref ≥ f (xkj ) − fref .
2

Since the right-hand side of this inequality is guaranteed to be less than or equal to f if the left-hand side
is less than or equal to this value, one can set the left-hand side less than or equal to f , take the logarithm
of both sides of the resulting inequality, and rearrange to conclude that the number of iterations that the
algorithm spends in Rp ∩ {x ∈ Rn : f (x) − fref ≥ f } is bounded above by (3.2), as desired.
One also has the following result stating a limitation of a straightforward pth-order regularization method
in terms of its worst-case behavior.
Theorem 3.2. For any k ∈ N and q > p, there exists a function f satisfying Assumption 2.1 with p ≥ q
such that, for any f ∈ (0, ∆fref ), the number of iterations in the set Rq ∩ {x ∈ Rn : f (x) − fref ≥ f } is at
least k.
Proof. The result follows from the fact that, if for some k ∈ N and any q > p the iterate xk is a qth-order
stationary point with f (xk ) − fref ≥ f , then the iteration (3.1) yields swp (xk ) = 0, meaning that xk+1 ← xk
for all k ∈ N with k ≥ k.
Theorem 3.2 reveals that one cannot establish a deterministic upper bound on the number of iterations
that a regularized pth-order method spends in regions surrounding qth-order stationary points for any q > p.
That said, for certain methods it might be possible to establish probabilistic upper bounds, either due to
randomization of the starting point or by introducing randomization into an algorithm itself; e.g., see [18, 21].
Such probabilistic bounds are valid to introduce into our characterization approach, though we do not discuss
such results further in this paper.
In the next two subsections, we provide a few additional results for regularized pth-order methods,
specifically for p = 1 and p = 2. In each case, we present results related to our characterization strategy,
contrasting the results with those one obtains with a contemporary analysis that bounds the number of
iterations until approximate first-order and/or second-order stationarity is satisfied.

3.2

Regularized Gradient Method

Consider the behavior of a first-order regularization method defined by the iteration
xk+1 ← xk + sw1 (xk ).

(RG)

Since, as is easily shown, sw1 (x) = − l11 ∇f (x), this is nothing more than the standard gradient descent
method with constant stepsize 1/l1 ; we refer to it as the regularized gradient (RG) method. In commonly
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accepted contemporary analyses, the worst-case behavior of this approach would be characterized in the
following manner. First, by Assumption 2.1 and the fact that l1 > 2L1 , it follows that
f (xk+1 ) ≤ f (xk ) + ∇f (xk )T (xk+1 − xk ) +

l1
kxk+1 − xk k22
2

1
1
k∇f (xk )k22 +
k∇f (xk )k22
l1
2l1
1
= f (xk ) −
k∇f (xk )k22 .
2l1

= f (xk ) −

(3.4)

This, with K(g ) := {k ∈ N : k∇f (xk )k2 > g } and ∆finf := f (x0 ) − finf , where finf is defined in Assumption 2.1, implies that
∆finf ≥

∞
X

(f (xk ) − f (xk+1 )) ≥

k=0

X

(f (xk ) − f (xk+1 )) ≥

k∈K(g )

1
|K(g )|2g .
2l1

Hence, by rearrangement, the cardinality of the set K(g ) is bounded by
−2
d2l1 ∆finf −2
g e = O(l1 ∆finf g ).

(3.5)

While this analysis is valid, providing a characterization of the worst-case behavior of the method under
loose assumptions on f , it only provides a conservative bound. After all, notice that the analysis is based on
a reduction in f that is proportional to 2g for every step. This might be extremely small compared to the
true reduction achieved, especially when far from a minimizer! By contrast, Theorem 3.1 reveals that the
algorithm actually possesses a linear rate of convergence in R1 , a region that might cover a large portion of
the search space, e.g., in the case of functions satisfying the Polyak-Lojasiewicz condition; see §5.2.
We summarize the worst-case behavior of the iteration (RG) along with that of the next method later in
this section; see Theorem 3.3 in §3.4.

3.3

Regularized Newton Method

Let us now consider the behavior of a regularized second-order method defined by the iteration
xk+1 ← xk + sw2 (xk ).

(RN)

This iteration is commonly known as a cubic regularization method; for our purposes, we refer to it as the
regularized Newton (RN) method. A contemporary analysis of this approach would proceed in the following
manner. First, from [5, 6, 24], it is known that for any x ∈ L+ the step sw2 (x) yields
∇f (x)T sw2 (x) ≤ 0,

(3.6a)

(∇ f (x) + l2 ksw2 (x)k2 I)  0,

(3.6b)

2

2

and (∇ f (x) + l2 ksw2 (x)k2 I)sw2 (x) = −∇f (x),

(3.6c)

from which it follows that
w2 (x, 0) − w2 (x, sw2 (x))
l2
1
= − ∇f (x)T sw2 (x) − sw2 (x)T ∇2 f (x)sw2 (x) − ksw2 (x)k32
2
3
1
l
2
= − ∇f (x)T sw2 (x) + ksw2 (x)k32
2
6
l2
≥ ksw2 (x)k32 .
6
10

(3.7)

From this, and since Assumption 2.1, (2.3), and the fact that l2 > L2 imply that f (xk ) = w2 (xk , 0) and
f (xk+1 ) ≤ w2 (xk , sw2 (xk )), it follows that
f (xk ) − f (xk+1 ) ≥ w2 (xk , 0) − w2 (xk , sw2 (xk )) ≥

l2
ksw2 (xk )k32 .
6

(3.8)

On the other hand, with (3.6c) and since l2 > L2 , it follows for any k ∈ N that
k∇f (xk + sw2 (xk ))k2
= k∇f (xk + sw2 (xk )) − (∇f (xk ) + (∇2 f (xk ) + l2 ksw2 (xk )k2 I)sw2 (xk ))k2
≤ k∇f (xk + sw2 (xk )) − (∇f (xk ) + ∇2 f (xk )sw2 (xk ))k2 + l2 ksw2 (xk )k22
Z 1
(∇2 f (xk + τ sw2 (xk )) − ∇2 f (xk ))sw2 (xk )dτ + l2 ksw2 (xk )k22
≤
Z

0
1

2

∇2 f (xk + τ sw2 (xk )) − ∇2 f (xk )

≤
0

Z
≤

2

dτ · ksw2 (xk )k2 + l2 ksw2 (xk )k22

1

τ dτ · l2 ksw2 (xk )k22 + l2 ksw2 (xk )k22

0

≤

3
l2 ksw2 (xk )k22 ,
2

from which it follows that

ksw2 (xk )k2 ≥

2
3l2

1/2

1/2

k∇f (xk + sw2 (xk ))k2 .

Combining this with (3.8), one obtains that
1
f (xk ) − f (xk+1 ) ≥
6

 3/2  1/2
2
1
3/2
k∇f (xk+1 )k2 .
3
l2

(3.9)

Hence, defining K(g ) := {k ∈ N : k∇f (xk+1 )k2 > g }, one finds that
∆finf ≥

∞
X

(f (xk ) − f (xk+1 ))

k=0

≥

X
k∈K(g )

1
(f (xk ) − f (xk+1 )) ≥
6

 3/2  1/2
2
1
|K(g )|3/2
g ,
3
l2

from which it follows, using a similar argument as for the regularized gradient method in §3.2, that the
cardinality of the set K(g ) is bounded above by
 −3/2
2
1/2
1/2
).
6
l2 ∆finf −3/2
= O(l2 ∆finf −3/2
g
g
3

(3.10)

Further, one can combine (3.6b) and (3.8) to conclude that
f (xk ) − f (xk+1 ) ≥

l2
1
ksw2 (xk )k32 ≥ 2 (−λ(∇2 f (xk )))3 .
6
6l2

Hence, the cardinality of K2 (H ) := {k ∈ N : λ(∇2 f (xk )) < −H } is bounded by
−3
2
d6l22 ∆finf −3
H e = O(l2 ∆finf H ).
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(3.11)

As in the case of the contemporary analysis for the regularized gradient method shown in §3.2, both
upper bounds (3.10) and (3.11) are quite conservative in that they are based on reductions of f for each
3/2
step on the order of g and 3H , respectively. These can be small compared to the true reductions achieved
throughout much of the optimization process. An analysis based on our strategy, on the other hand, can be
more revealing in important cases of interest. We present such an analysis now.
Theorem 3.1 reveals that the algorithm possesses a linear rate of convergence in R2 . Let us now analyze
the behavior of the approach over R1 = R11 ∪ R12 . For xk ∈ R12 with fref = finf , it follows with (3.3) that
ι
ικ
ι
f (xk ) − f (xk+1 ) ≥ ∆m2 (xk ) ≥ ∆m1 (xk ) ≥ (f (xk ) − finf ).
2
2
2
As in the proof of Theorem 3.1, this shows that the convergence rate is linear over this region with an upper
bound on the number of iterations in R12 ∩ {x ∈ Rn : f (x) − finf ≥ f } being bounded above by (3.2).
Now consider R11 . As in the contemporary analysis above, it will be convenient to work with xk+1 ∈ R11 .
Corresponding to such a point, one finds that
1
1
k∇f (xk+1 )k22 .
sm1 (xk+1 ) = − ∇f (xk+1 ), meaning ∆m1 (xk+1 ) =
r1
2r1
Hence, the definition of R11 ⊆ R1 with fref = finf implies that
k∇f (xk+1 )k22 = 2r1 ∆m1 (xk+1 ) ≥ 2r1 κ(f (xk+1 ) − finf ).
Combining this with (3.9), it follows that
1
f (xk ) − f (xk+1 ) ≥
6

 3/2  1/2
2
1
(2r1 κ)3/4 (f (xk+1 ) − finf )3/4 .
3
l2

Adding and subtracting finf from the left-hand side, one obtains that
(f (xk ) − finf ) − (f (xk+1 ) − finf )
 3/2  1/2
1 2
1
≥
(2r1 κ)3/4 (f (xk+1 ) − finf )3/4 .
6 3
l2
−1/2

Let c := 6−1 23/2 3−3/2 l2

(3.12)

(2r1 κ)3/4 and consider any ξ ∈ R>0 . There are two cases.

Case 1: If c ≥ ξ(f (xk+1 ) − finf )1/4 , then (3.12) implies that
f (xk ) − finf ≥ (1 + ξ)(f (xk+1 ) − finf ).
Hence, for any {k1 + 1, . . . , kj + 1} ⊆ R11 , it holds that
1
∆finf ≥ f (xkj +1 ) − finf ,
(1 + ξ)j
which means that the number of iterations in the set R11 ∩ {x ∈ Rn : f (x) − finf ≥ f } is bounded by
 


 

∆finf
1
∆finf
log
= O log
.
(3.13)
f
log(1 + ξ)
f
This shows a linear rate of convergence in this case. (We note that, with additional assumptions on f ,
such as assuming that the Hessian of f is positive definite at a limit point of the iterate sequence,
one might show that the algorithm achieves a superlinear rate of local convergence. However, such
considerations are out of the scope of this paper.)
Case 2: If c < ξ(f (xk+1 ) − finf )1/4 , then it follows from (3.12) that
(f (xk ) − finf ) − (f (xk+1 ) − finf ) ≥ c4 ξ −3 = 25 3−10 l2−2 (r1 κ)3 ξ −3 .
Hence, the number of iterations until c ≥ ξ(f (xk+1 ) − finf )1/4 is (conservatively) bounded above by
 −5 10 2

(2 3 l2 (r1 κ)−3 ξ 3 ∆finf = O(l22 r1−3 ∆finf ).
(3.14)
We summarize the worst-case behavior of (RN) along with that of (RG) next.
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3.4

Summary of Regularized Gradient and Newton Methods

In the previous subsections, for the regularized gradient iteration (RG) and the regularized Newton iteration
(RN), we have presented both contemporary types of analyses that bound the numbers of iterations until a
first- and/or second-order stationarity condition is approximately satisfied, as well as analyses that bound the
number of iterations spent in our regions R1 = R11 ∪ R12 and R2 defined in §2. Combining these analyses,
we obtain the following theorem revealing distinct, complementary views of the worst-case behaviors of these
methods.
Theorem 3.3. Under Assumption 2.1 with p ≥ 2, let
K1 (g ) := {k ∈ N : k∇f (xk )k2 > g }
and K2 (H ) := {k ∈ N : λ(∇2 f (xk )) < −H }.
Then, if the Hessian function of f is Lipschitz continuous with constant l2 over the path of computed iterates,
the cardinalities of the index sets K1 (g ) and K2 (H ) are of the order in the following table:
Algorithm
(RG)
(RN)

|K
 1 (g )| 
l ∆f
O 1 2 inf
g


1/2
l2 ∆finf
O
3/2
g

|K2 (H )|
∞
O



l22 ∆finf
3H



On the other hand, the numbers of iterations in the regions R1 = R11 ∪ R12 and R2 as defined in §2 with
fref = finf , intersected with the set {x ∈ Rn : f (x) − finf ≥ f } for f ∈ (0, ∆finf ), are of the order in the
following table:

Algorithm
(RG)
(RN)

R1
R
11
 

∆f
O log finf
2


 
l ∆f
∆f
O 2 r3 inf + O log finf
1

R2
 R12 
∆f
O log finf
 

∆f
O log finf



O log

∞


∆finf
f



Proof. The bound on the cardinality of the index set K1 (g ) has been proved for (RG) in (3.5), whereas the
lack of a bound for this method with respect to K(H ) follows for similar reasons as the proof of Theorem 3.2.
As for (RN), the bounds on the cardinalities of the index sets K1 (g ) and K(H ) have been proved in (3.10)
and (3.11), respectively. The behavior of (RG) with respect to R1 ∩ {x ∈ Rn : f (x) − finf ≥ f } and that of
(RN) with respect to R2 ∩ {x ∈ Rn : f (x) − finf ≥ f } follow as a consequence of Theorem 3.1. On the other
hand, the lack of a bound for (RG) with respect to R2 ∩ {x ∈ Rn : f (x) − finf ≥ f } follows as a consequence
of Theorem 3.2, and the bound for (RN) with respect to (R11 ∪ R12 = R1 ) ∩ {x ∈ Rn : f (x) − finf ≥ f } has
been proved in (3.13)–(3.14).
Since our strategy for partitioning the search space is based on the reductions achieved in a regularized
pth-order derivative model, one might ask whether an algorithm based on minimizing a regularized pthorder Taylor series model is guaranteed to possess the best complexity guarantees in our characterization
approach. The answer is no. Consider, for example, an algorithm that at each iterate xk computes the
steps sw1 (xk ) and sw2 (xk ) and chooses which to take based on which is larger, ∆m1 (xk ) or ∆m2 (xk ); see
[10]. The analysis in the previous subsections reveals that the number of iterations for such a method over
(R1 ∪ R2 ) ∩ {x ∈ Rn : f (x) − fref > f } is O(log(∆fref /f )), which is better than for both the regularized
gradient and Newton methods considered in this section. In particular, it is better than the worst-case
behavior of (RG) since it achieves the same worst-case behavior of (RN) over R2 , and it is better than the
worst-case behavior of (RN) since one does not need to include the O(l22 ∆finf /r13 ) term from the “Case 2”
phase that (RN) has over R11 .
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4

Analyses of Second-Order Trust Region Methods

Let us now turn to analyzing the worst-case behavior of a few variants of second-order trust region methods.
We consider multiple variants, rather than only one, to illustrate the different properties one might find using
our characterization strategy. In contrast to our analyses for (RG) and (RN) in the previous subsections, it
is not our intention here to provide the details of a contemporary-type analysis for each of these methods
in terms of determining upper bounds on the numbers of iterations to achieve approximate first- or secondorder stationarity. Rather, our intention here is to demonstrate the application of our new characterization
strategy to these methods.
In each of the methods in this subsection, we suppose that, for all k ∈ N, a trial step sk ∈ Rn is computed
as a global minimizer of
min t2 (xk , s) s.t. ksk2 ≤ δk for some δk ∈ R>0 .

s∈Rn

(4.1)

The variants that we consider derive from the manner in which {δk } is chosen.

4.1

Gradient-Dependent Radii

Let us first consider a second-order trust region method that operates in the following manner.
• For k = 0, one selects ν0 ∈ [ν, ν] ⊂ R>0 .
• For all k ∈ N, one sets δk ← νk k∇f (xk )k2 and computes sk by solving (4.1).
• For all k ∈ N and some (η, β) ∈ (0, 1) × (0, 1), if
ρk :=

f (xk ) − f (xk + sk )
≥ η,
t2 (xk , 0) − t2 (xk , sk )

then one sets xk+1 ← xk + sk and νk+1 ∈ [ν, ν] (i.e., the step is “successful”); otherwise, one sets
xk+1 ← xk and νk+1 ← βνk (i.e., the step is “rejected”).
This is a standard type of trust region method with an iterate and trust region radius update that depends
on an actual-to-predicted reduction in the objective from the previous step, except that at each new distinct
iterate the trust region radius is initialized to a fraction of the norm of the gradient at the iterate. Such an
approach has been consider previously in the literature; e.g., see [15, 30].
We may analyze this approach as in [22], where we note that under Assumption 2.1 with p ≥ 1, it follows
(see [23, Lemma 1.2.2]) that there exists Hmax ∈ R>0 such that k∇2 f (xk )k2 ≤ Hmax for all k ∈ N. First, it
follows by standard trust region theory, in particular related to Cauchy decrease (see [9, Thm. 6.3.1]), that


1
k∇f (xk )k2
, δk k∇f (xk )k2
t2 (xk , 0) − t2 (xk , sk ) ≥ min
2
1 + k∇2 f (xk )k2


1
1
≥ min
, νk k∇f (xk )k22 .
(4.2)
2
1 + Hmax
Second, using [9, Thm. 6.4.1], the discrepancy between the objective at xk + sk and the second-order Taylor
approximation value at sk satisfies
|f (xk + sk ) − t2 (xk , sk )| ≤ Hmax νk2 k∇f (xk )k22 .

(4.3)

We may now prove that there is a uniform lower bound on the sequence {νk }. Indeed, from the inequalities
in (4.2) and (4.3), one finds
|ρk − 1| =

|f (xk + sk ) − t2 (xk , sk )|
2Hmax νk2
≤
,
t2 (xk , 0) − t2 (xk , sk )
min{(1 + Hmax )−1 , νk }
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which, if νk ≤ νdec := min{(1 + Hmax )−1 , (1 − η)(2Hmax )−1 }, means that
|ρk − 1| ≤ 2Hmax νk ≤ 1 − η =⇒ ρk ≥ η.
Hence, by the manner in which νk is set for all k ∈ N, this shows that
νk ≥ νmin := min{ν, βνdec } for all k ∈ N,
from which it follows that the maximum number of rejected steps between a successful step (or the initial
point) and the next successful step is bounded by


log(νmin ) − log(ν)
χ := 1 +
.
(4.4)
log(β)
This analysis allows us to prove the worst-case behavior of the algorithm over R1 . With Theorem 2.1
and (4.2), for any k ∈ N such that the step is successful, one has
f (xk ) − f (xk+1 ) ≥ η(t2 (xk , 0) − t2 (xk , sk ))


1
η
, νmin k∇f (xk )k22
≥ min
2
1 + Hmax


1
= r1 η min
, νmin ∆m1 (xk )
1 + Hmax


1
, νmin (f (xk ) − fref ).
≥ r1 ηκ min
1 + Hmax
Since one is interested only when f (xk ) − fref ≥ f and f (xk+1 ) ≥ fref (since otherwise the objective value
tolerance is already satisfied or will be satisfied within one iteration), which in particular implies that the
reduction in f in the bound
above is at least a fraction of f (xk ) − fref , we may assume without loss of

generality that r1 ηκ min (1 + Hmax )−1 , νmin ∈ (0, 1). Following from here the argument in the proof of
Theorem 3.1, but now accounting for the potential rejected steps between accepted steps (or from the start
of the algorithm), we have proved the following.
Theorem 4.1. Suppose that Assumption 2.1 holds with p ≥ 1, which implies the existence of a scalar
Hmax ∈ R>0 such that k∇2 f (xk )k2 ≤ Hmax for all k ∈ N. If the iterate sequence {xk } is generated
by the second-order trust region method with gradient-dependent radii described in this subsection, then,
with φ := r1 η min{(1 + Hmax )−1 , νmin } and for any f ∈ (0, ∆fref ), the number of iterations in the set
R1 ∩ {x ∈ Rn : f (x) − fref ≥ f } is at most
& 
 
−1 '
 

∆fref
1
∆fref
χ log
log
= O log
,
f
1 − φκ
f
where χ defined in (4.4) bounds, independently from f , the number of consecutive iterations that can involve
the step being rejected.
In short, we have attained Theorem 4.1 for the second-order trust region described in this section since we
have been able to provide a uniform bound on the number of consecutive rejected steps and, for a accepted
step from xk , we have shown that the reduction in the objective is at least proportional to k∇f (xk )k22 , which
in turn is proportional to ∆m1 (xk ). On the other hand, it is easily seen that one cannot bound the number
of iterations that the algorithm might spend in R2 , since, e.g., at any first-order stationary point (with
k∇f (xk )k2 = 0) that is not second-order stationary (i.e., where λ(∇2 f (xk )) < 0), the trust region radius
would be δk ← νk k∇f (xk )k2 = 0, causing xk+1 ← xk for all subsequent k ∈ N.
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4.2

Gradient- and Hessian-Dependent Radii

With hopes to overcome the behavior with respect to R2 of the method in the previous subsection, let us
now consider a second-order trust region method that operates in the following manner.
• For k = 0, one selects ν0 ∈ [ν, ν] ⊂ R>0 .
• For all k ∈ N, one sets
(
k∇f (xk )k2
if k∇f (xk )k22 ≥ max{0, −λ(∇2 f (xk ))}3
δ k ← νk
2
|λ(∇ f (xk ))| otherwise.
• For all k ∈ N and some (η, β) ∈ (0, 1) × (0, 1), if
ρk :=

f (xk ) − f (xk + sk )
≥ η,
t2 (xk , 0) − t2 (xk , sk )

then one sets xk+1 ← xk + sk and νk+1 ∈ [ν, ν] (i.e., the step is “successful”); otherwise, one sets
xk+1 ← xk and νk+1 ← βνk (i.e., the step is “rejected”).
From the analysis in §4.1, it follows that if k∇f (xk )k22 ≥ max{0, −λ(∇2 f (xk ))}3 for some k ∈ N, then
the number of iterations until the next accepted step is bounded above by χ in (4.4), and the next accepted
step, occuring at k ≥ k, yields


1
η
f (xk ) − f (xk+1 ) ≥ min
, νmin k∇f (xk )k22 .
2
1 + Hmax
On the other hand, suppose that k∇f (xk )k22 < max{0, −λ(∇2 f (xk ))}3 . Letting uk represent a unit eigenvector corresponding to the leftmost eigenvalue of the Hessian of f at xk scaled by ±1 so that ∇f (xk )T uk ≤ 0,
it follows that
min t2 (xk , τ uk ) s.t. kτ uk k2 ≤ δk = νk |λ(∇2 f (xk ))|
τ ≥0

1
= min f (xk ) + ∇f (xk )T (τ uk ) + (τ uk )T ∇2 f (xk )(τ uk ) s.t. τ ≤ −νk λ(∇2 f (xk ))
τ ≥0
2
1 2
T
= min f (xk ) + τ ∇f (xk ) uk + τ λ(∇2 f (xk )) s.t. τ ≤ −νk λ(∇2 f (xk )),
τ ≥0
2
which, since ∇f (xk )T uk ≤ 0 and λ(∇2 f (xk )) < 0, shows that the minimum occurs at τk = −νk λ(∇2 f (xk )),
yielding
1
t2 (xk , τk uk ) = f (xk ) − νk λ(∇2 f (xk ))∇f (xk )T uk − νk2 |λ(∇2 f (xk ))|3
2
1
≤ f (xk ) − νk2 |λ(∇2 f (xk ))|3 .
2
Hence, the reduction in the second-order Taylor series approximation satisfies
t2 (xk , 0) − t2 (xk , sk ) ≥ t2 (xk , 0) − tk (xk , τk uk ) ≥

1 2
ν |λ(∇2 f (xk ))|3 .
2 k

(4.5)

We may now prove that there is a uniform lower bound on the sequence {νk } when k∇f (xk )k22 < max{0, −λ(∇2 f (xk ))}3 .
Indeed, by Assumption 2.1 with p ≥ 2 and the inequality in (4.5), one finds that since ksk k2 ≤ δk =
νk |λ(∇2 f (xk ))| and with νk ≤ νdec,2 := 3(1 − η)/(2L2 ) one has
1 − ρk =

2L2 ksk k32
2L2 νk
f (xk + sk ) − t2 (xk , sk )
≤ 2
≤
≤ 1 − η,
t2 (xk , 0) − t2 (xk , sk )
3νk |λ(∇2 f (xk ))|3
3
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from which it follows that ρk ≥ η. This means that νk ≥ νmin,2 := min{ν, βνdec,2 } for all k ∈ N when
k∇f (xk )k22 < max{0, −λ(∇2 f (xk ))}3 , from which it follows that, with χ from (4.4), the maximum number
of rejected steps between a successful step and the next (or from the initial iteration) is bounded above by



log(νmin,2 ) − log(ν)
.
(4.6)
χ2 := max χ, 1 +
log(β)
The analysis above allows us to analyze the worst-case behavior of the algorithm over R1 and R2 .
Consider any f ∈ (0, ∆fref ). First, over R1 , for any k ∈ N such that the step is successful, one finds with
Theorem 2.1 that
f (xk ) − f (xk+1 )
≥ η(t2 (xk , 0) − t2 (xk , sk ))



1
, νmin k∇f (xk )k22 if k∇f (xk )k22 ≥ max{0, −λ(∇2 f (xk ))}3
η min
1 + Hmax
≥
2
νmin,2 |λ(∇2 f (xk ))|3
otherwise


η
1
≥ min
, νmin , νmin,2 k∇f (xk )k22
2
1 + Hmax


1
≥ ηr1 min
, νmin , νmin,2 ∆m1 (xk )
1 + Hmax


1
, νmin , νmin,2 (f (xk ) − fref ).
≥ ηr1 κ min
1 + Hmax
As we have argued previously, since one is interested only when f (xk ) − fref ≥ f and f (xk+1 ) ≥ fref (since
otherwise the objective value tolerance is already satisfied or will be satisfied within one iteration), which in
particular implies that the reduction in f in the bound above is at least a fraction of f (xk ) − fref , it follows
with


1
µ1 := ηr1 κ min
, νmin , νmin,2 ∈ (0, 1)
1 + Hmax
that one finds
(f (xk ) − fref ) − (f (xk+1 ) − fref ) ≥ µ1 (f (xk ) − fref )
=⇒ (1 − µ1 )(f (xk ) − fref ) ≥ (f (xk+1 ) − fref ).
Applying this fact repeatedly, one finds that, with χ2 defined in (4.6), the number of iterations in the set
R1 ∩ {x ∈ Rn : f (x) − fref ≥ f } is bounded above by





∆fref
log(f ) − log(∆fref )
= O χ2 log
.
χ2
log(1 − µ1 )
f
Now consider R2 . For any k ∈ N such that the step is successful, one finds with Theorem 2.1 that the
reduction in the objective satisfies
f (xk ) − f (xk+1 )
≥ η(t2 (xk , 0) − t2 (xk , sk ))



1

2
2
2
3
min
,
ν
η
min k∇f (xk )k2 if k∇f (xk )k2 ≥ max{0, −λ(∇ f (xk ))}
1 + Hmax
≥
2
νmin,2 |λ(∇2 f (xk ))|3
otherwise


η
1
≥ min
, νmin , νmin,2 |λ(∇2 f (xk ))|3
2
1 + Hmax


1
2
≥ 3ηr2 min
, νmin , νmin,2 ∆m2 (xk )
1 + Hmax


1
2
≥ 3ηr2 κ min
, νmin , νmin,2 (f (xk ) − fref ).
1 + Hmax
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By the same reasoning as for R1 , it follows with
µ2 :=

3ηr22 κ min



1
, νmin , νmin,2
1 + Hmax



that the number of iterations in R2 ∩ {x ∈ Rn : f (x) − fref ≥ f } is bounded by

 


∆fref
log(f ) − log(∆fref )
= O log
,
χ2
log(1 − µ2 )
f
where χ2 is a constant independent of f . We have proved the following.
Theorem 4.2. Suppose that Assumption 2.1 holds with p ≥ 2. If the iterate sequence {xk } is generated by the
second-order trust region method with gradient- and Hessian-dependent radii, then, for any f ∈ (0, ∆fref ),
the number of iterations in (R1 ∪ R2 ) ∩ {x ∈ Rn : f (x) − fref ≥ f } is at most

 
∆fref
O log
.
f

4.3

Summary of Second-Order Trust Region Methods

In the previous subsections, we have presented worst-cases analyses for second-order trust region methods,
the first employing a gradient-dependent strategy for setting the trust region radii and the second employing
a gradient- and Hessian-dependent strategy. In particular, we have shown that the former method spends at
most O(log(∆fref )/f ) iterations in R1 , with no guarantees with respect to R2 , while the latter method—
with extra computational effort, such as needing to compute the left-most eigenvalue of the Hessian ∇2 f (xk )
for all k ∈ N—spends at most O(log(∆fref )/f ) iterations in R1 ∪ R2 . For both of these algorithms, our
analyses relied exclusively on Cauchy decrease properties of the steps, meaning that these results can also
hold for variants in which the steps are computed as inexact solutions of the trust region subproblems.
With these results in hand, one might ask: Would any reasonable second-order trust region method
possess similar worst-case guarantees with a similarly straightforward analysis? The answer is no.
For example, consider a second-order trust region method in which the trust region radius is updated in
the following traditional manner: for all k ∈ N, one sets δk+1 ← β1 δk for some β1 ≥ 1 if the step is accepted
or sets δk+1 ← β2 δk for some β2 ∈ (0, 1) if the step is rejected. A worst-case analysis of this approach is
complicated for multiple reasons. First, it may happen that δk is significantly less than νk∇f (xk )k2 for
ν ∈ R>0 . In this case, a step might be accepted such that the reduction f (xk ) − f (xk+1 ) is not sufficiently
large with respect to ∆m1 (xk ), causing an insufficient reduction with respect to the reference objective error
∆fref . Second, it may happen that δk is significantly greater than νk∇f (xk )k2 for some k ∈ N, in which
case it might not be possible to establish a uniform upper bound on the number of rejected steps between
one accepted step (or the start of the run) and the next.
For another example, related to the approach proposed in §4.2, consider a second-order trust region
method in which the trust region is set as
δk ← νk max{k∇f (xk )k2 , |λ(∇2 f (xk ))|}
if k = 0 or k ≥ 1 and xk 6= xk−1 , or set as δk ← βδk−1 otherwise. Following the analysis as in §4.2, the
number of rejected steps between one successful step (or the start of the algorithm) and the next successful
step would be bounded above by χ2 in (4.6). However, the reduction in f attained at each step would not
be guaranteed to be proportional to ∆m1 over R1 and guaranteed to be proportional to ∆m2 over R2 as it
is for the method in §4.2. For instance, over R1 and with Theorem 2.1,
f (xk ) − f (xk+1 )
≥ η(t2 (xk , 0) − t2 (xk , sk ))
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1
, νmin k∇f (xk )k22
η min
1 + Hmax
≥
2
νmin,2 |λ(∇2 f (xk ))|3

if k∇f (xk )k2 ≥ max{0, −λ(∇2 f (xk ))}
otherwise

with which one is only able to ensure the existence of ξ ∈ (0, 1) such that
f (xk ) − f (xk+1 ) ≥ ξ min{f (xk ) − fref , (f (xk ) − fref )3/2 }.
This shows that the algorithm possesses different behavior when (f (xk ) − fref )1/2 ≥ 1 than it does when the
reference objective error is small, and in particular the algorithm does not attain reductions indicative of a
linear rate of convergence over R1 when f (xk ) − fref is small and the trust region radius is set as a multiple
of |λ(∇2 f (xk ))|. (One can see that the algorithm in §4.2 avoids these issues by employing a related, but
critically different strategy for setting the trust region radii. This strategy in the algorithm in §4.2 might be
extendable to higher order methods in order to achieve strong worst-case performance over Rp for p ≥ 3 as
well. See also the related idea in Theorem 5.1 in the next section.)

5

Function Classes of Interest

The purpose of this section is to investigate certain function classes of interest and their properties vis-à-vis
the definitions of the regions introduced in §2. In fact, the definitions of these regions suggests a certain
classification for functions in the context of optimization methods, namely, those for which R1 ∪ · · · ∪ Rp for
some p ∈ N characterizes the entire search space. We start this section by providing some definitions and
observations along these lines. We then discuss how certain other functions of broad interest—both convex
and nonconvex—relate to these function classes and to the analyses provided in §3.

5.1

“pth-order Reduction” Functions

We introduce the following.
Definition 5.1. A function f : Rn → R is a pth-order reduction function if, for any initial point x0 ∈ Rn ,
Assumption 2.1 holds for p ≥ p and there exists a pair (κ, fref ) ∈ (0, 1) × [finf , f (x0 )] such that
p
[

Rj = L.

j=1

Combining this definition and Theorem 3.1, we are led to the following.
Theorem 5.1. If f : Rn → R is a pth-order reduction function, then for an iterate sequence {xk } generated
by an algorithm defined by the iteration
xk+1 ← xk + si (xk ) where i ← arg

max
j∈{1,...,p}

∆mj (xk ),

the number of iterations in the set {x ∈ Rn : f (x) − fref ≥ f } is at most (3.2) for any given scalar
f ∈ (0, ∆fref ).
Proof. The result follows, using similar reasoning as in the proof of Theorem 3.1, from the fact that, at
any xk ∈ L such that f (xk ) − fref ≥ f , the reduction achieved in the objective is at least proportional to
f (xk ) − fref .
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5.2

Functions Satisfying the Polyak-Lojasiewicz Condition

Let us now turn to a well-known class of functions, namely, those satisfying what is referred to as the PolyakLojasiewicz (PL) condition [19]. The PL condition is said to hold for a continuously differentiable function f
if it has a nonempty set of minimizers with optimal value finf ∈ R and there exists c ∈ (0, ∞) such that
1
k∇f (x)k22 ≥ c(f (x) − finf ) for all x ∈ Rn .
2

(5.1)

It is worthwhile to mention that the PL condition does not imply that f has a unique global minimizer.
However, it does ensure that any stationary point is a global minimizer. The PL condition holds when f is
c-strongly convex, but it is also satisfied for other functions that are not convex. The interested reader should
refer to [19] for a discussion on the relationship between the PL and other types of conditions that have
been employed in the context of analyzing optimization methods, such as the error bounds, essential strong
convexity, weak strong convexity, restricted secant inequality, and quadratic growth conditions. When f has
a Lipschitz continuous gradient, the PL condition is the weakest of these conditions except for the quadratic
growth condition. That said, PL and quadratic growth are equivalent when f is convex.
Functions with a Lipschitz continuous gradient satisfying the PL condition correspond to first-order
reduction functions, as we show in the following result.
Theorem 5.2. A continuously differentiable function f with a Lipschitz continuous gradient satisfies the
PL condition if and only if it is a first-order reduction function (i.e., R1 = L for any x0 ∈ Rn ).
Proof. Suppose f is continuously differentiable with a Lipschitz continuous gradient and satisfies the PL
condition. It follows that Assumption 2.1 holds with p ≥ 1, meaning that for any x ∈ L one finds with
Theorem 2.1 that
1
c
∆m1 (x) =
k∇f (x)k22 ≥ (f (x) − finf ).
2r1
r1
This means that, with (κ, fref ) = (r1−1 c, finf ), one has R1 = L, so f is a first-order reduction function.
Conversely, if f is a first-order reduction function, then it is continuously differentiable and, for any x ∈ Rn ,
one has
1
k∇f (x)k22 = ∆m1 (x) ≥ κ(f (x) − fref ),
2r1
so (5.1) holds with (c, finf ) = (κr1 , fref ).

5.3

Functions with Strict Saddle Points

Consider now the following theorem and the subsequent discussion. In particular, in this subsection, we show
a relationship between second-order reduction functions and those with strict saddle points, which have been
a popular topic in the literature in recent years.
Theorem 5.3. Suppose f is twice-continuously differentiable with Lipschitz continuous gradient and Hessian
functions over the sublevel set L such that, at all x ∈ L and for some ζ ∈ (0, ∞), it follows that
max{k∇f (x)k22 , (−λ(∇2 f (x)))3 } ≥ ζ(f (x) − finf ).

(5.2)

Then, f is a second-order reduction function.
Proof. Consider any x ∈ L such that k∇f (x)k22 ≥ (−λ(∇2 f (x)))3 . With (5.2), at such a point, it follows
with Theorem 2.1 that
ζ
1
k∇f (x)k22 ≥
(f (x) − finf ),
∆m1 (x) =
2r1
2r1
meaning that for (κ, fref ) = ((2r1 )−1 ζ, finf ) one has x ∈ R1 . On the other hand, at any x ∈ L with
k∇f (x)k22 < (−λ(∇2 f (x)))3 , one has with (5.2) and Theorem 2.1 that
∆m2 (x) =

1
ζ
(−λ(∇2 f (x)))3 ≥ 2 (f (x) − finf ).
2
6r2
6r2
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Hence, with (κ, fref ) = ((6r22 )−1 ζ, finf ), such a point has x ∈ R2 . We have shown that all points in L are in
R1 ∪ R2 , so f is a second-order reduction function with κ = ζ · min{(2r1 )−1 , (6r22 )−1 } and fref = finf .
In what settings are functions satisfying (5.2) of interest? They are closely tied to functions of recent
interest in the literature on nonconvex optimization, namely, functions that have strict (or ridable) saddle
points. To explain this, let us first provide the following definition.
Definition 5.2. A stationary point for a continuously differentiable function f , i.e., a point x ∈ Rn satisfying
∇f (x) = 0, is a saddle point if it is not a local minimizer or a local maximizer. Such a point x ∈ Rn is a
strict saddle point if f is twice-continuously differentiable about x and λ(∇2 f (x)) < 0.
Suppose that, corresponding to a twice-continuously differentiable f and starting point x0 , there are at
most a finite number of saddle points in the set L and all are strict. Such a property holds for certain
objective functions of interest, e.g., in problems for complete dictionary learning [28], matrix factorization
[18], orthoginal tensor decomposition [16], deep learning with linear activation functions [20], and phase
retrieval [29]. If, in addition, the function f has at most a finite number of local maximizers in L, and f is
locally strongly concave at any such maximizer, then we claim that (−λ(∇2 f (x)))3 ≥ ζ(f (x) − finf ) for some
ζ ∈ (0, ∞) at any x sufficiently close to any strict saddle point or local maximizer. If, further, the gradient
of f is sufficiently large in norm at any x not sufficiently close to such points, then one might have a function
satisfying the conditions of Theorem 5.3.

6

Conclusion

We have proposed a strategy for characterizing the worst-case performance of algorithms for solving nonconvex optimization problems. The strategy is based on characterizing problem-dependent regions of the search
space that are defined according to the reductions achieved by minimizing regularized derivative models of
the objective function. We have shown how this strategy leads to useful characterizations of a few algorithms,
and shown that for certain objective functions this leads to a complete characterization of performance. Our
strategy is not limited to first- or second-order methods; it is applicable for higher-order methods as well.
It is certainly the case that for some objective functions—even ones that are nice in the sense of being
twice-continuously differentiable with Lipschitz continuous first- and second-order derivatives—our characterization strategy leaves gaps that might be significant. However, while our approach does not offer a
complete characterization for a method employed to minimize such a function, this does not mean that one
cannot adapt it to make some meaningful statements. For example, it may happen that for certain starting
points, one can argue that our type of characterization applies with fref chosen a posteriori as the limiting
value fref = limk→∞ f (xk ). For example, such an argument might be made if the starting point is chosen in
the neighborhood of a strong minimizer, as is the case in a local convergence analysis. Similarly, one might
consider fref as some intermediate (not necessarily limiting) objective value in order to characterize the
behavior of a method from certain starting points to make statements that, while not necessarily applying
to the entire run of the optimization method, at least apply until the objective falls below fref . Overall, we
propose that our characterization strategy offers useful insights into the behavior of an algorithm that are
complementary to contemporary types of analyses that are more comprehensive.
We claim that our approach to analyzing complexity in the context of nonconvex optimization can be
generalized or adapted to settings when Assumption 2.1 does not hold. For example, while Assumption 2.1
requires the pth-order derivatives of f to be Lipschitz continuous over L+ for all p ∈ {1, . . . , p}, one might
consider a more general setting when these derivatives are only Hölder continuous with exponent α not
necessarily equal to one. In such a setting, one can apply a generalization of our strategy, say by defining
α
regions Rα
1 , R2 , etc. that depend on the exponent α.
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